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Ó ðîáîòi äîñëiäæó¹òüñÿ ïðîáëåìà îáìåæåíîñòi ðîçâ'ÿçêiâ ñèñòå-
ìè äâîõ äèôåðåíöiàëüíèõ ðiâíÿíü ç iìïóëüñíèì âïëèâîì ó ìîìåíòè
÷àñó, ÿêi âèçíà÷àþòüñÿ ñàìèì ðîçâ'ÿçêîì ñèñòåìè. Îòðèìàíî òî÷-
íi íèæíi îöiíêè äëÿ ÷àñîâèõ iíòåðâàëiâ ìiæ ìîìåíòàìè ðåàëiçàöi¨
iìïóëüñiâ, à òàêîæ îáìåæåííÿ íà òðà¹êòîði¨ âiäïîâiäíèõ ðîçâ'ÿçêiâ.

Äèôåðåíöiàëüíi ðiâíÿííÿ ç iìïóëüñíîþ äi¹þ [5] îïèñóþòü ïðîöåñè â
ñèñòåìàõ ç ìèòò¹âèìè çáóðåííÿìè i ¹ çðó÷íîþ ìàòåìàòè÷íîþ ìîäåëëþ
äëÿ íèçêè çàäà÷ ïðèêëàäíî¨ ìåõàíiêè [3, 4], åêîíîìiêè [7] òà ií. Ïè-
òàííÿ ïðî îáìåæåíiñòü ðîçâ'ÿçêiâ ñèñòåìè äèôåðåíöiàëüíèõ ðiâíÿíü ç
iìïóëüñíîþ äi¹þ ó íàïåðåä çàäàíi ôiêñîâàíi òà íåôiêñîâàíi ìîìåíòè ÷à-
ñó ïiäíiìàëîñÿ, çîêðåìà, â [5, 2, 6]. Äàíà ðîáîòà ïðîäîâæó¹ öþ òåìàòèêó
äîñëiäæåíü, ó íié âèâ÷à¹òüñÿ ïèòàííÿ ïðî îáìåæåíiñòü ðîçâ'ÿçêiâ ñèñòå-
ìè äèôåðåíöiàëüíèõ ðiâíÿíü ç iìïóëüñíîþ äi¹þ íà ïëîùèíi ó ìîìåíòè
÷àñó, ÿêi âèçíà÷àþòüñÿ ñàìèì ðîçâ'ÿçêîì ñèñòåìè.

Íà ïëîùèíi äîâiëüíèì ÷èíîì çàäàìî âåêòîð h = (h1, h2) òà ìíîæèíè

S0 = {(x1, x2) ∈ R2 : ax1 + bx2 = c1},

Sh = {(x1 + h1, x2 + h2) ∈ R2 : (x1, x2) ∈ S0 ∧ ax1 + bx2 = c2},
S+ = {(x1, x2) ∈ R2 : ax1+bx2 > c1}, S− = {(x1, x2) ∈ R2 : ax1+bx2 < c1},

ÓÄÊ 517.9; MSC 2000: 35N10, 70H06
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äå a, b, c1, c2 � äåÿêi ñòàëi. Ââàæàòèìåìî, ùî ‖n‖ = 1, äå n = (a, b) �
âåêòîð çîâíiøíüî¨ íîðìàëi ïðÿìèõ S0 òà Sh,

c2 > c1 > 0 , (1)

c2 − c1 = ah1 + bh2. (2)
Î÷åâèäíî, ùî {~0} ∈ S−, cos(h, n) > 0. Ñïiââiäíîøåííÿ (1), (2) çàáåçïå-
÷óþòü ðîçòàøóâàííÿ ïðÿìî¨ S0 ìiæ Sh òà ïî÷àòêîì êîîðäèíàò.

Ðîçãëÿíåìî ñèñòåìó äèôåðåíöiàëüíèõ ðiâíÿíü ç iìïóëüñíèì âïëèâîì
dx

dt
= Jx(t), (3)

x(t + 0)− x(t− 0) = h, ÿêùî x(t− 0) ∈ S0, (4)

x(t0) = x0, (5)

äå x(t) ∈ R2 äëÿ âñiõ t ≥ t0 ≥ 0, J � æîðäàíîâà ìàòðèöÿ [1] ðîçìiðó
2× 2, äî òîãî æ max{Reλ : λ ∈ σ(J)} < 0, σ(J) � ñïåêòð ìàòðèöi J .

Äèíàìiêà ñèñòåìè (3)�(5) îïèñó¹òüñÿ íàñòóïíèì ÷èíîì: ôàçîâà òî÷êà
x = x(t), ÿêà â ìîìåíò ÷àñó t = t0 çíàõîäèëàñÿ ó ñòàíi x0 ∈ S+, çäiéñíþ¹
ðóõ ïî êðèâié {(t, x) ∈ R3 : x = η(t, x0, t0) , t ≥ t0}, äå x = η(t, x0, t0) �
ðîçâ'ÿçîê ñèñòåìè (3), ùî çàäîâîëüíÿ¹ ïî÷àòêîâó óìîâó η(t, x0, t0) = x0.
Ðóõ âçäîâæ íåïåðåðâíî¨ òðà¹êòîði¨ çäiéñíþ¹òüñÿ äî ìîìåíòó ÷àñó t = t1,
t1 > t0, êîëè òî÷êà äîñÿãà¹ ïðÿìî¨ S0. Ïðè t = t1 âiäáóâà¹òüñÿ ½ìèòò¹âà�
çìiíà ïîëîæåííÿ ôàçîâî¨ òî÷êè çà çàêîíîì (4), òîáòî òî÷êà x(t1−0) ïåðå-
õîäèòü â òî÷êó x(t1+0) = x(t1−0)+h ïðÿìî¨ Sh ⊂ S+ i ïðîäîâæó¹ âçäîâæ
êðèâî¨ {(t, x) ∈ R3 : x = η(t, x1, t1), t ≥ t1}, äå x = η(t, x1, t1) � ðîçâ'ÿçîê
ñèñòåìè (3), ùî çàäîâîëüíÿ¹ óìîâó η(t, x1, t0) = x1 ∈ Sh, äî íàñòóïíîãî
ïîòðàïëÿííÿ íà ïðÿìó S0 i ò. ä. Ó âèïàäêó, êîëè x0 ∈ S0, âiäðàçó âiäáó-
âà¹òüñÿ çìiíà ïîëîæåííÿ ôàçîâî¨ òî÷êè çà çàêîíîì (4), âíàñëiäîê ÷îãî
x(t0 + 0) ∈ S+, à äàëi ðóõ çäiéñíþ¹òüñÿ çà íàâåäåíèì âèùå àëãîðèòìîì.
Òàêèì ÷èíîì, çìiíà ïîëîæåííÿ ôàçîâî¨ òî÷êè çà çàêîíîì (4) âiäáóâà¹-
òüñÿ íåñêií÷åííó êiëüêiñòü ðàçiâ, òîáòî iñíó¹ íåñêií÷åííà ïîñëiäîâíiñòü
iìïóëüñiâ, ìîìåíòè ðåàëiçàöié ÿêèõ ïîçíà÷àòèìåìî (t0 ≤) t1 < t2 < . . . .
Äî òîãî æ, ÿê òiëüêè ôàçîâà òî÷êà ïîòðàïëÿ¹ íà S0, íàäàëi ¨¨ ðóõ çäié-
ñíþ¹òüñÿ ìiæ ïðÿìèìè S0 òà Sh. Òîìó äëÿ àíàëiçó çàäàíî¨ ñèñòåìè ç
iìïóëüñíîþ äi¹þ äîñèòü âèâ÷èòè ïîâåäiíêó ¨¨ ðîçâ'ÿçêiâ, ùî ïî÷èíàþ-
òüñÿ íà S0.

Òåîðåìà. Íåõàé âëàñíi çíà÷åííÿ λ1, λ2 ìàòðèöi J çíàõîäÿòüñÿ â
ëiâié êîìïëåêñíié ïiâïëîùèíi. Äëÿ òîãî, ùîá ðîçâ'ÿçêè ñèñòåìè (3)�
(5) ïðè t0 ≤ t < ∞ áóëè îáìåæåíèìè, äîñèòü âèêîíàííÿ îäíi¹¨ ç óìîâ:
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1) λ1 = λ2 = λ ∈ R i J =
(

λ 0
0 λ

)
;

2) λ1 6= λ2, J =
(

α 0
0 β

)
, α 6= β; α, β ∈ R i βah1 + αbh2 < 0;

3) λ1 = λ2 = λ ∈ R, J =
(

λ 1
0 λ

)
i (c1 − c2)λ + ah2 > 0;

4) λ1,2 = α± iω, ω > 0, J =
(

α −ω
ω α

)
, |ah2 − bh1| < (1+ α

ω )(c1−c2).

Äîâåäåííÿ. Çãiäíî ç [2], äëÿ òîãî, ùîá ðîçâ'ÿçîê ñèñòåìè ðiâíÿíü
(3)�(5) ïðè t0 ≤ t < ∞ áóâ îáìåæåíèì, äîñòàòíüî âèêîíàííÿ óìîâè

tk+1 − tk ≥ ϑ > 0. (6)

Ïîçíà÷èìî Tk = tk+1 − tk, k = 0, 1, 2, . . . , i ç'ÿñó¹ìî óìîâè iñíóâàííÿ
âåëè÷èíè ϑ ó (6), äîñëiäèâøè ïîâåäiíêó ðîçâ'ÿçêiâ ñèñòåìè (3)�(5) äëÿ
êîæíîãî âèãëÿäó ìàòðèöi J . Äëÿ âèçíà÷åíîñòi ââàæàòèìåìî, ùî x0 ∈ S0.

1) Íåõàé J =
(

λ 0
0 λ

)
. Òîäi ðîçâ'ÿçîê x(t) = (x1(t), x2(t)) ñèñòåìè

(3)�(5), êîëè t ∈ (tk, tk+1], k = 0, 1, . . . , ìîæíà çîáðàçèòè ó âèãëÿäi




x1(t) = x10e
λ(t−t0) + h1

k∑
i=0

eλ(t−ti),

x2(t) = x20e
λ(t−t0) + h2

k∑
i=0

eλ(t−ti).

(7)

Ìîìåíò tk+1 âèçíà÷à¹ìî ç ðiâíîñòi

c1e
λ(tk+1−t0) + (c2 − c1)

k∑

j=0

eλ(tk+1−tj) = c1.

Ïiñëÿ åëåìåíòàðíèõ ïåðåòâîðåíü îñòàííüîãî ðiâíÿííÿ îäåðæó¹ìî, ùî

Tk =
1
λ

ln
c1

c2
, k = 0, 1, 2, . . . . (8)

Òàêèì ÷èíîì, äëÿ äàíîãî âèãëÿäó ìàòðèöi J âiäñòàíü ìiæ ñóñiäíiìè
ìîìåíòàìè ðåàëiçàöi¨ iìïóëüñiâ ¹ ñòàëîþ i äîðiâíþ¹ ϑ =

1
λ

ln
c1

c2
> 0.

Çîêðåìà, ñèñòåìó (7) ç óðàõóâàííÿì ÿâíîãî âèãëÿäó âåëè÷èíè ϑ ìîæíà
çîáðàçèòè â òàêîìó âèãëÿäi:
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x1(t) = x10e
λ(t−t0) + h1e

λ(t−tk)
k∑

j=0

(
c1

c2

)j

,

x2(t) = x20e
λ(t−t0) + h2e

λ(t−tk)
k∑

j=0

(
c1

c2

)j

.

Îñêiëüêè ïðàâà ÷àñòèíà êîæíî¨ ç âèïèñàíèõ ðiâíîñòåé ìàæîðó¹òüñÿ ãåî-
ìåòðè÷íîþ ïðîãðåñi¹þ çi çíàìåííèêîì c1

c2
< 1, òî ñïðàâåäëèâi îöiíêè:





|x1(t)| ≤ eλ(t−t0)|x10|+
∣∣∣∣

h1c2

c2 − c1

∣∣∣∣ ,

|x2(t)| ≤ eλ(t−t0)|x20|+
∣∣∣∣

h2c2

c2 − c1

∣∣∣∣ ,

t0 ≤ t < ∞,

à òàêîæ âèêîíó¹òüñÿ îöiíêà, ÿêà íå çàëåæèòü âiä x0:

lim
t→∞ |x1(t)| ≤

∣∣∣∣
h1c2

c2 − c1

∣∣∣∣ , lim
t→∞ |x2(t)| ≤

∣∣∣∣
h2c2

c2 − c1

∣∣∣∣ .

2) Íåõàé J =
(

α 0
0 β

)
, β < α < 0. Ó öüîìó âèïàäêó ðîçâ'ÿçîê

x(t) = (x1(t), x2(t)) ñèñòåìè äèôåðåíöiàëüíèõ ðiâíÿíü ç iìïóëüñíîþ äi¹þ
(3)�(5) äëÿ t ∈ (tk, tk+1], k = 0, 1, . . . , çàïèñó¹òüñÿ ó âèãëÿäi





x1(t) = x10e
α(t−t0) + h1

k∑
j=0

eα(t−tj),

x2(t) = x20e
β(t−t0) + h2

k∑
j=0

eβ(t−tj),

(9)

à ìîìåíòè iìïóëüñíî¨ äi¨ tk+1 âèçíà÷àþòüñÿ ç ðiâíÿííÿ

a


x10e

α(tk+1−t0) + h1

k∑

j=0

eα(tk+1−tj)


+

+b


x20e

β(tk+1−t0) + h2

k∑

j=0

eβ(tk+1−tj)


 = c1.

Âèêîðèñòîâóþ÷è àëãîðèòì iç [3], îñòàíí¹ ðiâíÿííÿ çàïèøåìî ó âèãëÿäi

ax10e
α

k∑
j=0

Tj

+ ah1

k∑

j=0

e
α

k∑
r=j

Tr

+ bx20e
β

k∑
j=0

Tj

+ bh2

k∑

j=0

e
β

k∑
r=j

Tr

= c1. (10)
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Äîìíîæèìî ðiâíiñòü (10) íà e−α Tk i âiä îäåðæàíî¨ ðiâíîñòi âiäíiìåìî
(10) çi çíà÷åííÿì k, çìåíøåíèì íà 1. Ïiñëÿ ïåðåòâîðåíü îòðèìà¹ìî

ah1 + bx20

(
e(β−α)Tk − 1

)
e
β

k−1∑
j=0

Tj

+ bh2 e(β−α)Tk+

+bh2

(
e(β−α)Tk − 1

) k−1∑

j=0

e
β

k−1∑
r=j

Tr

= c1

(
e−αTk − 1

)
. (11)

Äðóãèé iç ÷îòèðüîõ äîäàíêiâ (ùî ìiñòèòü bx20) ó ëiâié ÷àñòèíi ðiâíîñòi
(11) ìîæíà çðîáèòè ÿê çàâãîäíî ìàëèì, âèáèðàþ÷è k äîñòàòíüî âåëèêèì.
Ç iíøîãî áîêó,

lim
k→∞

inf
k∈N


ah1 + bh2e

(β−α)Tk + bh2

(
e(β−α)Tk − 1

)
·

k−1∑

j=0

e
β

k−1∑
r=j

Tr


 =

= ah1 + bh2
α

β
.

Òàêèì ÷èíîì, ñïðàâåäëèâà íåðiâíiñòü ah1 + bh2
α

β
≤ c1

(
e−αTk − 1

)
. Âðà-

õîâóþ÷è óìîâó òåîðåìè βah1 + αbh2 < 0, îäåðæó¹ìî

Tk ≥ 1
α

ln
βc1

βc1 + (βah1 + αbh2)
> 0.

Òàêèì ÷èíîì, ϑ =
1
α

ln
βc1

βc1 + (βah1 + αbh2)
i ç (9) âèïëèâàþòü íàñòóïíi

îáìåæåííÿ äëÿ òðà¹êòîðié ñèñòåìè:




|x1(t)| ≤ |h1|
(

1 +
|βc1|

βah1 + αbh2

)
,

|x2(t)| ≤ |h2|
(

1−
∣∣∣∣

βc1

β(c1 + ah1) + αbh2

∣∣∣∣
β/α

)−1

,

t0 ≤ t < ∞.

Çàóâàæåííÿ. Ïðè çíàõîäæåííi Tk íå âèêîðèñòîâó¹òüñÿ ñïiââiäíî-
øåííÿ ìiæ α i β. Òîìó àíàëîãi÷íî ìîæíà îòðèìàòè îöiíêó

Tk ≥ 1
β

ln
αc1

αc1 + (βah1 + αbh2)
> 0.

Ó âèïàäêó, êîëè ïðÿìi S0 i Sh ¹ ïàðàëåëüíèìè îäíié iç êîîðäèíàòíèõ
îñåé (a = 0 àáî b = 0), òî âiäñòàíü ìiæ ñóñiäíiìè ìîìåíòàìè ðåàëiçàöi¨
iìïóëüñiâ ¹ ñòàëîþ äëÿ âñiõ k ∈ N ∪ {0} i âiäïîâiäíî äîðiâíþ¹
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à) Tk =
1
β

ln
c1

c2
, ÿêùî a = 0; á) Tk =

1
α

ln
c1

c2
, ÿêùî b = 0.

Äiéñíî, ïiäñòàâëÿþ÷è b = 0 ó (11), îòðèìó¹ìî çíà÷åííÿ Tk =
1
α

ln
c1

c2
. Ç

îãëÿäó íà íàâåäåíå çàóâàæåííÿ âèïàäîê a = 0 äîñëiäæó¹òüñÿ àíàëîãi÷íî.
3) Íåõàé J =

(
λ 1
0 λ

)
, λ < 0. Ðîçâ'ÿçîê x(t) = (x1(t), x2(t)) ñèñòåìè

äèôåðåíöiàëüíèõ ðiâíÿíü ç iìïóëüñíîþ äi¹þ (3)�(5) äëÿ t ∈ (tk, tk+1],
k = 0, 1, . . . , ìàòèìå âèãëÿä





x1(t) = (x10 + (t− t0)x20)eλ(t−t0) +
k∑

j=0

(h1 + h2(t− tj))eλ(t−tj),

x2(t) = x20e
λ(t−t0) + h2

k∑

j=0

eλ(t−tj),

ìîìåíò iìïóëüñíî¨ äi¨ tk+1 âèçíà÷à¹òüñÿ ç ðiâíÿííÿ

c2e
λ(tk+1−t0) + (c2 − c1)

k∑

j=1

eλ(tk+1−tj) + ax20 (tk+1 − t0) eλ(tk+1−t0)+

+ah2

k∑

j=0

(tk+1 − tj) eλ(tk+1−tj) = c1. (12)

Ïåðåïèøåìî (12) ó âèãëÿäi

c2e
λ

k∑
j=0

Tj

+ (c2 − c1)
k∑

j=1

e
λ

k∑
r=j

Tr

+ ax20e
λ

k∑
j=0

Tj
k∑

j=0

Tj+

+ah2

k∑

j=0

e
λ

k∑
r=j

Tr
k∑

r=j

Tr = c1. (13)

Äîìíîæèìî ðiâíiñòü (13) íà e−λ Tk i âiä îäåðæàíî¨ ðiâíîñòi âiäíiìåìî
(13), àëå çi çíà÷åííÿì k, çìåíøåíèì íà 1. Ïiñëÿ ñïðîùåíü îäåðæèìî

c2 − c1 + ax20Tke
λ

k−1∑
j=0

Tj

+ ah2Tk




k−1∑

j=0

e
λ

k−1∑
r=j

Tr

+ 1


 = c1(eλTk − 1). (14)

Äðóãèé iç ÷îòèðüîõ äîäàíêiâ (ùî ìiñòèòü ax20) ó ëiâié ÷àñòèíi ðiâíîñòi
(14) ìîæíà çðîáèòè ÿê çàâãîäíî ìàëèì, âèáèðàþ÷è k äîñèòü âåëèêèì. Ç
iíøîãî áîêó,
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lim
k→∞

inf
k


c2 − c1 + ah2Tk




k−1∑

j=0

e
λ

k−1∑
r=j

Tr

+ 1





 = c2 − c1 − ah2

λ
.

Òàêèì ÷èíîì, âèêîíó¹òüñÿ íåðiâíiñòü c2 − c1 − ah2/λ ≤ c1(e−λTk − 1),
çâiäêè âèïëèâà¹, ùî

Tk ≥ 1
λ

ln
λc1

λc2 − ah2
= ϑ > 0,

îñêiëüêè çà óìîâîþ c1 − c2 − ah2/λ < 0. Äëÿ çíàéäåíîãî çíà÷åííÿ ϑ
çíàéäåìî îöiíêè äëÿ ðîçâ'ÿçêó ñèñòåìè (3)�(5). Îñêiëüêè äëÿ äîâiëüíèõ
y âèêîíó¹òüñÿ íåðiâíiñòü yeλy/2 ≤ −2/(eλ), òî

k∑

j=0

|t− tj | eλ(t−tj) =
k∑

j=0

|t− tj | eλ(t−tj)/2eλ(t−tj)/2 ≤

≤
k∑

j=0

2
−eλ

eλ(t−tj)/2 ≤ 2
−eλ

+∞∑

j=0

eλ(t−tj)/2 ≤ 2
−eλ

· 1
1− eλϑ/2

.

Òàêèì ÷èíîì, íåçàëåæíî âiä ïî÷àòêîâîãî ïîëîæåííÿ âèêîíóþòüñÿ òàêi
îöiíêè äëÿ òðà¹êòîðié ñèñòåìè:





lim
t→∞ |x1(t)| ≤ |h1|(1− eλϑ)−1 +

2|h2|
−λe

(1− eλϑ/2)−1,

lim
t→∞ |x2(t)| ≤ |h2|(1− eλϑ)−1.

Çàçíà÷èìî, ùî ÿêùî â óìîâi (2) a = 0, òî ðiâíÿííÿ (12) ñïiâïàäà¹ ç
ðiâíÿííÿì (8). Ïðè öüîìó âiäñòàíü ìiæ ñóñiäíiìè ìîìåíòàìè ðåàëiçàöi¨
iìïóëüñiâ äîðiâíþ¹ Tk =

1
λ

ln
c1

c2
äëÿ âñiõ k = 0, 1, 2, . . . , i





lim
t→∞ |x1(t)| ≤ c2

c2 − c1

(
|h1|+

∣∣∣∣
h2

λ

∣∣∣∣ ln
c1

c2

)
,

lim
t→∞ |x2(t)| ≤ c2

b
.

4) Íåõàé J =
(

α −ω
ω α

)
, α < 0. Ó öüîìó âèïàäêó ðîçâ'ÿçîê x(t) =

(x1(t), x2(t)) ñèñòåìè ðiâíÿíü ç iìïóëüñíîþ äi¹þ (3)�(5) äëÿ t ∈ (tk, tk+1],
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k = 0, 1, . . . , ìàòèìå âèãëÿä




x1 (t) = eα(t−t0) (x10 cosω (t− t0)− x20 sinω (t− t0))+

+
k∑

j=0
eα(t−tj) (h1 cosω (t− tj)− h2 sinω (t− tj)) ,

x2 (t) = eα(t−t0) (x10 sinω (t− t0) + x20 cosω (t− t0))+

+
k∑

j=0
eα(t−ti) (h1 sinω (t− tj) + h2 cosω (t− tj)),

ìîìåíò tk+1 âèçíà÷à¹òüñÿ ç ðiâíÿííÿ

c2e
α(tk+1−t0) cosω (tk+1 − t0) + (c2 − c1)

k∑

j=1

eα(tk+1−tj) cosω (tk+1 − tj)+

+ (bx10 − ax20) eα(tk+1−t0) sinω (tk+1 − t0)+

+ (bh1 − ah2)
k∑

j=0

eα(tk+1−ti) sinω (tk+1 − tj) =c1.

Îòðèìàíó ðiâíiñòü çàïèøåìî ó òåðìiíàõ Tk = tk+1 − tk:

c2e
α

k∑
j=0

Tj

cos


ω

k∑

j=0

Tj


 + (c2 − c1)

k∑

j=1

e
α

k∑
r=j

Tr

cos


ω

k∑

r=j

Tr


+

+ (bx10 − ax20) e
α

k∑
j=0

Tj

sin


ω

k∑

j=0

Tj


+

+ (bh1 − ah2)
k∑

j=0

e
α

k∑
r=j

Tr

sin


ω

k∑

r=j

Tr


 = c1. (15)

Äîìíîæèìî ðiâíiñòü (15) íà e−α Tk i âiä îäåðæàíî¨ ðiâíîñòi âiäíiìåìî
(15), àëå çi çíà÷åííÿì k, çìåíøåíèì íà 1. Ïiñëÿ âiäïîâiäíèõ ïåðåòâîðåíü
îäåðæèìî ñïiââiäíîøåííÿ

−2 sin
ωTk

2

[
c2e

α
k−1∑
j=0

Tj

sinφ0 + (c2 − c1)
k−1∑

j=1

e
α

k−1∑
r=j

Tr

sinφj+
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+(ax20 − bx10)e
α

k−1∑
j=0

Tj

cosφ0 + (ah2 − bh1)
k−1∑

j=0

e
α

k−1∑
r=j

Tr

cosφj+

+(ah2 − bh1) cos(ωTk/2)

]
= (c1 − c2) cos(ωTk) + c1(e−αTk − 1),

äå âèêîðèñòàíî ïîçíà÷åííÿ φj =
ωTk

2
+ω

k−1∑

r=j

Tr. Îöiíþþ÷è ëiâó ÷àñòèíó

îòðèìàíî¨ ðiâíîñòi, îäåðæèìî

ωTk

[
(c2 + |ax20 − bx10|+ |ah2 − bh1|) exp


α

k−1∑

j=0

Tj


+

+(c2 − c1 + |ah2 − bh1|)

1 +

k−1∑

j=1

e
α

k−1∑
r=j

Tr




]
≥ ∣∣c1e

−αTk − c2

∣∣ . (16)

Ïðèïóñòèìî âiä ñóïðîòèâíîãî, ùî lim
k→∞

Tk = 0. Òîäi iñíó¹ ïiäïîñëiäîâ-
íiñòü {kn} ⊂ N òàêèõ, ùî Tkn < min{T1, . . . , Tkn−1}. Ïîçíà÷èìî τn = Tkn .
Çðîçóìiëî, ïîñëiäîâíiñòü τn ìîíîòîííî ïðÿìó¹ äî íóëÿ. Ç íåðiâíîñòi (16)
ìàòèìåìî:

c2 + |ax20 − bx10|+ |ah2 − bh1|+ c2 − c1 + |ah2 − bh1|
1− eατn

≥ c2 − c1e
−ατn

ωτn
.

Âðàõîâóþ÷è, ùî τn = o(1), n → +∞, îäåðæèìî

(c2 + |ax20 − bx10|+ |ah2 − bh1|)− (c2 − c1 + |ah2 − bh1|)
ατn

×

× (1 + o(1)) ≥ c2 − c1 + o(1)
ωτn

.

Çâiäñè âèïëèâà¹, ùî o(1)− 1
α

(c2 − c1 + |ah2 − bh1|) ≥ c2 − c1

ω
. Òàêèì ÷è-

íîì, ÿêùî âèêîíó¹òüñÿ óìîâà |ah2 − bh1| <
(
1 +

α

ω

)
(c1 − c2), òî ïðè-

ïóùåííÿ lim
k→∞

Tk = 0 ¹ õèáíèì. Öå çàáåçïå÷ó¹ iñíóâàííÿ âiäïîâiäíîãî
çíà÷åííÿ ϑ > 0, äëÿ ÿêîãî ðîçâ'ÿçêè çàäà÷i (3)�(5) áóäóòü îáìåæåíèìè.

Òåîðåìó äîâåäåíî.
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BOUNDNESS OF SOLUTIONS FOR THE SYSTEM OF
DIFFERENTIAL EQUATIONS WITH IMPULSE ACTION
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We investigate the problem of boundness of solutions for the system
of di�erential equations with impulse action. The exact lower estimation for
time intervals between impulses are obtained as well as bounds of trajectories
for the corresponding solutions.




