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STRONG LAW OF LARGE NUMBERS FOR RANDOM VARIABLES WITH SUPERADDITIVE
MOMENT FUNCTION

In this paper, we study random variables with moment function of superadditive structure. We do not impose any
assumptions on the structure of dependence of these random variables. We prove the strong law of large numbers for
such random variables under regularly varying normalization by the method developed by Fazekas and Klesov. In this
proof we use different properties of superadditive and ragularly varying functions. The key role in the proof is played
by the possibility of approximating the nondifferentiable slowly varying function by differentiable slowly varying
function. This result can be applied for obtaining strong law of large numbers for independent, orthogonal and
stationary dependent random variables, submartingales. It can be used for obtaining an analogical result in the case of

random fields.
Introduction

Strong law of large numbers for different types
of random variables are studied very widely in pro-
bability theory and mathematical statistics. Such
results have wide application in economics, bio-
logy, chemistry and other sciences. There are two
basic approaches to proving the strong law of large
numbers.

The first is to prove the desired result for a
subsequence and then reduce the problem for the
whole sequence to that for the subsequence. In so
doing, a maximal inequality for cumulative sums
is usually needed for the second step. Note that
maximal inequalities make up a well-developed
branch of probability theory and many inequalities
are known for different classes of random variables.

The second approach is to use directly a
maximal inequality for normed sums. Inequalities
of this kind are said to be of Hajek—Renyi type.
Inequalities of this type are not easy to obtain and
the first approach prevails. In the paper of Fazekas
and Klesov [1] there is shown that a Hajek—Renyi
type inequality is, in fact, a consequence of an ap-
propriate maximal inequality for cumulative sums
and the latter automatically implies the strong law
of large numbers.

We study strong law of large numbers for
random variables with superadditive moment func-
tion under regularly varying normalization. The
asymptotic behavior of sums of random variables
whose 7-th moment function is superadditive for
some r >0 is considered. The method of the proof
is based on a general result of Fazekas and Klesov
[1]. This result can be applied for obtaining strong
law of large numbers for independent, orthogonal
and stationary dependent random variables, sub-
martingales.

Problem definition

Definition. A sequence of random variables
{X,,n>1} is said to have the r-th (r>0)

moment function of superadditive structure if there
exists a a nonnegative function g(i, j) such that

forevery h>0 and 1<k <b+!
gb,k)+gb+k,1)<g(bk+I)

and for some o > 1

Elsb,n |rS ga(ba }’l),

where S, = me X

y=b+1""Vv"
Under the superadditive property Moricz [2]
proved that there exists a constant A4,  depending

only on r and o such that

E[max|S, [I"<A4, 8,

k<n

where g, = g(0,n). Under these assumptions Kle-

sov and Fazekas [1] proved the following strong
law of large numbers.

Theorem 1. Assume that a sequence of ran-
dom variables {X,,n>1} has an r-th moment

function of superadditive structure with » >0,
o>1.Let ¢g>0, bn=n1/‘7. If
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Here and in what follows “a.s.” means “al-

most surely”.

The goal of the paper is to prove the strong
law of large numbers for random variables with
r-th moment function of superadditive structure
with 7 >0 under regularly varying normalization.
Namely, we prove a theorem analogous to Theo-

rem 1 putting b, = n'4L(n)y, where L(n) is a
slowly varying function, ¢ >0, n>1

Preliminaries

To prove our result we need the following
theorem and corollary of [1].
Theorem 2. Let b,b,,... be a nondecreasing

unbounded sequence of positive numbers. Let
o,0,,... be nonnegative numbers. Let r be a

fixed positive number. Assume that for every n>1
E[Enlaxlsll]rSZal. 3)
<I/<n 1=1
If " (o, /b)) <o, then

S,
hmb—zoas “4)

n—e D,

Corollary. Let b,,b,,...
sequence of positive numbers. Let o, a,,... be

be a nondecreasing
nonnegative numbers; A, =o, +a, +...+0,, k=1.

Let r be a fixed positive number. Assume that, for
every n>1, (3) holds. If

> 1
S, [,,r—,,r

I+1

]<oo 4)

and

% is bounded, (6)

n

then (4) holds.
Main result

Theorem 3. Assume that a sequence of ran-
dom variables {X,,n>1} has r-th superadditive

Let ¢>0,
b, =n"9L(n), where L(n) is a slowly varying

moment function with >0, a>1.

function. If

n

n=1 nb”"

()

then

S
lim-—2=0a.s.

n—e D,

Proof. To prove this theorem we have to
show that b, =n"9L(n) is an unbounded nonde-
creasing sequence and (7) implies (5) and (6). The
fact that b, is unbounded follows from the
property of slowly varying function (see [3]): for
any y>0 with x - o: xYL(x) =, where L(x)
is a slowly varying function. The theorem on the
representation of a slowly varying function (see

[4]) implies that there exist B > (0 that, for any
uzB,

Lu) = exp[n(u)+f 8(u)a’ j

where n is a bounded and measurable on [B,<]
function such that n(u) —>c (Jc|<), e(u) is
bounded on [B,«] and such that e(u) — 0, u — .
1

b =niL(n)
increases monotonically and L is a differentiable
function. We prove that in this case (7) implies (5).
Putin (5) A »,n>1 and A;=0. Then

First we consider the case n=0,

b'(x) = x"L”(x) x epr E(u)dj

The mean value theorem in this case implies

b'(n+1)-b P

Pns D=0 ry ey,
n+l-n

Taking first derivative we get

where  Ee[mn+1].

(b"(x)) = xq 1exp[j S(u)duj

+ xqeprB E(u)af je(x)

X

= xg ] epr S(u)duj[£+ s(x)] <
r x e(u)
< [— + ljx" epr du]
q
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Then from (5) we have

S 1) o A
Z [br_br J:Zb b"" [b;+1—b;]ﬁ

n=1 n+l n=l“pni1

A [ +1](n+1)q epr HS(u)du]
q u

n epr 8(u)duj(n+1)qexp(‘.‘w 8(u)al J

iA( +1)

wm bi(n+1)

<

Ms

I
—_

n

[r +1JZA—”r<oo.
q n=1 }’lbn

Now we prove that (7) implies (6). Inequality (7)
implies

i o o 2m+l
Sar-fp-5E
- “n qu(n) "y qu(n)
1 &
.
m=0 2 qu(2m+1)

Thus the last series converges. Now we prover (6).
Forany m=>0,

A A
0< max —'= max ——*—<
2M<p<2m ! bn 2M<p2mt =
niL"(n)
P
< A2m+l _ 2; A2m+l
- mr r :
- (m+1)— r(ym+l
20 17Q™) 2 qu(z'")%mH;

The definition of slowly varying function implies
L'(2™
m —1. So we get
A

(m+)~
2 qu(2m+1)

m+1
2 -0,

as function g7 is nondecreasing and the conver-

Am

gence of the series 2270—2 implies
= (mn”
2 qu(2m+1)
oo A m+1
the convegence of > 2 Thus
7 (m+)—
2 qu(2m+l)

theorem follows from Corollary in the case

1

b, =n?L(n) increases monotoniccally and L is a
differentiable function with m(n)=0. Now we
consider the case where n differs from 0, but b,

still increases monotonically and L is a diffe-
rentiable function. In this case we can estimate b,

as follows

I'

by =x expr[n(n)+j

e(u)d j

s(u)d j

r

=X exp(rn(n))exp[ I

< xge exp[rj. 8(u)a’uj

r

= Cx? exp [rj.; g (u)duj = Cl;nr,
u

where C=e’c and b, = eXpU; Mdu) Hence
u

(7) implies (5) and (6). Thus we have the strong
1

law of large numbers for b, =x9L(n), where

L(n) increases monotonically. Now we consider

the general case. It is proved in [3] that, for any
slowly varying function L, there exists a slowly

varying function L such that
1

a) ngi(n) is nondecreasing;
b) Le C™;

Put 5n = n;Z(n). Then
a) 5n is nondecreasing;
b) b, e C™;

c) by -1, n—> 0.

n
The strong law of large numbers is proved for the

sequence b, . So we have

—n=_"n_ :AZ _)O’n—)oo’
b” b n s

P nb

b n

which proves our theorem in the general case.
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Conclusions

We studied the strong law of large numbers
for random variables with moment function of
superadditive  structure. A similar result is
considered in [1], [2], [4]. Our goal was to study
the strong law of large numbers under special
normalization, namely, under regularly varying
normalization of sums of random variables.

The main result of the paper is Theorem 3
concerning the strong law of large numbers for
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regularly varying normalization of sums of random
variables. The proof of this theorem is based on
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Theorem 3 can be applied for obtaining
strong law of large numbers for independent,
orthogonal and stationary dependent random vari-
ables, submartingales. It can be applied for obtai-
ning of analogical result in the case of random
fields.
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