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AMODEL OF A CEMENT GROUT INJECTION IN A SATURATED POROUS
MEDIUM WITH BOUNDARY CONDITIONS CONFORMING TO INITIAL ONES

A mathematical model of a standard laboratory test of a cement

grout injection in a saturated porous

medium with boundary conditions conforming to conditions at the initial moment of time is formulated.

Keywords: mathematical model, a standard laboratory test of a cement grout injection in a saturated
porous medium, boundary condition, initial condition, a system of equations in partial derivatives.
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Jlumeun O. M., Heuyusimep O. I1.

2 D KOE®IIIEHTU ®YP’€ HA KJIACI JJUPGEPEHIIIMOBHUX
®YHKIIIA TA OITEPATOPHU KYCKOBO-CTAJIOI
CIVIAMH-IHTEPJITHAIIIT

Y emammi 3anpononosano ma docuiosceno kybamypui popmynu oouucnenns 2 D koegiyicumis Dyp’e
3 BUKOPUCMAHHAM ONEPamopis KycKo8o-cmanoi inmepinayii Ha 0eskomy Kaaci Oughepenyitiosanux pyHx-
yiti. Inghopmayia npo ¢ynxyiro 3a0ana ii crioamu Ha cucmemi 63a4EMHO-NEPREHOUKYIAPHUX npamux. /Jose-
0€HO, WO OYIHKY NOXUOKU KYOAmypHOi (hopMynu MOICHA supazumu uepes 6iOnosiOHI OYIHKU NOXUOKU K8a-

OpamypHux ghopmys.

Knrwuosi cnosa: nudposa o0poOka curHaiis, iHTepiiHamis ¢yHkuii, 2 D koedinienrie dyp’e, Kyda-

TypHi (POPMYIIH.

Beryn

Cyuachi 3a7a4i 1UQPpPOBOi 0OpOOKHM CHUTHAIIIB
MOTpeOy0Th BMiHHS HAOJIMIKEHO OOYHMCIIIOBATH 1H-
TErpaii BiJI IIBUIAKOOCIMIIOIOUUX (QYHKIIH ABOX
3MIHHHUX 32 JOMOMOTO0 1H(QOPMaIifHUX Omeparo-
piB pi3HHX THIIIB. 3a JIaHI MOXXYTh CIIyI'yBaTd 3Ha-
4yeHHS (DyHKIIT y By3/lIOBHX TOYKAX, CIiAM (QYHKIIT
Ha JIHISIX, IHTErpagd BiJ HAOMMKyBaHO! (YHKIIT
B3JIOBXK BUOpPAHOI CHCTEMHU JTiHIH, 0 IEPETHHAIOTh
© Jlumeun O. M., Heuyuisimep O. 11., 2011

JIOCITI/DKYBaHUN 00’ €KT. 30KpeMa, 3a/1ady HaOJrKe-
Horo obuncienHs 2 D koediuientiB @yp’e y Bumnai-
KaX, KOJIM MOYaTKOBa iH(OPMAITisl 321a€ThCS Pi3HU-
MH iH(OpPMAIifHUME oOIepaTopamMH, Aa€ 3MOTY
e(eKTUBHO PO3B’A3yBaTW amapar iHTepiiHawii
(dyHkii [ 1] Ha pi3HUX Ki1acax QyHKIiA. Baximeum
KPOKOM Y PO3B’sI3aHHI Takoi 3a/adi € 004YHUCICHHS
2 D koedirnientiB @yp’e 3a JOIIOMOTOO OIIEpaTopiB
KyCKOBO-CTaJIol CIutaifH-iHTepiHamii (iHdopmariis
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po f(x, y) 3a1a€Thes 11 CITi IaMH Ha CHCTEMI B3aEMHO-
MNEPICHINKY/SIPHUX TPSAMEX). AKTyaJbHUM € M-
TaHHs OILIHKUA TOXUOKH KyOarypHOi (opmynw, a
TaKO)XK OTPUMAHHS OI[IHKH MOXHOKH KyOaTypHOI
(hopMynu yepe3 BiAMOBIIHI OIIHKU ITOXUOKU KBaJI-
parypHux (hopmyiL.

VY [2—4] posrisganacs 3aga4a HaOIMKEHOTO 00-
gucieHHst 2 D koedinientie @yp’e 3a JOMOMOTO0
iHTepiHaLil QyHKIIN Y BUMAAKY, KOIH iHpopMais
po f(x, y) 3aa€ThCs CIiTAMU HA CUCTEMI B3a€EMHO-
MePIeHINKYIIPHIX IpsMux. OHaK TUTaHHS OTPHU-
MaHHS OI[IHKM MOXUOKU MOOYI0BaHUX KyOaTypHHX
(hopMyIT uepe3 BIMOBIIHI OIIHKY MTOXHOKH KBaJpa-
TYypHUX (HOPMYJT PO3ITISIAETHCS BIIEPIIIE.

[TocTanoBka 3aa4i: moOy0Ba KyoaTypHHX (Bop-
Myn st obumcieHHs 2 D kxoeoimientiB @yp’e
3 BUKOPUCTAHHSAM iHTepniHauil QyHKUiil Ha Kiaci
JMicHUX (YHKIIA JBOX 3MIHHHX, BHU3HAYCHUX

ma G =[01] 00| < M
‘f(o’l)(x,y)‘ <M, ‘f(l’l)(x,y)‘ < M Tomi, Komm

iHpopMarlis npo (YHKINO 3amaHa i ciaijlaMd Ha

TakuxX, 10

CUCTEMI  B3a€MHO-TICPIICHAUKYISIPHAX  MPSIMHX
X —kA—é y =jA—é k,j=1,¢ A—l
k — 2 ’ J 2 3 9.] — 1L, L - f .

JloBecTH, 110 OIIHKY IMOXHUOKH TOOYJJ0BaHUX KyOa-
TypHUX (POPMYIT MOXKHA OTPHUMATH Pi3HUMHU CIOCO-
0amMu, 30KpeMa, BUPA3UTH Yepe3 BiMOBITHI OIIHKH
MOXMOKM KBapaTypHUX (popMy.

Ouinkn noxudku oduucaerus 2 D
KkoedinienTis @yp’e
Hexait pi(x), p(v) — cunaitnm nopsaky 0,1,2,3 3
BIIACTHBOCTSIMU
pk(xq)ZSQk!pj(yB) Bj’(x’ [3_1 0

0.f(x,y) = if(xk,ym ),

0,f(x,y) = Zf(x Y (y), k. jell,
Ry (f X, y) f(x y) Zf(xk:y)Pk (x)_

=f(x,y)-0.f(x,y), [
R, (f5x,3)=f(x,y)- glf(x,y,)p, ()=
= [ (%)= 0.f (x.).

Oneparop crutaiiH-iHTepriHanT Of(x,y) Tpen-
crasnennii oneparopam O f(x,y), u = 1,2 Tax:

Of(xsy):Olf(xsy)+02f(x’y)_0102f(x5y)'

Jlema 1. Jlns 3anumiky

R(f) =
= ”(f(x, ) — Of (x, y)) sin 2nmxdx sin 2rnnydy,

CTpaBe/IJTMBA HACTYITHA PIBHICTb:

11
R(f) = [ [ RR.f (x,y)sin 2mmoxdx sin 2nnydy,
00

JoBemennsi. OCKUIbKU
f(x,y)—Of(x,y) =
= f(x7y)_ Olf(xay)_ Ozf(xay)+ OIOQf(x7y)=
=[1-0,-0,+00,]f(x,y)=
=[[—0l +1-0, +I—0102]f(x,y)=
= |:(] _01)(] _02):If(x9y) = R2R1f(xay)a TO
R(f)=
j (f(x,y) - Of (x,y))sin 2nmxdx sin 2nnydy =

j R R, f (x,y)sin 2nmxdx sin 2nnydy , 10
0

Jlema 1 noBeneHa.
Hexait

R(f:y)=
(f(an’)—kZ:,f(xk,y)pk (X)Jsin2nmxdx:

(f (x.»)=0.f (x,y))sin2nmxdx,
R, (f;x)=
f(x’y)_Zf(xayj )Pj (y)Jsm2rmydy =

|
|

Il 2

S — O —

(f(x,y)— Ozf(x,y))sin 27tnydy.

Jlema 2. Jlns 3anumky R(f) crpaBeyiiBa Taka
PiBHICTB:

R(f)=
11

= J‘J.(f(x,y) —Of (x,y))sin2nmxdxsin 2nnydy =
00

=RR,f(x,y).

JloBeaeHHsl.
Posrstnemo

klsz(x,y):

- (Rz (Fix)- Y Ra(fx) s (x)j N ——

0 k=1

i.{.:[(f(x’y)ilf(x,y‘/)l?/ (y)] sin2nnydy —
5
!

i
|

1

[ (xk,y)— Zﬂ:f (xk,yj )pj (y)] 2nnydyp, (x)}thmxdx =
{f(x ¥)- Zf(x ¥ )pj (y)] s1n2rrnya’y] sin2mmxdx —

Z;:j-[f(xk,y)fzi:f (xk,yj )p, (y)] sin2nnydyp, (x)]sin 2nmxdx =

k=1
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0 . . 11
-([ !;f(x’y)sm2nmxsm2nnydwy_ CDIZ(m,n):I I Jf (x,y)sin2nmxsin2nnydxdy,
11y
,J‘ J.Zf(x v, )pj (v)sin2nnydysin 2mmxdx — (1) (1)
o0 qJ%(m,n):J- I Jf (x,y)cos2nmxcos2nnydxdy,
—I IZf(xk,y)pk (x)51n2nmxdxsm2nnydy+ 00
0 0k=l 11
114 2 _ —i2mmx —i2mny
+_[ IZZf(xk,yj )pk (*)p; (v) sin2mmxdxsin2nnydy = @5 (m,n) _I ,[ Jf (x, y)e € dxdy.
0 0 k=l j=1 00
11 . .
J‘ I{ (x.y)- Zf(xk’J’)Pk (x)- Zf(x )b, (0)+ IMincraBumo y i dopMmynu Bupas Juis omnepa-
00 Topa-iHTepiiHanTa Jf(x, y) Ta OTPUMAaEMO BiArO-
+Z f(x,\,y, )pA (x)p (y)}strrmxdxstnnydy— BIAHI Ky6aTyler(b01pMYJ'lI/I:
k=1 j=1 f+—
11 1 1
f(x.y)=Of (x,y))sin2nmxdxsin2nnydy = R(f). ®; (m,n sm2nmxdx (x,,v)sin2nnydy +
k
00 k=l x 0
Jlema 2 noBeneHa. k‘*
Hamisix py (x), p ; (y) Oy/1eMO pO3IVISIIATH KyC- Vi

KOBO-CTaJjil Oa3uCcHI CIIaiHM. ¢ 1 . 2
+ij(x,y/)51n 2nmxdx I sin2nnydy —
J=10

=1 vl

2. KyboarypHa ¢opmyaa o6uncaennst 2 D

KoeQinieHTiB @yp’e 3 BHUKOPHCTAHHAM i
oneparTopiB KycKOBO-CTAJION CTIJIATH- xk+ 1 o
inTepdueramnii ! 2
BBe/ieMO HO3HAYCHHS —k 1Z;f(xk,y ) I sin2nmxdx I sin2nnydy,
J= Y.l
LxeX — k‘* J=
ho(x) =1 k=14
Ok(x) {O,XﬁXk, sty X +l 1
¢
Hy, ()= :),y €Y j=11 ®; (m n) 4 I cosanxdef(xk,y)cosZnnydy +
9y & Yjs k=1 xk—— 0
X, = [xk—1/23xk+1/2]’ Y] = ':yj—l/2’yj+1/2j|’ Vil
A A — 1 o '
X, =kA 2 y; = jA—E, k,j=110,A :Z. +2If(x,y_j)cos2nmxdx I cos2nnydy —
J=o Yo
Hexaii Jf (x, y) — onepatop-iHTepiIiHaHT =

X y

)= 3 GV 0+ 27 o, Yo, ()

—ZZf(xk,y) I cos2nmxdx I cos2nnydy,

[ 5 L
3 (s Yo () Hy (). k= Yl 1

k=1 j=1 © 2
Jlema 3. [1] dnst Of(x, y) BUKOHYIOTbCSI HACTYTI- , e y ,
Hi BJIACTHBOCTI: ®3 (m,n)= Z I N ”’”‘dxj S, y)e ™ dy +
1.Jf(xk,y)=f(xk,y), k=112, k=1 Y1
. 2
2.Jf (xy; )= (v, ) =1L -
01 :
3| f ()= JIf (xp)| = [ ) O(AZ)V(X y)eG. +2If(x y)e 12mm gy I e ™y
J=lo Yo
Jliist oGUMCIIeH s iHTErpaiB I; (m, n), k=1,2,3 7
11 x 1 yo1
It (m,n)= j J f(x,y)sin2nmxsin2nnydxdy, ‘ ) _
00 _ZZf(xkay ) J‘ thmxdx I lZnnydy )
L1 k=1 j=I "
Izz(m,n) = I J f(x,y)cos2nmxcos2nnydxdy, "—* 1—5
? ? Teopema. /Iy xyOatypHOi popmynu CD12 (m,n)
(myn) = J‘ J’ £ y)e P Gy obumcnenns I (m,n) cnpaBenmMBa  HacTymHa
0% OLliHKa

MIPOTIOHYIOTHCST (POPMYITH:
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(12(m n) O} (m n)) |R(f1< ol

JoBenenns. MaeMo HAacTyIHY OLIHKY (Jema 1)

p (17 (myn), @ (m,m) )=

11
I I (f(x,y) 7Jf(x,y))sin (ZTrmx)sin (21tny)dxdy <

00

f f e n)didn%xdy <

1
2 2

Xk Tl
g e
=l sml 2 ] 2

2 yo1 2 B
]*E Vi
MngizAiz ﬁi

4 4 160

JloBeIcHHSI TeOpeMU MOXKHA 3[IIHCHUTH HA OCHO-
Bi JIEMH 2, BUKOPHCTOBYIOUH OIIIHKM NOXMOKHU KBa-

JIpaTypHUX HopMyI.
2111/10}10 sxmo g (x)eC'[0,1], |g (x1<M
TO Juiss GyHKIIT of-

1
v =kA-2 k=17, A=,

L2 . ! o
H1€1 3MIHHO1 MAarOoTh MICIIC HACTYITH1 OI[IHKHU:

x

|R|—zll I(g(x) g(x,))sin2mmaxdx| <

=0
k_,
= k+f = k+—
Z j|g(x) g(xkjdx I jg(&)d&}dx<
k=0 =0
= xk%
SMZ j|x—xk|dx=
k=0

2
_MgA_:@‘
4 4

Toxi,3a1eM010 2, MaCMO p(l (m,n),® (m, n))<

M
RR X, =——. Teopema nose-
| >(fixy )I 42 16/ P
JIeHa.
3. YUncesbHUIl ekcrIepUMEHT
Hexait

f(xy)= %(cos(Zx—Zy)—cos(2x+ 2y)),

roi| £, )| <2, Vx| 2] 10 )| < 4.
Sxnro oOYMCITIOBATH THTETpaNl 3a Kybaryporo ¢op-
mymn @7 (2,3), ko £ =19, 1o

R(f =[P @.3)-012.3)|=
= |0.00878547195141 8—0.008785470342025| =
=0.000000001609393.

DyHKIIO f (X, ) MOXKHA TIPEJICTABUTH Y BUIVISI
£ (x,y)=cos2xcos2y, Tomy, sixuo g (1 )= cos2u,
U=Xx,y, MOKHa OTPUMATH HACTYIHI PE3yJbTaTH
00YHCIIEHD JUIS

=

Ei(g,u,s):; I] g(u) g(uk))sm2nsudu

i=1,2, npu/l=19:
R (g.x,2)=0,000051056063201,
R, (g,5.,3)=0,000031522074555.

OTxe,

[R(f)=

=R (g,x,2).]§2 (g.3.3)=
=0,000051056063201-0,000031522074555 =
=0,000000001609393.

BucHoBku

VY crarti nociimpkeHo KybarypHi Gopmynu 06-
yucineHHs 2 D koedinieHTiB Pyp’e 3 BUKOPUCTAH-
HSIM OIIEepaTopiB KyCKOBO-CTAJIOl 1HTEpJiHAIil Ha
JesikoMy kiaci audepeHIiiioBaHux (yHKIH. [H-
dopmaiiis mpo GyHKINIO 3aaHa 11 CJIiJaMH Ha CHC-
TeMi B3a€MHO-TIEPIICHIUKYSIPHUX MpsiMuX. JoBe-
JIEHO, IO OLIHKY MOXHOKH KyOaTypHuX (opmyi
MOYKHA BUPA3UTH Yepe3 BIJIMOBIIHI OIIHKU ITOXUO-
Kd KBagparypHux ¢Gopmyi. UucenbHUil excriepu-
MEHT TiITBEPIUKYE TEOPETHUHHN PE3yIbTaT.
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2 D FOURIER COEFFICIENTS ON CLASSES OF DIFFERENTIABLE
FUNCTIONS AND OPERATORS PIECEWISE-STEEL SPLINE-INTERLINEATION

Cubature formulas of the calculation of 2 D Fouriers coefficients are presented by using piecewice
operators of spline-interlineation in the case when information about function is set of lines on one class of
differentiable functions. The error of the cubature formulas is evaluated by errors of quadratures

formulas.

Keywords: digital signal processing, functions interlineation, 2 D Fourier coefficients, cubature for-

mulas.
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FOURIER DESCRIPTORS FOR SHAPE CHARACTERIZATION

This paper reports shape characterization methods based on Fourier descriptors. Fourier descriptors
were implemented based on angular and complex shape representation and their ability to characterize the
shapes of different objects were evaluated. A new shape descriptor using Fourier descriptors was

proposed.

Keywords: shape representation, shape description, Fourier descriptors.

Introduction

Objects can be characterized by certain features:
grey levels, textures, edges, boundaries, shapes, lo-
cations, etc. An object or regions of interest consists
of interior points or contents which are surrounded
by a boundary often called the contour of an object.
There is no universal definition of what shape of an
object is. The shape of an object is the important
visual feature for describing image content and is
generally considered as the form of the object’s
boundary, consisting of a set of points, curves, sur-
faces, etc.

Here we consider shape boundary of the object
as a closed planar curve that can be defined as func-
tion:

—1in an explicit form as y = (x);

—in an implicit form as f(x, y) = 0;

© O. Buchko, 2011

— in a parametric form by natural parameteriza-
tion () = ((x(?), y(¢)). We will consider that the pa-
rameter ¢ is given by the arc-length parameterization
with 0 < 7 < L, where L is the length of the shape
boundary.

— a parametric form in the polar coordinates as
©(t) = ((d(1), ().

— a parametric form in the complex plane, z(f) =
=x(1) +j - ¥(0).

Usually a pre-segmented binary shape is repre-
sented by its external characteristics (shape repre-
sentation) and then shape characterization or shape
description is used as a post-processing technique. It
generates descriptors of the shape. Descriptors of
the shape are a set of numbers that describe specific
characteristics or features of an object and are con-
sidered as shape parameters that allow comparing





