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Çíàéäåíî äîñòàòíi óìîâè, ïðè âèêîíàííi ÿêèõ ïîõiäíi åêâiâà-
ëåíòíèõ îïóêëèõ ôóíêöié ¹ åêâiâàëåíòíèìè ôóíêöiÿìè. Îäåðæà-
íèé ðåçóëüòàò äëÿ âèïàäêó ïîâiëüíî çðîñòàþ÷èõ ôóíêöié äîïîâíþ¹
îäíå òâåðäæåííÿ À.À.Ãîëüäáåðãà.

Íåõàé (an) � ïîñëiäîâíiñòü òàêèõ êîìïëåêñíèõ ÷èñåë, ùî an → ∞
ïðè n → +∞ i 0 < |a1| ≤ |a2| ≤ . . . |an| ≤ . . . . Âåëè÷èíè

n(r) =
∑

|an|≤r

1, N(r) =

r∫

0

n(t)
t

dt

áóäåìî íàçèâàòè âiäïîâiäíî ëi÷èëüíîþ òà óñåðåäíåíîþ (íåâàíëiííiâñü-
êîþ) ëi÷èëüíîþ ôóíêöi¹þ öi¹¨ ïîñëiäîâíîñòi.

Íåïåðåðâíó äîäàòíó íà [0, +∞) ôóíêöiþ l íàçèâàþòü ïîâiëüíî çìií-
íîþ ôóíêöi¹þ, ÿêùî äëÿ äîâiëüíîãî λ > 0

l(λx) ∼ l(x), x → +∞. (1)

Ó âèïàäêó, êîëè l ¹ çðîñòàþ÷îþ ôóíêöi¹þ, òî l íàçèâàþòü ïîâiëüíî çðî-
ñòàþ÷îþ i òîäi óìîâà (1) åêâiâàëåíòíà íàñòóïíié

l(2x) ∼ l(x), x → +∞. (2)

ÓÄÊ 517.53; MSC 2000: 30E99



Åêâiâàëåíòíiñòü ïîõiäíèõ ïîâiëüíî çìiííèõ ôóíêöié 27

Îñíîâíèìè õàðàêòåðèñòèêàìè çðîñòàííÿ öiëî¨ òðàíñöåíäåíòíî¨ ôóíêöi¨
f ¹ ¨¨ ìàêñèìóì ìîäóëÿ M(r, f) = max{|f(z)| : |z| = r}, íåâàíëiííiâñüêà
õàðàêòåðèñòè÷íà ôóíêöiÿ

T (r, f) =
1
2π

∫ 2π

0
ln+ |f(reiθ)|dθ

òà ïîðÿäîê ρ = ρ[f ], ÿêèé âèçíà÷à¹òüñÿ ðiâíiñòþ

ρ = lim
r→+∞

ln+ ln+ M(r, f)
ln r

.

Öiëi òà ìåðîìîðôíi ôóíêöi¨ f , äëÿ ÿêèõ âåëè÷èíè n(r) = n(r, a, f),
N(r) = N(r, a, f), lnM(r, f), T (r, f) ¹ ïîâiëüíî çðîñòàþ÷èìè ôóíêöiÿìè,
âîëîäiþòü öiêàâèìè i ñïåöèôi÷íèìè âëàñòèâîñòÿìè i ÷àñòî ¹ åêñòðåìàëü-
íèìè ó áàãàòüîõ çàäà÷àõ òåîði¨ ðîçïîäiëó çíà÷åíü (òóò n(r, a, f), N(r, a, f)
� ëi÷èëüíà òà íåâàíëiííiâñüêà ëi÷èëüíà ôóíêöi¨ a-òî÷îê äëÿ f). Äîñëiä-
æåííþ öèõ ôóíêöié ïðèñâÿ÷åíî áàãàòî ðîáiò (âêàæåìî òóò òiëüêè íà
ñòàòòi [2,4�7]). Òàê, ó [2] çíàéäåíî àñèìïòîòèêó ëîãàðèôìó öiëî¨ ôóíêöi¨
f íóëüîâîãî ïîðÿäêó ç âiä'¹ìíèìè íóëÿìè, ëi÷èëüíà ôóíêöiÿ n(r, 0, f)
ÿêèõ ¹ ïîâiëüíî çðîñòàþ÷îþ:

ln f(reiθ) = N(r, 0, f) + i θ n(r, 0, f) + o(n(r, 0, f)), r → +∞ (−π < θ < π).

Ó ðîáîòi [4] ïîêàçàíî: ÿêùî f � öiëà ôóíêöiÿ, T (2r, f) ∼ T (r, f), r →
+∞, òî äëÿ äîâiëüíîãî a ∈ C âèêîíó¹òüñÿ ñïiââiäíîøåííÿ N(r, a, f) ∼
T (r, f), r → +∞, òîáòî f íå ìà¹ ñêií÷åííèõ âàëiðîíiâñüêèõ âèíÿòêîâèõ
çíà÷åíü. Íàãàäà¹ìî, ùî ÷èñëî a ∈ C íàçèâà¹òüñÿ âèíÿòêîâèì çíà÷åííÿì
â ðîçóìiííi Âàëiðîíà àáî âàëiðîíiâñüêèì âèíÿòêîâèì çíà÷åííÿì, ÿêùî
∆(a) > 0, äå

∆(a) = lim
r→+∞

m(r, a, f)
T (r, f)

, m(r, a, f) =
1
2π

∫ 2π

0
ln+ 1

|f(reiϕ)− a| dϕ.

Ó [3] äîâåäåíî, ùî âåëè÷èíè N(r, 0, f), lnM(r, f), T (r, f) ó âèïàäêó öiëî¨
ôóíêöi¨ f íóëüîâîãî ïîðÿäêó ¹ ïîâiëüíî çðîñòàþ÷èìè îäíî÷àñíî. Î÷å-
âèäíî, ùî N(r) � ïîâiëüíî çðîñòàþ÷à ôóíêöiÿ, ÿêùî ôóíêöiÿ n(r) ¹
ïîâiëüíî çðîñòàþ÷îþ. Íàñòóïíèé ïðèêëàä ïîêàçó¹, ùî îáåðíåíå òâåðä-
æåííÿ ¹ íåïðàâèëüíèì.

Ïðèêëàä. Íåõàé r0 = 1, rk = exp{1 + 2 + . . . + (k − 1)}, k ∈ N, à
ïîñëiäîâíiñòü (λn) ¹ òàêîþ, ùî λ0 = 1, λ2k−1 = λ2k−1+1 = . . . = λ2k−1 = rk,
k ∈ N. Òîäi n(t) = 0, ÿêùî 0 ≤ t < 1 i n(t) = 2k, ÿêùî rk ≤ t < rk+1.
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Îñêiëüêè n(rk) = 2n(rk − 0) äëÿ k ≥ 2, òî n(t) íå ¹ ïîâiëüíî çðîñòàþ÷îþ
ôóíêöi¹þ.

Íåõàé rk ≤ r < rk+1. Òîäi

N(r) =
∫ r

1

n(t)
t

dt =
k−1∑

j=1

∫ rj+1

rj

n(t)
t

dt +
∫ r

rk

n(t)
t

dt =
k−1∑

j=1

n(rj) ln
rj+1

rj
+

+n(rk) ln
r

rk
=

k−1∑

j=1

j 2j + 2k ln
r

rk
∼ 2k

(
k + ln

r

rk

)
, k → +∞.

Òîìó, ÿêùî rk ≤ r < 2r < rk+1, òî

N(2r)
N(r)

∼
k + ln

r

rk
+ ln 2

k + ln
r

rk

∼ 1, k → +∞.

ßêùî æ rk < r < rk+1 i rk+1 ≤ 2r, òî 2r < rk+2 i

1 ≤ N(2r)
N(r)

∼
2k+1

(
k + ln

2r

rk+1

)

2k

(
k + ln

r

rk

) , k → +∞.

Àëå

2
k + ln

2r

rk+1

k + ln
r

rk

= 2
ln

rk+1

rk
+ ln

2r

rk+1

k + ln
r

rk

= 2
ln

r

rk
+ ln 2

ln
r

rk
+ k

<

< 2
ln

rk+1

rk
+ ln 2

ln
rk+1

rk
+ k

=
2(k + ln 2)

2k
∼ 1, k → +∞.

Òîìó i â öüîìó âèïàäêó N(2r) ∼ N(r), r → +∞, òîáòî N(r) ¹ ïîâiëüíî
çðîñòàþ÷îþ ôóíêöi¹þ.

Ïîçíà÷èìî ÷åðåç Lρ ìíîæèíó êîëèâíèõ óòî÷íåíèõ ïîðÿäêiâ η(r), òîá-
òî ìíîæèíó íåïåðåðâíî äèôåðåíöiéîâíèõ íà [0, +∞) ôóíêöié, ùî çàäî-
âîëüíÿþòü òàêi óìîâè:

1) η′(r)r ln r → 0, r → +∞;
2) V (r) = rη(r) → +∞, r → +∞;
3) lim

r→+∞ η(r) = ρ.
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ßêùî óìîâó 2) çìiíåíî íà ñèëüíiøó óìîâó

4) lim
r→+∞

η(r) > 0,

òî áóäåìî ãîâîðèòè, ùî η(r) ∈ L+
ρ ⊂ Lρ. ßêùî â óìîâi 3) iñíó¹ ãðàíèöÿ,

òî η(r) íàçèâàþòü óòî÷íåíèì ïîðÿäêîì i ïîçíà÷àþòü ÷åðåç ρ(r).
Ó [1] âèùåíàâåäåíèé ðåçóëüòàò ðîáîòè [4] ïåðåíåñåíî íà öiëi ôóíêöi¨ f

ïîðÿäêó ρ ≤ 1/2, à ñàìå äîâåäåíî òàêèé ðåçóëüòàò: ÿêùî äëÿ öiëî¨ ôóíê-
öi¨ f ïîðÿäêó ρ ≤ 1/2 âèêîíó¹òüñÿ ñïiââiäíîøåííÿ T (r, f) ∼ V (r), r →
+∞, äëÿ äåÿêîãî êîëèâíîãî ïîðÿäêó η(r) ∈ Lρ, òî äëÿ äîâiëüíîãî a ∈ C
âèêîíó¹òüñÿ òàêîæ ñïiââiäíîøåííÿ N(r, a, f) ∼ V (r), r → +∞, òîáòî
f íå ìà¹ ñêií÷åííèõ âàëiðîíiâñüêèõ âèíÿòêîâèõ çíà÷åíü. Äëÿ âèïàäêó,
êîëè η(r) ∈ L+

ρ , ó ïðàöi [1] òàêîæ ïîêàçàíî, ùî ñïiââiäíîøåííÿ

N(r, a) ∼ V (r), r → +∞, a ∈ C, (3)

âèêîíó¹òüñÿ òîäi é òiëüêè òîäi, êîëè

n(r, a) ∼ η(r)V (r), r → +∞, a ∈ C. (4)

Ó öüîìó òâåðäæåííi óìîâó η(r) ∈ L+
ρ , âçàãàëi êàæó÷è, íå ìîæíà çàìiíèòè

íà óìîâó η(r) ∈ Lρ, òîáòî ó âèïàäêó íóëüîâîãî óòî÷íåíîãî ïîðÿäêó ρ(r)
óìîâè (3) òà (4) íå ¹ åêâiâàëåíòíèìè. Îáìåæèìîñü òàêèì ïðèêëàäîì.
Íåõàé n(r, 0) ∼ 2 ln r, r → +∞. Òîäi N(r, 0) ∼ ln2 r = rρ(r), r → +∞, äå
ρ(r) = 2 ln ln r/ ln r. Çâiäñè îäåðæó¹ìî, ùî n(r, 0) = o(ρ(r) ln2 r), r → +∞.

Çàóâàæèìî, ùî ÿêùî ρ(r) � íóëüîâèé óòî÷íåíèé ïîðÿäîê, òî ôóíêöiÿ
V (r) = rρ(r) ¹ ïîâiëüíî çìiííîþ. Íàâïàêè, ÿêùî l � ïîâiëüíî çìiííà
i íåïåðåðâíî äèôåðåíöiéîâíà íà [0, +∞) ôóíêöiÿ, òî ρ(r) = ln+ l(r)

ln r ¹
íóëüîâèì óòî÷íåíèì ïîðÿäêîì, à, îòæå, l(r) = rρ(r).

Ñïðàâåäëèâå íàñòóïíå òâåðäæåííÿ.
Òåîðåìà 1. Íåõàé ρ(r) � òàêèé íóëüîâèé óòî÷íåíèé ïîðÿäîê, ùî

ôóíêöiÿ rV ′(r) ¹ ïîâiëüíî çðîñòàþ÷îþ i

N(r) = V (r) + o(rV ′(r)), r → +∞. (5)

Òîäi
n(r) ∼ rV ′(r), r → +∞. (6)

Çàóâàæåííÿ 1. Íåõàé ε(r) = rV ′(r)/V (r) = ρ(r) + ρ′(r)r ln r. Ó
âèïàäêó, êîëè ρ(r) ∈ L+

ρ , ìà¹ìî ε(r) ∼ ρ(r), rV ′(r) ∼ ρ(r)V (r), r → +∞,
à, îòæå, óìîâè (4) òà (6) ¹ åêâiâàëåíòíèìè.
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Çàóâàæåííÿ 2. ßêùî rV ′(r) ¹ ïîâiëüíî çìiííîþ, òî V (r) òàêîæ
ïîâiëüíî çìiííà ôóíêöiÿ, ïðè÷îìó rV ′(r) = o(V (r)), r → +∞. Òîìó ç
òåîðåìè 1 âèïëèâà¹ äîñòàòíÿ óìîâà åêâiâàëåíòíîñòi ïîõiäíèõ îïóêëèõ
âiäíîñíî ëîãàðèôìó ïîâiëüíî çìiííèõ ôóíêöié.

Òåîðåìà 1 âèïëèâà¹ iç çàãàëüíiøî¨ òåîðåìè.
Òåîðåìà 2. Íåõàé g � ôóíêöiÿ, îïóêëà âiäíîñíî ëîãàðèôìó, l �

äèôåðåíöiéîâíà ôóíêöiÿ, l′(r + o(r)) ∼ l′(r), r → +∞, i

g(r) = l(r) + o(rl′(r)), r → +∞. (7)

Òîäi
g′(r) ∼ l′(r), r → +∞. (8)

Äîâåäåííÿ. Íåõàé ôóíêöiÿ δ = δ(r) ¹ òàêîþ, ùî 0 < δ < 1 i δ → 0
ïðè r → +∞. Âðàõîâóþ÷è, ùî ôóíêöiÿ rg′(r) çðîñòà¹, îòðèìó¹ìî

g(r)− g(r − δr)
−δ r ln(1− δ)

≤ g′(r)
δ

≤ g(r + δr)− g(r)
δ r ln(1 + δ)

. (9)

Âðàõîâóþ÷è óìîâó (7), îòðèìó¹ìî

g(r + δr)− g(r)
δ r

=
l(r + δ r)− l(r)

δ r
+

o(rl′(r))
δ r

=

=
(1 + θδ) r l′(r + θδr) ln(1 + δ)

δ r
+

o(l′(r))
δ

=

= (1 + o(1))l′(r) + o(l′(r))/δ, r → +∞.

äå θ ∈ (0; 1). Çðîçóìiëî, ùî ôóíêöiþ δ = δ(r) ìîæíà âèáðàòè òàê, ùî

g(r + δr)− g(r)
δ r

= (1 + o(1))l′(r), r → +∞.

Àíàëîãi÷íî ïîêàçó¹ìî, ùî

g(r)− g(r − δr)
δ r

= (1 + o(1))l′(r), r → +∞,

i òîäi óìîâà (8) âèïëèâà¹ ç óìîâè (9). Òåîðåìó 2 äîâåäåíî.
Äîâåäåííÿ òåîðåìè 1. Ôóíêöiÿ N(r) îïóêëà âiäíîñíî ëîãàðèôìó,

à ôóíêöiÿ rV ′(r) ïîâiëüíî çðîñòà¹, à, îòæå, âèêîíó¹òüñÿ óìîâà V ′(r +
o(r)) ∼ V (r), r → +∞. Òîìó òâåðäæåííÿ òåîðåìè 1 âèïëèâà¹ ç òåîðåìè
2, ÿêùî ó öié òåîðåìi ïîêëàñòè g(r) = N(r), l(r) = V (r).



Åêâiâàëåíòíiñòü ïîõiäíèõ ïîâiëüíî çìiííèõ ôóíêöié 31

Òåîðåìà 3. Iñíóþòü îïóêëà âiäíîñíî ëîãàðèôìó ôóíêöiÿ g òà íåïå-
ðåðâíî äèôåðåíöiéîâíà ôóíêöiÿ l, l′(r + o(r)) ∼ l′(r), r → +∞, òàêi, ùî
g(r) ∼ l(r), r → +∞, i ôóíêöi¨ g′(r) òà l′(r) íå ¹ åêâiâàëåíòíèìè ïðè
r → +∞.

Äîâåäåííÿ. Ïîêëàäåìî g(r) = ln r, l(r) = ln r +sin(ln r), r ≥ r0. Òîäi
rg′(r) = 1, rl′(r) = 1 + cos(ln r), l′(r + o(r)) = (1 + o(1))l′(r), r → +∞, à,
îòæå, ôóíêöiÿ g′(r) íå ¹ åêâiâàëåíòíîþ ôóíêöi¨ l′(r) ïðè r → +∞.
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FUNCTIONS OF SLOW VARYING EQUIVALENCY
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There are established su�cient conditions for derivatives of equivalent
convex functions to be equivalent. In the case of functions of slow grow the
obtained result complement some A.Goldberg proposition.




