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Ðîçãëÿíóòî ÷èñåëüíå ðîçâ'ÿçóâàííÿ ëiíiéíî¨ çàäà÷i ñëîøèíãó â
îáëàñòi ç ïåðåãîðîäêàìè. Öþ çàäà÷ó çâåäåíî äî åâîëþöiéíî¨ çàäà÷i
äðóãîãî ïîðÿäêó ç îïåðàòîðíèì êîåôiöi¹íòîì íà âiëüíié ïîâåðõíi.
Çà äîïîìîãîþ ïåðåòâîðåííÿ Ëàãåððà îòðèìàíî ïîñëiäîâíiñòü îïå-
ðàòîðíèõ ðiâíÿíü íà ïîâåðõíi. Ó ðåçóëüòàòi çàñòîñóâàííÿ ìåòîäó
ãðàíè÷íèõ iíòåãðàëüíèõ ðiâíÿíü îòðèìàíî ñèñòåìó iíòåãðàëüíèõ
ðiâíÿíü äðóãîãî ðîäó. Ïîâíó äèñêðåòèçàöiþ ïîñëiäîâíîñòi ñèñòåì
âèêîíàíî ç âèêîðèñòàííÿì ìåòîäó Íèñòðüîìà. Íàâåäåíî ðåçóëüòà-
òè ÷èñåëüíèõ åêñïåðèìåíòiâ.

1. Ïîñòàíîâêà çàäà÷i. Çàäà÷i ñëîøèíãó ïîëÿãàþòü ó âiäøóêàííi
îñíîâíèõ õàðàêòåðèñòèê ðóõó ðiäèíè, ÿêà çíàõîäèòüñÿ â êîíòåéíåði ç
âiëüíîþ ïîâåðõíåþ i ïiääà¹òüñÿ âïëèâó çîâíiøíiõ ñèë. Ïðè ðîçâ'ÿçóâàííi
çàäà÷ ëiíiéíîãî ñëîøèíãó iñíó¹ ïðàêòèêà çâåäåííÿ ïðîáëåìè äî åâîëþ-
öiéíî¨ çàäà÷i ç îïåðàòîðíèì êîåôiöi¹íòîì íà âiëüíié ïîâåðõíi [2, 6], äëÿ
ðîçâ'ÿçóâàííÿ ÿêèõ çàñòîñîâóþòüñÿ ðiçíi ìåòîäè. Ó [3] äëÿ ÷èñåëüíîãî
ðîçâ'ÿçóâàííÿ àáñòðàêòíî¨ åâîëþöiéíî¨ çàäà÷i äðóãîãî ïîðÿäêó ç îïå-
ðàòîðíèì êîåôiöi¹íòîì íà ãëàäêié çàìêíåíié êðèâié âèêîðèñòîâó¹òüñÿ
êîìáiíàöiÿ ïåðåòâîðåííÿ Ëàãåððà i ìåòîäó iíòåãðàëüíèõ ðiâíÿíü. Àíàëî-
ãi÷íèé ïiäõiä çàñòîñîâàíî â [2] äëÿ ðîçâ'ÿçóâàííÿ ëiíiéíî¨ çàäà÷i ñëîøè-
íãó ó íåñêií÷åííîìó êàíàëi. Ïåðåòâîðåííÿ Êåëëi òà ìåòîä iíòåãðàëüíèõ
ðiâíÿíü äëÿ ðîçâ'ÿçóâàííÿ öi¹¨ æ çàäà÷i îïèñàíi ó [6].

ÓÄÊ 517.9; MSC 2000: 65C20, 74S30
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Ðèñ. 1. Îáëàñòü Ωt, m` = 1

Íåõàé S ∪ S̃ � ôiêñîâàíà ïîâåðõíÿ êîíòåéíåðà, ïðè÷îìó S � çàìî-
÷åíà ÷àñòèíà ïîâåðõíi, à S̃ � ñóõà; Si � ôiêñîâàíi ðåáðà (ïåðåãîðîäêè)
âñåðåäèíi êîíòåéíåðà, ÿêi íå ïåðåòèíàþòüñÿ ìiæ ñîáîþ, i = 1,m`. ×åðåç
St ïîçíà÷èìî âiëüíó ïîâåðõíþ ðiäèíè (äèâ. Ðèñ. 1). Òàêèì ÷èíîì, Ωt �
îáëàñòü, çàïîâíåíà ðiäèíîþ ç ∂Ωt = S ∪ St.

Ðîçãëÿíåìî ëiíiéíó ìîäåëü áåçâèõðîâîãî ðóõó íåñòèñëèâî¨ íåâ'ÿçêî¨
ðiäèíè ïiä äi¹þ çîâíiøíiõ ñèë, ùî çíàõîäèòüñÿ ó êîíòåéíåði ç ïåðåãî-
ðîäêàìè i ìà¹ âiëüíó ïîâåðõíþ. Öÿ ìîäåëü ïîëÿãà¹ ó ðîçâ'ÿçóâàííi òàêî¨
çàäà÷i âiäíîñíî ïîòåíöiàëó øâèäêîñòi ϕ (äèâ. äåòàëüíiøå [11]):

∆ϕ = 0 â Ω× (0,∞), (1)
∂2ϕ

∂t2
+

∂ϕ

∂x3
= f íà Γ1 × (0,∞), (2)

∂ϕ

∂ν
= 0 íà Γi × (0,∞), i = 2, . . . , n`, (3)

ϕ(·, 0) = ω0,
∂ϕ

∂t
(·, 0) = ω1 íà Γ1. (4)

Òóò f � ôóíêöiÿ, ùî îïèñó¹ ñèëîâå ïîëå, ÿêå äi¹ íà ðiäèíó; ν � îäè-
íè÷íèé âåêòîð çîâíiøíüî¨ íîðìàëi äî ìåæi; Γ1 = {(x1, x2, 0) ∈ R3 :
(x1, x2) ∈ D}, Γi, i 6= 1, � ïåðåãîðîäêè Si òà ÷àñòèíè ïîâåðõíi S, âiä-
îêðåìëåíi äâîìà ñóñiäíiìè ïåðåãîðîäêàìè; Ω � îáëàñòü ç ãðàíèöåþ

⋃
Γi,

i = 1, . . . , n`, n` = 2m` + 2.
Ðîçãëÿíåìî çàäà÷ó (1)�(4) ç äåùî iíøî¨ òî÷êè çîðó, à ñàìå, çàïèøåìî

¨¨ ÿê ëiíiéíó åâîëþöiéíó çàäà÷ó ç îïåðàòîðíèì êîåôiöi¹íòîì íà ïîâåðõíi
Γ1. Îòæå, ïîòðiáíî çíàéòè ôóíêöiþ u : Γ1× [0,∞) → R, ÿêà çàäîâîëüíÿ¹
òàêó åâîëþöiéíó çàäà÷ó:

∂2u

∂t2
+ Au = f íà Γ1 × [0,∞), (5)
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u|t=0 = ω0,
∂u

∂t

∣∣∣∣
t=0

= ω1 íà Γ1, (6)

äå ω0, ω1, f � çàäàíi ôóíêöi¨. Äiþ îïåðàòîðà A âèçíà÷èìî òàê: Au = ∂Ψ
∂ν

íà Γ1, äå Ψ � ðîçâ'ÿçîê íàñòóïíî¨ ìiøàíî¨ çàäà÷i Äiðiõëå�Íåéìàíà:

∆Ψ = 0 â Ω, Ψ = u íà Γ1,
∂Ψ
∂ν

= 0 íà Γi, i = 2, n`. (7)

2. Äèñêðåòèçàöiÿ çà ÷àñîì òà ìåòîä ãðàíè÷íèõ iíòåãðàëüíèõ
ðiâíÿíü. Äëÿ äèñêðåòèçàöi¨ çàäà÷i (5), (6) çà ÷àñîâîþ çìiííîþ âèêî-
ðèñòà¹ìî ïåðåòâîðåííÿ Ëàãåððà [10], òîáòî ðîçâ'ÿçîê áóäåìî øóêàòè ó
âèãëÿäi ðÿäó Ôóð'¹�Ëàãåððà

u(x, t) = κ
∞∑

n=0

un(x)Ln(κt), (8)

äå Ln � ïîëiíîìè Ëàãåððà, κ � ôiêñîâàíèé ïàðàìåòð i

un(x) =

∞∫

0

u(x, t)e−κtLn(κt)dt, n = 0, 1, . . . . (9)

Òåîðåìà 1. Íåõàé u � îáìåæåíà i äâi÷i íåïåðåðâíî-äèôåðåíöiéîâíà
ôóíêöiÿ (ç îáìåæåíèìè ïåðøîþ i äðóãîþ ïîõiäíèìè). Ðîçâèíåííÿ (8)
¹ ðîçâ'ÿçêîì çàäà÷i (5), (6) òîäi i òiëüêè òîäi, êîëè êîåôiöi¹íòè un

çàäîâîëüíÿþòü ïîñëiäîâíiñòü îïåðàòîðíèõ ðiâíÿíü

(κ2I + αA)un = Fn −
n−1∑

m=0

βn−mum íà Γ1 (10)

äëÿ n = 0, 1, . . . . Òóò Fn = fn + ω1 + κ(n + 1)ω0 i βn = κ2(n + 1), fn �
êîåôiöi¹íòè Ôóð'¹�Ëàãåððà äëÿ ôóíêöi¨ f .

Äîâåäåííÿ. Çãiäíî ç [9], ïðàâèëüíèìè ¹ òàêi ñïiââiäíîøåííÿ:

L′n =
n−1∑

m=0

Lm, L′′n =
n−2∑

m=0

(n−m)Lm, n = 2, 3, . . . .

Âðàõîâóþ÷è îçíà÷åííÿ êîåôiöi¹íòiâ (9) òà âèêîðèñòîâóþ÷è iíòåãðóâàííÿ
÷àñòèíàìè, îòðèìó¹ìî íàñòóïíå çîáðàæåííÿ äëÿ ũn (n = 0, 1, . . . ) �
êîåôiöi¹íòiâ Ôóð'¹�Ëàãåððà äëÿ ∂2u

∂t2
:

ũn = −∂u

∂t
(x, 0)− κ(n + 1)u(x, 0) + κ2

n∑

m=0

(n−m + 1)um(x), (11)
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Ðèñ. 2. Âèãëÿä îáëàñòi Ω

Ïiäñòàâëÿþ÷è ôóíêöiþ (8) ó ðiâíÿííÿ (5) i âèêîðèñòîâóþ÷è (11) òà
ïî÷àòêîâi óìîâè (6), îòðèìó¹ìî ïîñëiäîâíiñòü ðiâíÿíü (10). Äîâåäåííÿ
äîñòàòíîñòi ïðîâîäèòüñÿ àíàëîãi÷íî.

Çíàéäåìî iíòåãðàëüíå çîáðàæåííÿ äëÿ îïåðàòîðà A. Âiäîìî [7], ùî
ðîçâ'ÿçîê çàäà÷i (7) ìîæíà ïîäàòè ó âèãëÿäi ïîòåíöiàëó ïðîñòîãî øàðó

Ψ(x) =
∫

∂Ω
µ(y)Φ(x, y)ds(y), x ∈ Ω, (12)

äå µ � íåâiäîìà ãóñòèíà, Φ(x, y) = (4π)−1|x− y|−1 � ôóíäàìåíòàëüíèé
ðîçâ'ÿçîê ðiâíÿííÿ Ëàïëàñà â (7). Iç âëàñòèâîñòåé ïîòåíöiàëó ïðîñòîãî
øàðó [7] âèïëèâà¹ òàêå iíòåãðàëüíå çîáðàæåííÿ äëÿ îïåðàòîðà A:

(Aυ)(x) =
1
2
µ(x) +

∫

∂Ω
µ(y)

∂Φ(x, y)
∂ν(x)

ds(y), x ∈ ∂Ω\Γ,

äå Γ =
⋃

(Γi
⋂

Γj), i, j = 1, n`. Öå äà¹ ìîæëèâiñòü îòðèìàòè ïîñëiäîâ-
íiñòü ñèñòåì iíòåãðàëüíèõ ðiâíÿíü âiäíîñíî µn:





1
2
µn(x) +

∫

∂Ω
µn(y)

[
κ2Φ(x, y) +

∂Φ(x, y)
∂ν(x)

]
ds(y) = Fn(x)−

−
n−1∑

m=0

βn−m

∫

∂Ω
µm(y)Φ(x, y)ds(y), x ∈ Γ1\Γ,

1
2
µn(x) +

∫

∂Ω
µn(y)

∂Φ(x, y)
∂ν(x)

ds(y) = 0, x ∈ Γi\Γ, i = 2, n`,

(13)

äå n = 0, 1, . . . . Ïðèïóñòèìî, ùî ïîâåðõíÿ ∂Ω óòâîðåíà âíàñëiäîê îáåð-
òàííÿ êðèâî¨ L =

⋃
Lk, k = 1, n`, íàâêîëî îñi 0x3 (äèâ. Ðèñ. 2), ïðè÷îìó

L äîïóñêà¹ ïàðàìåòðè÷íå çîáðàæåííÿ.
Ïåðåéäåìî äî öèëiíäðè÷íî¨ ñèñòåìè êîîðäèíàò (r, z, ϕ).
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Íåõàé Lk := {xk(ξ) = (rk(ξ), zk(ξ)), ξ ∈ Îk}, rk ≥ 0 i |x′k(ξ)| > 0 äëÿ
âñiõ ξ ∈ Îk, k = 1, n`, äå Îk := [(k − 1)w`, kw`], w` = 2π/n`. Ïðèïóñòèìî
òàêîæ, ùî ôóíêöi¨ Fn íå çàëåæàòü âiä ϕ. Âðàõîâóþ÷è îñüîâó ñèìåòðiþ
òà çîáðàæåííÿ ÿäåð iíòåãðàëüíèõ ðiâíÿíü ÷åðåç åëiïòè÷íi iíòåãðàëè K i
E (äèâ. [9]), àíàëîãi÷íî äî [1], ñèñòåìó (13) ìîæíà çàïèñàòè ó âèãëÿäi:





1
2
µ1,n(ξ) +

1
π

n∑̀

j=1

jw`∫

(j−1)w`

µj,n(τ){K1j(ξ, τ)H11
1j (ξ, τ) + E1j(ξ, τ)×

×H21
1j (ξ, τ)}dτ = Fn(ξ)− 1

π

n−1∑

m=0

βn−m

n∑̀

j=1

×

×
jw`∫

(j−1)w`

µj,m(τ)Bj(ξ, τ)K1j(ξ, τ)dτ, ξ ∈ I1,

1
2
µi,n(ξ) +

1
π

n∑̀

j=1

jw`∫

(j−1)w`

µj,n(τ){Kij(ξ, τ)H1i
ij (ξ, τ)+

+Eij(ξ, τ)H2i
ij (ξ, τ)}dτ = 0, ξ ∈ Ii, i = 2, n`.

Òóò
µi,n(ξ) = µn(ξ), ξ ∈ Ii, i = 1, n`,

Kij(ξ, τ) = K(kij(ξ, τ)), Eij(ξ, τ) = E(kij(ξ, τ)), i, j = 1, n`,

k2
ij(ξ, τ) = k2(ξ, τ), ξ ∈ Ii, τ ∈ Ij , i, j = 1, n`,

k2(ξ, τ) =
2r(ξ)r(τ)
p(ξ, τ)

, p(ξ, τ) = (r(ξ) + r(τ))2 + (z(ξ)− z(τ))2,

H11
ij (ξ, τ) =

Qj(τ)

p
1/2
ij (ξ, τ)

(
κ2 − 2rj(τ)

k2
ij(ξ, τ)pij(ξ, τ)

z′i(ξ)
|x′i(ξ)|

)
,

H21
ij (ξ, τ)=

Qj(τ)

p
3/2
ij (ξ, τ)

(
2rj(τ)

k2
ij(ξ, τ)

z′i(ξ)
|x′i(ξ)|

+
〈ν(ξ), xj(ξ)− xi(ξ)〉

1− k2
ij(t, τ)

)
, i 6=j, ξ 6=τ,

H21
ii (ξ, ξ) = Qi(ξ)

(
2ri(ξ)

k2
ii(ξ, ξ)p

3/2
ii (ξ, ξ)

z′i(ξ)
|x′i(ξ)|

+
r′′i (ξ)z′i(t)− r′i(ξ)z

′′
i (ξ)

4ri(ξ)|xi(ξ)|3
)

,

H1i
ij (ξ, τ) = − Qj(τ)

p
3/2
ij (ξ, τ)

2rj(τ)
k2

ij(ξ, τ)
z′i(ξ)
|x′i(ξ)|

, H2i
ij (ξ, τ) = H21

ij (ξ, τ),
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Bj(ξ, τ) =
Qj(τ)

p
1/2
1j (ξ, τ)

, Qi(ξ) = Q(ξ), ξ ∈ Ii,

pij(ξ, τ) = p(ξ, τ), ξ ∈ Ii, τ ∈ Ij , i, j = 1, n`.

Ç îãëÿäó íà çîáðàæåííÿ ïîâíèõ åëiïòè÷íèõ iíòåãðàëiâ [9], çàïèøåìî
ñèñòåìó ó íàñòóïíîìó âèãëÿäi:

1
2
µi,n(ξ) +

1
π

n∑̀

j=1

jw`∫

(j−1)w`

µj,n(τ){N1
ij(ξ, τ) ln

1
1− k2

ij(ξ, τ)
+ N2

ij(ξ, τ)}dτ =

= Gin(ξ), ξ ∈ Ii, i = 1, n`,

G1n(ξ) = Fn(ξ)− 1
π

n−1∑

m=0

βn−m

n∑̀

j=1

jw`∫

(j−1)w`

µj,m(τ){M1
j (ξ, τ)×

× ln
1

1− k2
1j(ξ, τ)

+ M2
j (ξ, τ)}dτ òà Gin(ξ) = 0 äëÿ i = 2, n`.

Òóò
N `k

ij (ξ, τ) = K` (ηij(ξ, τ))H1k
ij (ξ, τ) + E` (ηij(ξ, τ))H2k

ij (ξ, τ),

M `
j (ξ, τ) = K` (η1j(ξ, τ))Bj(ξ, τ), i, j, k, ` = 1, n`,

äå E`,K` � ôóíêöi¨, çîáðàæåíi ó âèãëÿäi ñòåïåíåâèõ ðÿäiâ [9].
3. Ïîñëàáëåííÿ îñîáëèâîñòåé. Âiäîìî [4], ùî ãóñòèíà µ â (12) ìà¹

îñîáëèâiñòü ïðè ïiäõîäi äî êiíöiâ êðèâèõ Li, i = 1, n`. Äëÿ ¨¨ ïîñëàáëåí-
íÿ, àíàëîãi÷íî äî [5,8], çäiéñíèìî ñïåöiàëüíó çàìiíó çìiííèõ. Äëÿ öüîãî
çàïðîâàäèìî êóái÷íèé ïîëiíîì

v(s) =
(

1
q
− π

n`

)(
π − n`s

π

)3

− 1
q

(
π − n`s

π

)
+

π

n`
,

äå 0 ≤ s ≤ w` i q ≥ 2. Ç éîãî äîïîìîãîþ âèçíà÷èìî ôóíêöiþ

d(s) = w`
[v(s)]q

[v(s)]q + [v(w` − s)]q
, 0 ≤ s ≤ w`,

i ïðèéìåìî γ(s) = γi(s) = (i − 1)w` + d (s− (i− 1)w`), s ∈ Îi, i = 1, n`.
Î÷åâèäíî, ùî γ ∈ Cq−1[0, 2π], γ(`)(iw`) = 0, ` = 1, q − 1, i = 0, n`/ Íà
îñíîâi ôóíêöié γi âèçíà÷èìî çàìiíó çìiííèõ:

{
ξ = γi(s), s ∈ Ii äëÿ t ∈ Ii,

τ = γi(σ), σ ∈ Ii äëÿ τ ∈ Ii.
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Äîîçíà÷èìî ôóíêöi¨ γi íà âiäðiçêè Ij çà ïðàâèëîì:
{

γi(s) = γi(s− 2mw`), ÿêùî j = 2m + i,

γi(s) = γi(jw` − s), ÿêùî j = 2m + 1 + i,

äå m ∈ N. Ïîêëàäåìî òàêîæ, ùî γi(s + w`π) = γi(s), i = 1, n`.
Ôóíêöi¨ γi � ïàðíi òà w`π-ïåðiîäè÷íi, ùî äà¹ ìîæëèâiñòü çàïèñàòè

ñèñòåìó ó âèãëÿäi




n`

4
ϕ1,n(s) +

γ′1(s)
2π

n∑̀

j=1

2π∫

0

ϕj,n(σ){N11
1j (s, σ) ln

1

1− k
2
1j(s, σ)

+

+N
21
1j (s, σ)}dσ =

n`

2
gn(s)− γ′1(s)

2π

n−1∑

m=0

βn−m

n∑̀

j=1

2π∫

0

ϕj,m(σ)×

×{M1
j (s, σ) ln

1

1− k
2
1j(s, σ)

+ M
2
j (s, σ)}dσ, s ∈ [0, 2π],

n`

4
ϕi,n(s) +

γ′i(s)
2π

n∑̀

j=1

2π∫

0

ϕj,n(σ){N1i
ij (s, σ) ln

1

1− k
2
2j(s, σ)

+

+N
2i
ij (s, σ)}dσ = 0, s ∈ [0, 2π], i = 2, n`,

(14)

äå
gn(s) = Fn(γ1(s))γ′1(s), ϕi,n(s) = µi,n(γi(s))γ′i(s),

N
`k
ij (s, σ) = N `k

ij (γi(s), γj(σ)), M
k
j (s, σ) = Mk

j (γ1(s), γj(σ)),

k
2
ij(s, σ) = k2

ij(γi(s), γj(σ)), i, j, `, k = 1, n`.

Çàóâàæèìî, ùî ïiñëÿ âèêîíàíèõ ïåðåòâîðåíü ϕi,n ∈ Cq−1[0, 2π].
ßäðà iíòåãðàëüíèõ ðiâíÿíü ñèñòåìè (12) ìiñòÿòü ëîãàðèôìi÷íó îñî-

áëèâiñòü, ÿêà âèíèêà¹ ïðè i = j òà s = σ. Äëÿ âèäiëåííÿ öi¹¨ îñîáëèâîñòi
çäiéñíèìî ïåðåòâîðåííÿ ó ÿäði, àíàëîãi÷íi äî [1], ïiñëÿ ÷îãî ñèñòåìà (14)
íàáóäå âèãëÿäó

n`

4
ϕi,n(s) +

γ′i(s)
2π

2π∫

0

ϕi,n(σ)
{

L1i
ii (s, σ) ln

(
4 sin2 s− σ

2

)
+ L2i

ii (s, σ)
}
dσ+

+
γ′i(s)
2π

n∑̀

j=1;i 6=j

2π∫

0

ϕj,n(σ)L3i
ij (s, σ)dσ = Gin(s), s ∈ [0, 2π], i = 1, n`,

(15)
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G1n(s) =
n`

2
gn(s)− γ′1(s)

2π

n−1∑

m=0

βn−m




2π∫

0

ϕ1,n(σ)
{
A11

11(s, σ)×

× ln
(

4 sin2 s− σ

2

)
+ A21

11(s, σ)
}
dσ +

n∑̀

j=2

2π∫

0

ϕj,n(σ)A31
1j (s, σ)dσ


 ;

Gin(s) = 0, i = 2, n`. Òóò

L1i
ii (s, σ) = −2N

1i
ii (s, σ), L2i

ii (s, σ) = N
1i
ii (s, σ)bi(s, σ) + N

2i
ii (s, σ),

L3i
ij (s, σ) = N

1i
ij (s, σ) ln

1

1− k
2
ij(s, σ)

+ N
2i
ij (s, σ),

A11
11(s, σ) = −2M

1
1(s, σ), A21

11(s, σ) = M
1
1(s, σ)b1(s, σ) + M

2
1(s, σ),

A31
1j (s, σ) = M

1
j (s, σ) ln

1

1− k
2
1j(s, σ)

+ M
2
j (s, σ).

Òåîðåìà 2. Íåõàé q ≥ 3. Äëÿ äîâiëüíèõ ïðàâèõ ÷àñòèí ω`, fn ∈
H0

e [0, 2π] iñíóþòü ¹äèíi ðîçâ'ÿçêè ϕi,n ∈ H0
e [0, 2π], i = 1, n`, ñèñòåìè

iíòåãðàëüíèõ ðiâíÿíü (15), ÿêi íåïåðåðâíî çàëåæàòü âiä ïðàâèõ ÷àñòèí.
Äîâåäåííÿ. Ñèñòåìà (15) ìà¹ òðèâiàëüíèé ðîçâ'ÿçîê äëÿ gn = 0.

Äëÿ äîâåäåííÿ öüîãî òâåðäæåííÿ âèêîðèñòà¹ìî ìåòîäîì iíäóêöi¨. Ðîç-
ãëÿíåìî ïåðøó ñèñòåìó ïîñëiäîâíîñòi (15):

n`

4
ϕi,n(s) +

γ′i(s)
2π

2π∫

0

ϕi,0(σ)
{

L1i
ii (s, σ) ln

(
4 sin2 s− σ

2

)
+ L2i

ii (s, σ)
}
dσ+

+
γ′i(s)
2π

n∑̀

j=1;i6=j

2π∫

0

ϕj,0(σ)L3i
ij (s, σ)dσ = 0, s ∈ [0, 2π], i = 1, n`.

Î÷åâèäíî, ùî öÿ ñèñòåìà âiäïîâiäà¹ íàñòóïíié ìiøàíié çàäà÷i äëÿ ðiâ-
íÿííÿ Ëàïëàñà

∆U = 0 â Ω, U +
∂U

∂ν
= 0 íà Γ1,

∂U

∂ν
= 0 íà Γi, i = 2, n`. (16)

Áåðó÷è äî óâàãè, ùî ∂Ω � íåïåðåðâíà, çà äîïîìîãîþ ôîðìóë Ãðiíà (äèâ.
[7]) ëåãêî ïîêàçàòè, ùî ãðàíè÷íà çàäà÷à (16) ìà¹ òiëüêè òðèâiàëüíèé
ðîçâ'ÿçîê, òîáòî ϕi,0 = 0, i = 1, n`. Äàëi, çà iíäóêöi¹þ îòðèìó¹ìî, ùî
ñèñòåìè (15) ìàþòü òiëüêè òðèâiàëüíi ðîçâ'ÿçêè äëÿ gn = 0, n > 0.
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Çàäàìî íàñòóïíi îïåðàòîðè:

(Siψ)(s) := − 1
π

2π∫

0

N
1i
ii (s, σ) ln

(
4 sin2 s− σ

2

)
ψ(σ)dσ,

(Biψ)(s) :=
1
2π

2π∫

0

N
1i
ii (s, σ)bi(s, σ)ψ(σ)dσ,

(Cijψ)(s) :=
1
2π

2π∫

0

L3i
ij (s, σ)ψ(σ)dσ, (Diψ)(s) :=

1
2π

2π∫

0

N
2i
ii (s, σ)ψ(σ)dσ,

(Sψ)(s) := − 1
π

2π∫

0

M
1
1(s, σ) ln

(
4 sin2 s− σ

2

)
ψ(σ)dσ,

(Bψ)(s) :=
1
2π

2π∫

0

M
1
1(s, σ)b1(s, σ)ψ(σ)dσ,

(Cjψ)(s) :=
1
2π

2π∫

0

A31
1j (s, σ)ψ(σ)dσ, (Dψ)(s) :=

1
2π

2π∫

0

M
2
1(s, σ)ψ(σ)dσ

äëÿ s ∈ [0, 2π]. Òîäi ñèñòåìà (15) ìîæå áóòè çàïèñàíà â îïåðàòîðíîìó
âèãëÿäi

(n`

4
I+ L

)
~ϕn = ~gn −

n−1∑

m=0

βn−mK~ϕm,

äå I � îäèíè÷íà ìàòðèöÿ ðîçìiðó n` × n`, ~ϕn := (ϕ1,n, . . . , ϕn`,n)T , ~gn :=
(gn, 0, . . . , 0)T � âåêòîð äîâæèíè n`,

L :=




γ′1(S1 + B1 + D1) γ′1C12 . . . γ′1C1n`

γ′2C21 γ′2(S2 + B2 + D2) . . . γ′2C2n`

...
... . . . ...

γ′n`
Cn`1 γ′n`

Cn`n`
. . . γ′n`

(Sn`
+ Bn`

+ Dn`
)


 ,

K :=




γ′1(S + B + D) γ′1C2 . . . γ′1Cn`

0 0 . . . 0
... ... . . . ...
0 0 . . . 0


 .
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Îïåðàòîðè D, Cj , Di, Cij , i, j = 1, n` ¹ êîìïàêòíèìè ó H0
e [0, 2π],

îñêiëüêè ìàþòü íåïåðåðâíi ÿäðà. Àíàëîãi÷íî äî [5], íà îñíîâi òåõíiêè
ïåðåòâîðåííÿ Ìåëiíà ìîæíà ïîêàçàòè, ùî îïåðàòîðè Si + Bi, i = 1, n`, i
S +B ¹ îáìåæåíèìè ç H0

e [0, 2π] ó H1
e [0, 2π], ùî çàáåçïå÷ó¹ ¨õíþ êîìïàêò-

íiñòü ó H0
e [0, 2π].

Òàêèì ÷èíîì, L � êîìïàêòíèé ó H0
e [0, 2π]×H0

e [0, 2π]× . . .×H0
e [0, 2π].

Äàëi, âèêîðèñòîâóþ÷è iíäóêöiþ òà òåîðiþ Ðiññà�Øàóäåðà [7], îòðèìó¹ìî
òâåðäæåííÿ òåîðåìè.

4. Ïîâíà äèñêðåòèçàöiÿ ìåòîäîì Íèñòðüîìà. Äëÿ ÷èñåëüíî-
ãî ðîçâ'ÿçóâàííÿ ïîñëiäîâíîñòi ñèñòåì (15) âèêîðèñòîâó¹òüñÿ ìåòîä Íè-
ñòðüîìà [7], ÿêèé ïîëÿãà¹ ó çàñòîñóâàííi íàñòóïíèõ êâàäðàòóð íà ðiâ-
íîìiðíîìó ðîçáèòòi sp

k = khp, hp = π
Mp

, k = 0, . . . , 2Mp − 1, Mp ∈ N,
p = 1, . . . , n`:

1
2π

2π∫

0

f(s)ds ≈ 1
2Mp

2Mp−1∑

j=0

f(sp
j ),

1
2π

2π∫

0

f(σ) ln
(

4 sin2 s− σ

2

)
dσ ≈

2Mp−1∑

j=0

Rp
j (s)f(sp

j ),

äå Rp
j (s) = − 1

Mp




Mp−1∑

m=1

1
m

cos(s− sp
j ) +

1
Mp

cosMp(s− sp
j )


 . Ïiñëÿ çàñòî-

ñóâàííÿ êâàäðàòóð i êîëîêàöi¨ ó âóçëàõ êâàäðàòóðíèõ ôîðìóë îòðèìó¹-
ìî ïîñëiäîâíiñòü ñèñòåì ëiíiéíèõ àëãåáðè÷íèõ ðiâíÿíü âiäíîñíî ϕn

ik, äå
ϕn

ik ≈ ϕi,n(si
k).

Íàáëèæåíå çíà÷åííÿ ôóíêöi¨ un îá÷èñëþ¹ìî çà ôîðìóëîþ

ũn(x1(s)) =
2M1/n`−1∑

p=1

ϕn
1p

[
L11

11(s, s
1
p)

n`−1∑

j=0

{
R1

p(jw` + s)+

+R1
p((j + 1)w` − s)

}
+

n`

2M1
L21

11(s, s
1
p)

]
+

n∑̀

j=2

n`

2Mj

2Mj/n`−1∑

p=1

ϕn
jpL

31
1j (s, s

j
p).

Àíàëiç çáiæíîñòi òà îöiíêà ïîõèáêè äàíîãî ìåòîäó ïðîâîäèòüñÿ, ÿê i â [8].
Óçàãàëüíþþ÷è ðåçóëüòàòè ç [8], îòðèìó¹ìî òàêå òâåðäæåííÿ.

Òåîðåìà 3. Íåõàé íàéìåíøèé êóò ãðàíè÷íî¨ êðèâî¨ L äîðiâíþ¹ (1−
ρ)π, äå 0 < |ρ| < 1, i íåõàé fn, ω` ∈ Hp+5/2(L1) äëÿ p ∈ N, q ≥ 3. Òîäi äëÿ
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Ðèñ. 3. Âèãëÿä îáëàñòi Ω

q > (p + 1/2)(1 + |ρ|) âèêîíó¹òüñÿ îöiíêà ïîõèáêè

‖ϕn
` − ϕ̃n

` ‖H0
e [0,2π] ≤ CnM−p,

äå ϕn
` � òî÷íèé ðîçâ'ÿçîê, à ϕ̃n

` � íàáëèæåíèé, îòðèìàíèé ìåòîäîì
Íèñòðüîìà, M = min{M1, . . . , Mn`

}, Cn > 0 i ` = 1, . . . , n`.
Çãiäíî ç (8), äëÿ îá÷èñëåííÿ íàáëèæåíîãî ðîçâ'ÿçêó åâîëþöiéíî¨ çà-

äà÷i (5), (6) äiñòà¹ìî òàêó ôîðìóëó:

uM
N (x1(s), t) = κ

N∑

n=0

ũn(x1(s))Ln(κt).

5. ×èñåëüíi åêñïåðèìåíòè.
Ïðèêëàä 1. Ìiøàíà çàäà÷à Ðîáiíà�Íåéìàíà äëÿ ðiâíÿííÿ Ëàïëàñà.
Ðîçãëÿíåìî îáëàñòü Ω ç îäíi¹þ ïåðåãîðîäêîþ. Íåõàé âîíà óòâîðå-

íà îáåðòàííÿì êðèâèõ Li, i = 1, 4, çîáðàæåíèõ íà ðèñ. 3. Ïåðåâiðèìî
ïðàâèëüíiñòü ðîçðîáëåíîãî àëãîðèòìó íà ïåðøié ñèñòåìi, ÿêà âiäïîâiäà¹
íàñòóïíié ìiøàíié çàäà÷i äëÿ ðiâíÿííÿ Ëàïëàñà:

∆U = 0 â Ω, U +
∂U

∂ν
= 1 íà Γ1,

∂U

∂ν
= 0 íà Γi, i = 2, 3, 4.

Òóò ãðàíè÷íà ôóíêöiÿ f0 âèáðàíà òàêîþ, ùî f0 = 1. Î÷åâèäíî, ùî òî-
÷íèé ðîçâ'ÿçîê Uex = 1. Ó òàáëèöi 1 íàâåäåíî çíà÷åííÿ H0-ïîõèáêè ìiæ
òî÷íèì òà íàáëèæåíèì ðîçâ'ÿçêàìè i ïîðÿäîê çáiæíîñòi ordM îïèñàíîãî
âèùå ìåòîäó. Òóò M1 = M2 = . . . = Mn`

= M .
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Òàáë. 1. εM -ïîõèáêà i ïîðÿäîê çáiæíîñòi äëÿ ïðèêëàäó 1
M q = 3 q = 4 q = 5

εM ordM εM ordM εM ordM

64 6.5× 10−4 1.1× 10−3 1.0× 10−3

2.0 2.7 3.3
128 1.6× 10−4 1.7× 10−4 1.0× 10−4

2.0 2.7 3.2
256 4.0× 10−5 2.7× 10−5 1.1× 10−5

Îòðèìàíi ðåçóëüòàòè äåìîíñòðóþòü ïîêðàùåííÿ ïîðÿäêó çáiæíîñòi
ïðè çáiëüøåííi ïàðàìåòðà q. Çàóâàæèìî, ùî çãiäíî ç òåîðåìîþ 3 î÷iêó-
âàíèé ïîðÿäîê ñòàíîâèòü 1.5, 2.2, 2.8 äëÿ q = 3, 4, 5 âiäïîâiäíî.

Ïðèêëàä 2. Åâîëþöiéíà çàäà÷à íà âiëüíié ïîâåðõíi.
Ðîçãëÿíåìî íåñòàöiîíàðíó çàäà÷ó (5), (6). Íåõàé îáëàñòü áóäå òàêîþ

æ, ÿê ó ïîïåðåäíüîìó ïðèêëàäi. Âèáåðåìî f(x, t) = e−t, à ãðàíè÷íi ôóí-
êöi¨ w0 = 1 i w1 = −1. Äëÿ òàêèõ âõiäíèõ äàíèõ âiäîìèé òî÷íèé ðîçâ'ÿçîê
çàäà÷i: uex(x, t) = e−t.

Òàáëèöÿ 2 ìiñòèòü çíà÷åííÿ H0-ïîõèáêè ìiæ òî÷íèì òà íàáëèæåíèì
ðîçâ'ÿçêàìè, îá÷èñëåíèõ ïðè q = 5 äëÿ âñiõ âèïàäêiâ.
Òàáë. 2. εNM -ïîõèáêà äëÿ ïðèêëàäó 2

M N = 30 N = 40 N = 50
16 2.59× 10−2 2.62× 10−2 2.60× 10−2

32 5.30× 10−3 5.33× 10−3 5.32× 10−3

64 6.23× 10−4 6.22× 10−4 6.25× 10−4

Îòðèìàíi ðåçóëüòàòè ïiäòâåðäæóþòü çáiæíiñòü ìåòîäó Íèñòðüîìà,
î÷iêóâàíó âiäïîâiäíî äî òåîðåìè 3, i øâèäêó çáiæíiñòü ïåðåòâîðåííÿ Ëà-
ãåððà.
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NUMERICAL SOLUTION OF THE LINEAR EXISYMMETRIC
SLOSHING PROBLEM IN DOMAIN WITH BAFFLES

Halyna DATSIV

Ivan Franko Lviv National University,
1 Universytetska Str., Lviv 79000, Ukraine

The numerical solution of a linear sloshing problem in axisymmetric do-
mains with ba�es is considered. This problem is rewritten as a linear evolu-
tion problem on a free surface with an operator coe�cient. By use of Laguerre
transformation with respect to time a sequence of operator equations is obtai-
ned. Using potential theory, we reduce the operator equations to the sequence
of integral equations of the second kind systems. Full discretization is realized
by use of the Nystr�om method and numerical examples are presented.




