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A novel approach based upon vertex operator representation is devised
to study the AKNS hierarchy. It is shown that this method reveals the
remarkable properties of the AKNS hierarchy in relatively simple, rather
natural and particularly effective ways. In addition, the connection of this
vertex operator based approach with Lie-algebraic integrability schemes
is analyzed and its relationship with 7-function representations is briefly
discussed. An approach based on the spectral and Lie-algebraic techniques
for constructing vertex operator representation for solutions to a Riemann
type hydrodynamical hierarchy is devised. A functional representation
generating an infinite hierarchy of dispersive Lax type integrable Hamil-
tonian flows is obtained.

1 Introduction

The “miraculous” properties of the AKNS hierarchy related to calculations
connected with the integrability of nonlinear dynamical systems have, since
the early work of their discoverers |1, 2|, been the focus of considerable re-
search. These investigations, such as in [3, 4, 5, 6, 7, 8|, have produced
further insights into the nature of the AKNS hierarchy and several addi-
tional methods of construction. In what follows, we devise an alternative
approach to exploring the properties of the AKNS hierarchy based upon
its vertex operator representation. It appears that our formulation offers
several advantages over existing methods when it comes to simplicity, effec-
tiveness, flexibility and ease of extension, but more detailed confirmation
of these observations must await further investigations.

Nonlinear hydrodynamic equations are of constant interest still from
classical works by B. Riemann, who had extensively studied them in gen-
eral three-dimensional case, having paid special attention to their one-
dimensional spatial reduction, for which he devised the generalized method
of characteristics and Riemann invariants. These methods appeared to be
very effective [9] in investigating many types of nonlinear spatially one-
dimensional systems of hydrodynamical type and, in particular, the char-
acteristics method in the form of a “reciprocal” transformation of variables
has been used recently in studying a so called Gurevich-Zybin system
[10, 11 in [12| and a Whitham type system in [13, 14, 15, 16] and [15, 17].
Moreover, this method was further effectively applied to studying solu-
tions to a generalized [15] (owing to D. Holm and M. Pavlov) Riemann
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type hydrodynamical system
DNu =0, D,:=0/0t+ud/0z, (1)

where N € Z, and u € C*°(R?% R) is a smooth function. Making use of
novel methods, devised in [16, 18] and based both on the spectral theory
6, 7, 19, 20| and the differential algebra techniques, the Lax type repre-
sentations for the cases N = 1,4 were constructed in explicit form.

2 The AKNS hierarchy vertex representation analysis

2.1 The AKNS hierarchy and its algebraic structure description

To set the stage for our approach, we begin with some fundamentals of
the remarkable sequence of Lax integrable dynamical systems that is the
focus of this study. We shall analyze the AKNS hierarchy of Lax inte-
grable dynamical systems on a complex 27-periodic functional manifold
M C C*°(R/2rZ;C?), which is well known [1, 2, 4, 6] to be related to the
following linear differential spectral problem of Lax type:

A2 w
— U\ f = PA) = . 2
e = g =0, daini= (M2 ) )
Here # € R, f € LY(R;C?), the vector function (u,v)" C M, T de-
notes the transpose and A € C is a spectral parameter. Assume that a

vector function (u,v)’

C M depends parametrically on the infinite set
t = {ti,t2,t3,...} € CY in such a way that the generalized Floquet
spectrum o(¢) := {A € C : sup,p ||f(2;A)|[1 < oo} of the problem (2)
persists in being parametrically iso-spectral, that is do(¢)/dt = 0. The
iso-spectrality condition gives rise to the AKNS hierarchy of nonlinear dy-

namical systems on the functional manifold M in the general form

d T
g 000 = K fu(t), o), 3)

()= (i) ”

where
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for t € CN.

The corresponding vector fields K; : M — T(M),j € N, can be con-
structed |2, 4, 7, 8, 20, 21| via the following Lie-algebraic scheme: We
define the centrally extended affine current sf(2)-algebra G :=G & C

G:={a= Z aV @ N :aV) e 0™ (R/2rZ;s0(2;C)) }, (5)

JEZ, j<K o0

endowed with the Lie commutator

[(a1,¢1), (ag, c2)] := ([a1, azl, (a1, daz/dz)) (6)

with the scalar product
2w
{(ay,as) == res,\zoo/ tr(ajas)dx (7)
0

for any two elements aq, as € G, where “res” and “tr” are the usual residue
and trace maps, respectively. As the spectrum o(¢) C C is supposed to
be parametrically independent, there is a natural association with flows.
These flows are generated by the set I(G*) of Casimir invariants of the
coadjoint action of the current algebra G ona given element £(z;\) €
G* = G, contained in the space of functionals D(G). Here we have denoted
by G := G, @®G_ the natural splitting into two affine subalgebras of positive

and negative A-expansions. In particular, a functional y(\) is in I(G) if
and only if

5 0), 0 )]+ ~-5(;.0) = 0, (®)

where the gradient S(x; \) := grady(\)(¢) € G_ is defined with respect to
the scalar product (7) by means of the variation

0y(A) == (grady(A)(£),60) . (9)

We note here that the determining matrix equation (8) in the case of the
element ((z;\) € G*, given by the spectral problem (2), can be easily



262 __ D.Blackmore, Y.Prykarpatsky, J.Golenia, A.Prykarpatsky

solved recursively as A — oo in the following asymptotic form as

~ 3 S, Sm&—(?ﬂ ) (10)

S S
JELy 21 22

< 2 sa-(0)

. _ . _ 9,2
SQ(ZI?):< UV uz)’ Sg(x):(vux ugz Uy 2uv>7m’

) Vgr — 207U UVL — VUy

and so on, based upon the differential relationships

AS12 = S125 + u(511 — 522),
—AS91 = S21,m - ( S11 — 522) (11)
S19

S11,2 = US21 —V

= —322,1,

following from (8).
Now we will take into into account that the coadjoint orbits of elements
¢ € G* with respect to the standard R-structure [4] on the Lie algebra G

[(a1,c1), (az, c2)|r = ([Ray, as] + [a1, Rasl, (Ray, das/dx) —

12
— < day/dx,Ray >) (12)

where, by definition, R := %(PJr — P_) and PyG := G., are Poissonian
manifolds [4, 7, 8, 21, 22, 23, 24]|. Then the corresponding a priori iso-
spectral AKNS flows can be constructed as the commuting Hamiltonian
systems on G*

dﬁ

= 1) = [(919),. 0+ ZVS), (13)

generated by the Casimir invariants v; € I (Q*), 7 € N, with respect to the
Lie-Poisson structure on G* defined as

{r.¢} = (¢, [gradv(k)( ), gradg(A) (0)]=) +
+ (Rgrady(N)(€), ferad§(\)(0)) — (erady(A)(€), Rgrade () ()
(14)
for any smooth functionals , & € D(G*). As a result of (13) equation (8)
is easily augmented by the commuting hierarchy of evolution equations

aS/dt; = [(NV'8),., 5] (15)
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for j € N, including the determining equation (8) at j = 1.
The hierarchies (13) and (15) can be rewritten with respect to the
unique A-parametric vector field

dfdt == " Nd/dt; (16)
JELy

on the manifold M as the generating flows
i u _ /\2512’1 + U/\2(§11 — 522) (17)
dt \ v A?891,0 — VA* (811 — S22)

do o N
dt N w— A
where the parameters A, ;1 — oo in such a way that |u/A| < 1. Since the

and

S(x; \) + ASp(z)], (18)

flow (17) is, by construction, Hamiltonian on the adjoint space G*, it can be
represented also as a Hamiltonian flow on the functional manifold M. This
will be done in the next two sections with respect to both the evolution
vector field (16) and the related vertex vector field mapping X\ M- M
defined as

~

)A()\ = (X;“,X;), X;’ =expD,, X, =exp(—D,),
1 . d
Dy = (—A—U“)— (19)

JEL4 J +_1) dtj+17
and satisfying the determining relationship

% = :vafvl%th, (20)
as A — 0o. These vertex vector field maps and their connections with inte-
grability theory have been studied extensively by a number of researchers,
most notably in [2, 3.

2.2 Hamiltonian analysis

Consider the Casimir functional v(\) € I(G), X € C, and its gradient with
respect to its dependence on a point (u,v)" € M given by

grady(A)[u, v] = (S21(w; A), S12(w; V) € T (M), (21)
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as follows easily from definition (9). By introducing on the manifold M
the following two skew-symmetric operators

0 1 200 'y 0 —2ud
— - 22
f ( -1 0 ) 1 ( 0—200" ' 2007w ) ’ (22)

the relationships (11) can be rewritten as
Mgrady(A)[u, v] = ngrady(X)[u, o], (23)

holding for all A € C. It follows directly from (17) that

% (u,v) " = —ngrady(\)[u, v], (24)

s0 it is easy to verify that the Casimir invariant v(\) € I(G) simultaneously
satisfies the two involutivity conditions

{r(N)v(m)te = 0= {y(A), (1)} (25)

for all A, u € C with respect to two Poissonian structures

{+: o = (grad(-), Ograd(")),  {-,-}y = (grad(-),nerad(-)) ~ (26)

on the manifold M, where (-, -) is the standard convolution on the product
bundle T*(M) x T(M).

As a direct consequence of (24) and (25), one can readily verify that
the operators 0,n : T*(M) — T(M), defined by (22), are co-symplectic,
Notherian and compatible [7, 20, 21| on M. This, in particular, implies
that the Lie derivatives [7, 21, 23, 24|

La0=0=Lan, L%gradfy(/\)[u,v}:() (27)

vanish identically on the manifold M.

2.3 Vertex operator structure analysis

It is well known [4, 6, 7, 20| that the Casimir invariants determining equa-
tion (8) allows a general solution representation in the following two im-
portant forms:

S(z; ) = k(N F(x +2m,2;\) — @trF(m + 27, x; \) (28)
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and

S(y; A) = F(y, 203 )C(o; N F~H (y, 03 ). (29)
Here F(y,z;\) and F(y, zo; \) belong to the space of linear endomor-
phisms of C?, End C?, for all z, 2,y € R, and are matrix solutions to the
spectral equation (2) satisfying, respectively, the Cauchy problems
d

d—yF(y,:v; A) =LUy; NF(y, 23 N),  F(y,z;A)|y=2 =1, (30)

and

d -~ -
@F(y,ﬂﬁo; >\) = g(@/; A)F(%Io; )\)7 F(% To; )‘>|y=x0 =1+ O(l/k); (31)

for all A € C and x € R, where I € End C? is the identity matrix. Here
the parameters k(\) € C and C(zg; \) € End C? are invariants, chosen in
such a way that the asymptotic condition

S(z;\) € G- (32)

as A — oo holds for all x € R.

To construct the solution (28) satisfying condition (32), we find a pre-
liminary partial solution F(y, z;\) € EndC2, z,y € R, to equation (31) at
xo = x € R, satisfying the asymptotic Cauchy data

F(y, 23\ |y= = T+ O(1/)) (33)

as A — o0. It is easy to check that

B ey, x; \) —u(y; M)A ey, z; N)
F@’x’”_(@(y;A>A—1é1<y,x;A> oy, 2 ) > (34)

is an exact functional solution to (31) satisfying condition (33). Here we
have defined

E1(y, z; ) == exp{(y — 2)A\/2 + A7! /y uvds}, (35)

&y, 2; ) == exp{(z —y)A/2 — X! /y avds},

T
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where the vector-function (@,7)" € M satisfies the determining functional
relationships

G=u+a Nt — @202, T=v— A — 52N, (36)

as A — oo, which were discovered earlier in a very interesting article [25].
It was also shown that exact asymptotic (as A — oo) functional solutions
of these relationships can be easily constructed by means of the standard
iteration procedure.

The fundamental matrix F(y,z;\) € EndC? is represented for all
x,y € R in the form

Fy,a:0) = Fly,a; ) F ! (2, 230). (37)
Consequently, if one sets y = x + 27 in this formula and defines
k() = A7Ye (2 + 2m, 23 X)) — o + 2m, 23 N)] 7L, (38)

it follows from (37) that the exact matrix representation

? AU—N\
A2+av 2X(A\2+uv)

A2— @b @
g(x;)\> _ ( 2A(A2+1D) A2 +ap ) 7 (39)

satisfies the necessary condition (32) as A — oo .

Remark 1. The invariance of the functional (37) with respect to the gen-
erating vector field (16) on the manifold M derives from the representation
(34), the evolution equations (31) and

2 ply,usn) = (MA_ (i) + A§o<x>) Fly.aom),  (40)

which follows naturally from the determining matriz flows (13) upon ap-
plying the translation y — y + 27.

The matrix expression (39) coincides as A — oo with the asymptotic ex-
pansion (10), whose matrix elements satisfy the following important func-
tional relationships:

1— /\(511 — 522) - 1— )\(511 — 522)

=9 41
2501 2512 v (41)
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allowing to introduction in a natural way of the vertex vector field (19).
To show this, we need to take the preliminary step of deriving the cor-
responding evolution equation for the vector function (@,9)" € M with
respect to the generating vector field (16) in the asymptotic form (17) as
A — o0. Before doing this we shall find the form of evolution equation
(18) as p, A — o0 :

d ~

8 ) = N5 )~ ASol), S V), (42)

which entails the following differential relationships:

dgll/dt = )\3(521d§12/d)\ — §12d§21/d)\),

dSg/dt = \3(512d521 /AN — S91d512/dN),
dSan/dt = N3[S12-% (311 — 822) — (S11 — $22) BL2) — A§yo,
d3in/dt = N3[8o1 % (820 — 311) — (822 — 811)B21) + A§oy.

(43)

Using the relationships (43), one can easily obtain by means of simple, but
rather cumbersome calculations, the evolution equations for the vector
function (@,9)" € M expressed in the form (41)

i[l—)\(su—szz)] _ _)\21[14\(811—822)]

dt 2510 - X 2512 ’ (44)
1[1*A(511*322)] _ A21[1*A(811*822)]
dt 2512 dA 2512 ’

which hold as A — o00. As a direct consequence of the differential rela-
tionships (44), the following vertez operator representation for the vector
function (@, 0)" € M

Aty A) = ut (5 N) = X u(t), (45)
O(t; ) = v (5 N) = Xy u(t),

holds. Here we took into account that, owing to the determining functional
representations (36), the limits

lim a(t; A) = w(t), lim o(t; \) = v(t), (46)
A—00 A—00
exist and the vertex operator X\ : M — M acts on the functional man-
ifold M via the corresponding shift operators defined above by means of
the differential relationships (19) and (20). The vertex representation (45)
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allows, in particular, to readily construct infinite hierarchies of the conser-
vation laws for the generating AKNS integrable vector field (16) as

H () ::/Oﬂqu(t; Mo(t)dz, H_(\) ::/Oﬂv_(t; Nu(t)dz, (47)

which follow from (34), (35), and reasoning from Remark (1). Since the
fundamental matrix (37) at y = = + 27 defines the solution

S(z;N) = F(z 4 2m, ;N F Yz, 2 \) (48)

to the determining equations (8) and (11), its determinant det S(z;\)
is invariant with respect to the generating vector field (16) and equals
det S(z; \) = det F(z + 2m,2;\)det F~(z,2;\) = 1 for all z € R and
A € C owing to the condition tr ¢(z; ) = 0. Accordingly, based on the
matrix representation (34), one finds that the relationships

é1(z +2m, ;) == exp [tA + A THL ()],
ez + 2w, \) == exp[—mA — ATLH_()\)],

4
é1(x + 2w, x; N)ég(x + 2m, x5 A) = 1, (49)
L& (x +2m, zyp) = 0= Léy(x + 2m, x5 )
hold for all z € R and A\, u € C. As a consequence of (49), we obtain
Hy(A) = H_(\) (50)

for all A € C; that is, the two hierarchies of conservations law (47) coin-
cide. Concerning the AKNS hierarchy vector fields (16) and the related
Hamiltonian flows on the manifold M, we can easily derive them from the
canonical vertex representations (45), taking into account the recursive
functional equations (36). We obtain from that (36) and (47) that

Xtu=u"=u+N"Tu, + A72[uf, + ()] + A3 [(uh) 0], = ..., (51)
Xiv=v =v—=Alv, = A?[u, + (v )W + A2 [(v7)*ul, = ...,

which immediately yield the whole AKNS hierarchy of nonlinear Lax in-
tegrable dynamical systems on the functional manifold M. For instance,

i u _ Uy ’i u _ umz+2u2v o (52)
dt; \v vy ) dts \ v — Uz + 20%u

and so on.
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2.4 The 7-function representation

The vertex operator representations (34), (39) and (46) can also be natu-
rally associated with the results in [2, 3|, based on the generating 7-function
approach. The latter makes extensive use of the versatile dual represen-
tation (29) for the generating current algebra element S(z;\) € G* (as
A — 00) for the AKNS flows with the specially chosen invariant matrix

~ 1 0
Clzo; \) = ( 0 —1 ) € End C*. (53)

In the context of our approach, the relation with the 7-function repre-
sentation devised in |2, 3] can be based on the matrix solution (34) and
the simple vertex operator mapping properties

% ( éi(z, y; A) ) _ ( Ex(y, w3 ) ) | (54)

ég(l',y; >‘) él(y7$; )‘)

which follow directly from the definitions (35) and (45).
As a result of (34) and (54), the crucial expression for the normalized

matrix

_ ~ —-1/2
F(y,a;A) = (det F(x,z; A)) F(y,z;)) =

A&5 (z,y3)) - ut (g Vel (@) .
Rrar @ - @O e @ e @2 |
v (Y N)ES (2,50 Xt (2,30 (55)

Do rut@No @72 et @Ne @a]?

7~ (y,m;0) _ut ()T (ym))
_ V) (5N ,

v (BT (4,33)) T (y,z;A)
AT (y,x;0) 7(y,x;\)

holds, where we defined the quantities

TN A (2,93 M)

Ty, A) Wt (g Mo (@ )]
Ty A) AeY (2,5 M)
Ty A N ut (s Vo (2 )] (56)

satisfying the compatibility relationship

Ty, )T (s ) N expA [V (uto — uv”)ds]
O N R VIS by L
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The vertex operator expression (55), as is easily checked, can be readily
employed to derive the representation (30), where the exact result (39)
entails the additional application of the useful [2] vertex representation

Flpain) = s (G5 0T ) e

Ty, A) \ AT (g, a5 A) Ty @A)

which holds as A — oo if p(y,x; ) == v(y)7(y, z;N), 0(y, x; \) := u(y)x
T(y,x;\), z,y € R, and mappings p~ and o are defined in the obvious
fashion. In this regard, it should be noted that the vertex operator repre-
sentation (58) for the matrix (55) was obtained in [2| as a special normal-
ized solution to the determining equation (31). Taking into account these
two dual vertex representations of the AKNS hierarchy of integrable flows
on the functional manifold M, one can see that the first one — presented
in this work — is both technically simpler and more effective in obtaining
exact descriptions of such important functional ingredients as conservation
laws, symplectic structures and related commuting vector fields.

3 The Gurevich-Zybin system vertex representation

analysis

3.1 The Gurevich-Zybin system and its algebraic structure de-
scription

In this Section we are interested in constructing the so called vertex oper-
ator representations |2, 3, 25, 26, 27| for solutions to the Riemann type
hydrodynamical hierarchy (1) for the case N =2:
Diu = vy +uu, = v,
Dtv = Ut ‘l"U/Ux = 0,
whose Lax f(-operator equals
—Aug /2 —v
l PA| = - y 60
where we denoted v := D,u, and for the case N = 3 :
dul/dt = U2 — ULU1 z,
dUQ/dt = U3z — U1U2 ¢, (61)
dU3/dt = —ULU3 g,
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whose Lax /(-operator equals

)\UQ@ U3, 0
E[u, )\] = 0 /\'LLN,LQC 2"LL37$ s (62)
—3X3 —ABuy, —A2uy,

where we denoted u; := u, and uy := Dyu and ug := Dfu, making use an
approach recently devised in [27, 28] for the case of the classical AKNS hi-
erarchy of integrable flows, and which can be easily generalized for treating
the problem for arbitrary integers N € Z,. We begin with a Lax type lin-
ear spectral problem [12; 15, 29| for equation (59) defined on the space of
smooth real-valued 2m-periodic functions (u,v)T € M C C°°(R/27Z; R?) :

_ [ /2~y

df /de = Lllu,v; \|f, llu,v; A = ( X/ 2 ) , (63)
where, by definition, v := Dy, f € Lo(R/277Z;C?) and A € C is a
spectral parameter. Assume that a vector function (u,v)" € M depends
parametrically on the infinite set ¢ := {t,#5,t3,...} € R%Z+ in such a
way that the generalized Floquet spectrum [4, 6, 20] o(¢) := {\ € C :
super || f(7;A)||oc < o0} of the linear problem (63) persists in being
parametrically iso-spectral, that is do(¢)/dt; = 0 for all t; € R. The iso-
spectrality condition gives rise to a hierarchy of commuting to each other
nonlinear bi-Hamiltonian dynamical systems on the functional manifold
M in the general form

%(u(t),v(t))T = —dgradH,[u,v] == K;[u(t),v(t)], (64)

where K; : M — T(M) and H; € D(M),j € Z, are, respectively, vector
fields and conservation laws, on the manifold M, which were described

before in [15, 18, 29|,
0 0
. ( 00 ) (65)

is a Poisson structure on the manifold M and, by definition,

(i) = (i) o
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for t € RN,

It is well known [4, 6, 7, 20| that the Casimir invariants, determining
conservation laws for dynamical systems (64), are generated by the suitably
normalized monodromy matrix S(z;\) € End C? of the linear problem
(63)

. k(X
S(x;A) = k(N)S(z;\) — (2 )trS(x; A), (67)
where F(y,z;\) € End C? is the matrix solution to the Cauchy problems
d
d—yF(y, zA) = Uy N F(y, 23 0), Fly,230)y= =L, (68)

for all A € C and z,y € R, where I € End C? is the identity matrix,
S(z; A) := F(x+2m,x; \) is the usual monodromy matrix for the equation
(68). Here the parameter k(\) € C is invariant with respect to flows (64)
and is chosen in such a way that the asymptotic condition

S(z;\) € G (69)

as A — oo holds for all z € R. Here G_ C G, where G := G, ® G_ is
the natural splitting into two affine subalgebras of positive and negative
A-expansions of the centrally extended [4, 8] affine current sl(2)-algebra

Q:Zé@@:

G:={a= Z a @ N :aP e C® (R/27Z;sl(2;C)) }. (70)

JEZL, j Koo

The latter is endowed with the Lie commutator

[(alv Cl)? (a2> CQ)] = ([ab (12], <a17 dag/d$>), (71)

where the scalar product is defined as
2
{ay,a9) := resAoo/ tr(ajas)dz (72)
0

for any two elements a1, as € G with “res” and “tr” being the usual residue
and trace maps, respectively. As the spectrum o(¢) C C of the problem
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(63) is supposed to be parametrically independent, flows (64) are naturally
associated with evolution equations

a8/ dt; = [(N*'5). 5] (73)

A

for all j € R, which are generated by the set I(G*) of Casimir invariants
of the coadjoint action of the current algebra G on a given element
l(x; ) € G = G, contained in the space of smooth functionals D(G). In

~

particular, a functional y(A\) € I(G) if and only if
S 0), 0 )]+ --(a:.0) = 0, (74)

where the gradient S(z; \) := grady(\)(¢) € G_ is defined with respect to
the scalar product (72) by means of the variation

57(A) == (grady(A)(£), 60) . (75)

To construct the solution to matrix equation (74), we find preliminary a
partial solution F'(y,x;\) € End C? z,y € R, to equation (68) satisfying
the asymptotic Cauchy data

F(y,z; N)|y=e =14+ O(1/X) (76)

as A — o0. It is easy to check that

ﬁ(y 2;\) = ey, 3 \) —Méz(y,x; A) (1)
o —somaW T ) Gy ) ’

is an exact functional solution to (68) satisfying condition (76), where we
have defined

alpas)) = el lute) — )]+ [Cadh 09)
ealy i) = exp{Gluly) — ute)] - 5 [ 5 s}

with the vector-functions a® € C*(R/27Z;R) satisfying the following
determining functional relationships:
= uy + (4

=y — (u; — 2v: +€5)"/?, (79)

o D
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as £ := 1/X — 0 and existing when the condition ¢(x,t) := y/u2 — 2v, # 0
on the manifold M at t =0 € RV,

The fundamental matrix F(y,z;\) € End C? can be represented for
all z,y € R in the form

F(y,x;\) = F(y, z; N E 7Y@, 23 \). (80)

Consequently, if one sets y = x + 27 in this formula and defines the ex-
pression

E(A) := AHey (x4 2m, 25 ) — &+ 2m, 25 )] 7, (81)

it follows from (67), (77), and (80) that the exact functional matrix rep-
resentation

(ENELIEDY) ab _
S ) = | 2EEN—FE@N] e —AE]
SlaiA) = ! S | (82)

[a@N =B 22BN —a ()]
satisfies the necessary condition (69) as A — oo.
Remark 2. The invariance of the expression (81) with respect to the gen-

erating vector field (64) on the manifold M derives from the representation
(80), the equations (74) and

/\3

Py, o) = 2 (s Ny, ), (83)

dt

which follows naturally from the determining matriz flows (73) upon ap-
plying the translation y — y + 27.

The matrix expression (82) gives rise to the following important func-
tional relationships:

1-— )\(511 — 522) —a —2)\2§12 _ B (84)

2§21 N 1-— )\(511 - §22>

which allow to introduce in a natural way the vertex operator vector fields

1 , d
X =exp(£Dy), Dy:= Y G 1))\‘(J+1)E, (85)
J

JELy
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acting on an arbitrary smooth function € C°°(R%+;R) by means of the
shifting mappings:

X5zt ty, 0ty ) =0T (v, 0) =

A 86
=z, ty £ 1/N o £ /(2N 83 £ 1/(3N3)....t; £ 1/(5 M), ...) (86)
as A — oo. Namely, we following proposition holds.
Proposition 1. The functional vertex operator expressions
a(z,t;N) = X, alz,t)=a (z,t;N), (87)
Bla,t;0) = X{B(x,1) = 5 (z, 6 \)
solve the functional equations (79), that is
o = Uy + (ui - QUJE + 505_)1/27
BY = up = (up — 20, + €61)7, (88)

where t € RF+and € = 1/\ — 0.

Proof. To state this proposition it is enough to show that the following
relationships hold:

da [1 — (811 — 522)] _ d [1 — 811 — 522)]
d¢ 2521 A=1/¢ dt 25n _—
i |: —8)\2512 :| o i |: _8)\2512 :| (89)
df 1 — /\(511 — 522) )\:1/5 dt 1 - /\(511 - 522) )\:1/5
for any parameter £ — 0, where by definition
d d - d
% = d_gD)\ = fjdt- (90)
A=1/¢ JEZ, Jj+1

is a generating evolution vector field. Before doing this we find the evolu-
tion equation

L &) = WL 3w 1), S V)] (91)
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on the matrix S (x; 1) as p, A\ = oo, which entails the following differential
relationships:

dgll/dt (,§ 1d§12/d>\ — §12d§21/d)\),
s [dt = N3 (31adan /AN — Fa1dGra/dN),
ddyy/dt = )\3[512 4 (511 — 592) — (811 — 5on) 12,

dsyi/dt = N[5y ddA(Sm — 511) — (S22 — S11)%2).

(92)

Using these relationships (92), one can easily obtain by means of simple,
but rather cumbersome calculations, the needed relationships (89). As
their direct consequences the vertex operator representations (87) for the
vector functions &, 5 € C(R%+;R) hold. O

Now we take into account that, owing to the determining functional
representations (79), taht the limits>
lim o™ (z,6A) = u.(x,t) + p(z,1), (93)

A—00

/\lim Bz, t:0) = ug(x,t) —o(x,t), @lx,t) = Vud(z,t) — 2u,(z,t),
— 00

exist on the mamifold M. Moreover, having iterated the functional rela-
tionships (79), one can find that

Xya=a" —ux+<p+§(—+ﬁ)+
2 2
E2 Uk, + U pr — Usep  Puatp + DP2 5
> T X O
+ o e e RG]
u.’L’I me
XiB=p"=u—¢p— 5(——?) (94)
52 u?ca: QUzePr + U3 | Prap + 5902
- ?( 803 + @3 ) + O(gg)a

which immediately yield the higher Riemann type commuting nonlinear
Lax integrable dispersive dynamical systems on the functional manifold
M. For instance, making use of the relationships

uy(z,t),

p(z,t), (95)

A—00

lim (o~ (z,t;\) £ 8T (2, ;)] /2 = {

one easily obtains that

40 G0 - (7)o
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and so on, where ¢ = \/u2 —2v, and we took into account that the
following asymptotic expansiopns hold
X)\_CY(.’L', t; )‘) = Uy + @ — g(ux,tl + thl)—i_
+%(u$7t1,t1 + Pto,tr — Uzte — 90752) + 0(53)7
X;B(ZI), t; )‘) = Uy — P+ 5(“’5’77751 - 90151)_'_
_'_%(uw,tl,tl — Pty + Ugp,ty — 90152) + 0(53)

as & =1/A— 0.
It is worth here to mention that the scheme devised above for finding

(97)

the corresponding vertex operator representations for the Riemann type
equation (59) can be similarly generalized for treating other equations of
the infinite hierarchy (1) when N > 3, having taken into account the
existence of their suitable Lax type representations found before in recent
works 16, 15, 29].

4 Concluding remarks

The vertex operator functional representations of the matrix solutions (34)
and (39) for the determining equations (30) and (8), respectively, as one can
see from the above analysis, are essentially derived from the intrinsic Lie-
algebraic structure (13) of the generating vector field (16) on the manifold
M. As the decisive property of the vertex operator relationships (45) and
(47) is fundamentally based on the representations (41) and equations (43),
they provide a very straightforward and transparent explanation of many
of “miraculous” calculations in [2, 3|. Of course, the results for the AKNS
hierarchy in these earlier papers were obtained in a distinctly different
manner; namely by means of direct asymptotic power series expansions of
solutions to the determining matrix equations (30) and (34).

It should be noted that, in a certain sense, the effectiveness of our ap-
proach to studying the vertex operator representation of the AKNS hierar-
chy owes much to the important exact representation (28) for the solution
of the Casimir invariants determining equation (8). This equation entails
the extremely effective AKNS hierarchy representation in the simple re-
cursive form (51), which explains several other very interesting results in
the literature, such as in [25, 26]. On the other hand, the dual solution
representation to (8) in the form (28), used extensively in [2], led naturally
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to the introduction of the well-known 7-function and made it possible to
present the whole AKNS hierarchy in terms of its suitable partial deriva-
tives. Nonetheless, both our vertex operator approach and the 7-function
method, as was briefly demonstrated above, are intimately related to each
other.

The vertex operator functional representations of the solution to the
Riemann type hydrodynamical equations (59) in the form (88) and (93)
in the form (94) is crucially based on the corresponding representations
(84), (85) and evolution equations (89), (91), which also explains many of
vertex operator calculations presented before both in [2, 3] and in [25]. It
should be noted that the effectiveness of our approach to studying the ver-
tex operator representation of the Riemann type hierarchy owes much to
the important exact representation (82) for the corresponding monodromy
matrix, whose properties are described by means of applying the standard
[4, 7, 20, 21| Lie-algebraic techniques. As an indication of possible future
research, it should also be mentioned that it would be interesting to gen-
eralize the vertex operator approach devised in this work to other linear
spectral problems such as those related to dynamical systems with a para-
metrical spectral [13, 20, 30] dependence, spatially two-dimensional [31],
Pavlov’s and heavenly [32] dynamical systems, and to the BSR systems
studied recently in [13, 14, 15, 16].
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BanpornonoBaHo HoBuil mijaxin o BuBdenHs iepapxili AKHC ta neri-
HiltHOT auHamiuHOl cucremn ['ypesiua-3ubina, IO I'PYHTYETHCS Ha Bep-
IIUHHOMY ollepaTopHoMy Tmpejicrasienti. [lokazamno, 1o 1eit MeToj jae
inTeprperariio He3BUYIaitHNX BiaacTuBocreil iepapxii AKHC 3a momomororo
sICHOT, IIPOCTOI, HATYPAJIbHOI 1 e(DEKTUBHOI JJIs 3aCTOCYBaHb KOHCTPYKIIL.
Takox anasi3yeTbcst 3B’S30K BEPIIUHHOIO OIEpaTOpHOro Meroiy 3 Ji-
aJIreOpPaiIHOI0 CXEMOIO 1HTErPOBHOCTI Ta KOPOTKO OOTOBOPIOETHCH TTiJIXiT
Ha OCHOBI T-(DyHKIIIOHAJILHOTO TIPEJICTAB/IEHHA. PO3BUHYTO TAKOXK i IXi/I,
IO TPYHTYETHCH Ha CIEKTPAJIbHUX Ta Jli-ajaredpaiunux MeTo/iax, /10 3HAXO-
JIZKEHHS BEPIIMHHOTO OIEPATOPHOTO IIPEICTAaBIEHHS JIJIs TiIPOINHAMIYHOL
cucremu ['ypeBiua-3ubina. 3HaiiieHo GpyHKIIOHAIBHE [IPEJICTABICHHS, 10
reHepye HeCKiHYeHHY iepapxilo JMclepciiiHuX inTerpoBHux 3a Jlakcom ra-
MIJTBTOHOBUX ITOTOKIB.





