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In the paper the differential equation
ul™ (1) + p(t) [u(o () Dsignu(o(t)) = 0

is considered, where p € Lioc(Ry;Ry), p € C(Ry;(0,+00)), 0 € C(Ry;Ry) and o(t) > t for
t € Ry. We say that the equation is almost linear if the condition lim;_, o u(t) = 1 is fulfilled, while
iflimsup, ., o pu(t) # 1Lorliminf, o pu(t) # 1, then the equation is an essentially nonlinear differential
equation. In case of almost linear differential equations oscillatory properties have been extensively studi-
ed. In this paper new sufficient (necessary and sufficient) conditions are established for a general class of
essentially nonlinear functional differential equations to have Property A.

Posenadaemuca Ougpepenuyianvhe pisHAHHA
ut™ (t) + p()u(o (D) [*Isignu(a(t)) = 0,

0ep € Lie(Ry;Ry), 1 € C(R4+;(0,40)), 0 € C(Ry;Ry) mao(t) > toaat € Ry. Byoemo
Kasamu, w0 PIHAHHA € MAllce AHIUHUM, AKUWO SUKOHYEMbCA ymo8a limy_, 4o u(t) = 1, i cymmeso
HeAlHilHuM, AKwo limsup,_, | p(t) # 1 abo liminf,_, o pu(t) # 1. Y eunaoky matixe ainitinozo ou-
hepenyianbH020 PIBHAHHA KOAUBHI 64ACMUBOCE OY.A0 WUUPOKO 8UBUeHO. Y Yill pOOOMI 8CIAHOB8.AEHO
HO8I 0ocmammi (HeoOXIOHI ma 0OCMAMHi) YMOB8U 0N MO20, W00 342AAbHULL KAAC CYMIMEBO HEATHIUIHUX
DYHKUYIOHANBHO-0UPEPEeHUIANbHUX PIBHAHDL 3A0080AbHUE 8AACUBOCMI A..

1. Introduction. This work deals with investigation of oscillatory properties of solutions of a
functional differential equation of the form

ul™ (t) + p(t) [u(o (1)) [*Psign u(o(t)) = 0, (11)
where

P € Lioc(R15 R), p € C(Ry;(0,400)),
(12)

o € C(R+;R+), and O'(t) >t for te€ R+.
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It will always be assumed that the condition
p(t) >0 for te Ry (1.3)

is fulfilled.

Let tp € R4. A function u : [tp,+00) — R is said to be a proper solution of (1.1) if
it is locally absolutely continuous along with its derivatives up to the order n — 1 inclusive,
sup{|u(s)| : s > t} > 0fort > ty and it satisfies (1.1) almost everywhere on [tg, +00).

A proper solution u : [tg, +00) — R of the equation (1.1) is said to be oscillatory if it has a
sequence of zeros tending to +o0o. Otherwise the solution w is said to be nonoscillatory.

Definition 1.1. We say that the equation (1.1) has Property A if any of its proper solutions is
oscillatory when n is even, and is either oscillatory or satisfies

W@ 10, as t1 400, i=0,...,n—1, (1.4)

when n is odd.

Definition 1.2. We say that the equation (1.1) is almost linear if the condition

lim u(t) =1

t—+o00

holds, while if
limsup pu(t) # 1 or lminf u(t) # 1,

t—+o0 t—r+o0
then we say that the equation is an essentially nonlinear differential equation.

Oscillatory properties of almost linear equations are studied well enough in [1-5]. In the
present paper essentially nonlinear differential equations of the type (1.1) are considered with
one of the following conditions being satisfied:

p(t) <A (Ae(0,1)) for te Ry, (L5)
or
p(t) > A (Ae(0,1)) for te Ry. (1.6)

In the present paper, under conditions (1.5) and (1.6), sufficient (necessary and sufficient)
conditions are established for the equation (1.1) to have Property A. Of the obtained results,
some are specific to generalized equations and do not have analogous for the classical (Emden —
Fowler) equations. Analogous results for Emden — Fowler equations are given in the paper [6].

2. Some auxiliary lemmas. In the sequel, Cloc ([to, +00)) will denote the set of all functions
u : [tp,+00) — R absolutely continuous on any finite subinterval of [to, +00) along with their
derivatives of order up to and including n — 1.
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46 R. KOPLATADZE

Lemma 2.1 [7]. Let u € C - ([to, +00)), u(t) > 0, ul™(t) < 0 fort > tg, and n™(t) # 0

in any neighborhood of +occ. Then there existty > tgand ¢ € {0,...,n — 1} such thatl + n is
odd and

uD(t) >0 for t>t, i=0,...,0—1,
(2.1y)
(1)@t >0 for t>t, i=40,...,n—1.

Remark 2.1. If n is odd and ¢ = 0, then in (2.19) it is meant that only the second inequalities
are fulfilled.

Lemma 2.2 [7]. Let u € 5@;1([%, +00)) and (2.1y) be fulfilled for some ¢ € {0,...,n — 1}
with | +n odd. Then

+oo
/ WM (@) dt < 400, (2.2)
to
If, moreover,
+0o0
/ ™ ()| dt = 400, (2.3)

to

then there exists t, > tq such that

u(t) u®(t) ‘
b e T =0 (2.4;)
H-1 1)
u(t) > T (t) for t > t, (2.5)
and
+o0 1 t
(£-1) > t / n—£—1), . (n) / n—~£|, (n) >
u (t) > = 0) s [u'™(s)|ds + i s\ (s)|ds  for t > t.. (2.6)
t

tx

3. Necessary conditions for the existence of solutions of type (2.1,). The results of this
section play an important role in establishing sufficient conditions for the equation (1.1) to
have Property A.

Definition 3.1. Let ty € R,. By Uy, we denote the set of all proper solutions of the equation
(1.1) satisfying the condition (2.1).
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Theorem 3.1. Let the conditions (1.2), (1.3) and (1.5) be fulfilled, ¢ € {1,...,n—1} with{+n

odd and let
—+00
/ 1o (1) IHOp(t) di = oo, (3.1,)
0
“+o0o
/ 1 (g (1)) B Op(2) dt = +o. (3.2,)

0

If, moreover, Uy, # @ for some ty € Ry, then for any k € N and § € [0,)\], and o, €
€ C([to, +00)) such that

t < o.(t) <o(t) for t>t (3.3)
we have
+o0
/ T (o (1) (o (8) RO (pg e (04(8)) 0t < o0, (3.4)
0
where
t +oo ﬁ
pealt) = <g. PR / / g g (g)) e <£>d5ds) SNCED
t 400
peit) = o / &M @) TIHD (pria (09O pl(&) deds, i=2,... k. (3.60)
0 s

Proof. Letty € Ry and Uy, # @. By definition of the set Uy, (see Definition 3.1), the
equation (1.1) has a proper solution u € Uy, satisfying the condition (2.1;). By (1.1), (2.1;) and
(3.1y) it is clear that the condition (2.3) holds. Thus by Lemma 2.2 the conditions (2.4;) - (2.6)
are fulfilled and

+00
u(ffl)(t) > (nfg)' / Snieil(u(a(s)))“(s)p(s) ds—+
+ (nig)' / s"(u(o(s)"p(s)ds for t > t.. (3.7)

ty
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48 R. KOPLATADZE

According to (2.5) from (3.7) we get

“+o00

e [ o) () s

t +o0o

od [ et (u(o(e))E
gy [ st [ € o) e de =

tx s

t +oo
> ot [ [ e e das >

t +oo

= A =0 / / & o (6) IO WD (o)) p(€) de ds. (3.8)

Therefore, by (1.2) and (2.4,_1), from (3.8) we have

t +oo w(&)
1 (¢-1)
WED(1) > M// 1) (g (g)) - DmE) <u§(€)> p (&) dEds for t > t,.

tx S

(3.9)
On the other hand, by (2.4y_1) and (3.2) it is obvious that

ué—l(t)
t

L0 as t71 +4o0. (3.10)

By (3.10), without loss of generality we can assume that «(*"D(t)/t < 1 for t > t,. Since
0 < u(t) < A< 1, from (3.9) we have

t +oo

_ 1 n—tf—1— _ _
WO 2 e / / A (g () I Op(€) (D (€)N dEds. (311

By (2.44_1), it is obvious that

L) L A =
w0 > G / £n—E1N ) () DO ) d, (3.12)
where
1 t +oo
o) = g | [ €7 OO OO0 s (13)
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Thus, according to (3.11) and (3.13), from (3.12) we get

A te
(t) > M / g () IHOp(g) dg - for ¢ > ..
t

Therefore,

1

t +oo T—x
2(t) > (g, i / / g (o (€)M Op(g) dEdS) for t > t..

Hence, according to (3.11) and (3.13), we have
u V() > pyea(t) for t >t (3.14)

where

t +oo T—x
Proaa(t) = (f. i / / g (o)) (e dsds) : (3.15)

Thus by (3.8), (3.13) and (3.14) we get

V() > ppon(t) for t >t (3.16)
where
t +oo
st = gy | | e
(n—1
X (pr o1 (0(€))"S p(e) deds, k= 2,3,.... (3.17)

On the other hand, by (1.2), (2.1¢), (2.5) and (3.3) from (3.7) we have

+o00

t 7 /Sn—z—l(O.(S))(E—l)u(S)(u(f—l)(g(s)))u(s)p(s) ds >

(t-1) _t
W 2 g
t

v

—+00

> ey | ) O W o () (s ds =
t

T WD (o (s u(s)
- w(nt—a'/ s o () (0 () p(s) (W) ds.

t
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Consequently, by (2.4y_1), (1.5), (3.10) and (3.3), for any § € [0, A]
+o0o
t

u(é—l)(t) > i D) / Sn—f—l(a(s))(é—l)u(s)(J*(S))u(s)—/\x

x p(s) (™ (0:(5))) (D () ds.

Therefore, according to (3.16), we have

+00
t
=1 (p) > n—t-1 (=Du(s) (s)=A
W0 = gt [ o) O ) )
t
X (pra(02(8)° (W V()2 0ds for t>t., k=1,2,.... (3.18)

If 6 = A, then from (3.18)

+oo
[ ) I () () e (5)) s <
< O(n—0)! “(K:)(t*) < On—10). (3.19)

Letd € [0, A). Then from (3.18)

(u(e—l)(t)))\—é > A0 ( +/Oosn—€—1(o_(s))(é—1)u(s)(O_ (S)),u,(s)—kp(s)x
= (=) '

' t
A—0d
X (pe. 0k (04(8))° (=D (5))20 ds) for t>t,, k=12,....

Thus we have

(= oy ) @ L COL O
. pls)ds

< (proek(on(®))’p(t) for t>t, k=12..,

where
o) = " o () IO (0, ()P (pr ek (0(0)° (@D () p(E).
From the last inequality we get
y(t) p ) t
S n—~_0— — — s s)—
- [ 5 gy [ ) ) () ) s
t

y(tx)
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where
y(t) = /gp(s) ds. (3.20)

Therefore

< (n—0)NHA° / S%. (3.21)

By (3.20), without loss of generality we can assume that y(¢,) < 1. Thus from (3.21) we have

/ SN (g (5) DO (0, ()9 (1 (0())) () ds <

1
| _ NN\
< (E!(n—ﬁ)!)’\_é/ Sfis - (E'(I"_ fl')é for t > t..

0

Passing to limit in the latter inequality, we obtain

“+oo
/ ST 0 () IO (04 ()M (1 (04(5)) pls) ds < o (3:22)

s

Therefore, since
t
lim ,Og,k( )
t—+o0 py, ¢ k(1)

=1, k=12,...,

by (3.22) and (3.19) it is obvious that for any 6 € [0, A] and k£ € N (3.4) holds, which proves the
validity of the theorem.
Analogously we can prove the following theorem.

Theorem 3.2. Let the conditions (1.2), (1.3), (3.14), (3.2¢) and (1.6) be fulfilled, ¢ € {1,...,n—
—1} with £ +n odd and Uy, # @ for somety € Ry. Then forany k € N and § € [0, )]

+oo
/ =14 (o (1)) DR (5, (o(4) PO p(t) dt < +oo, (3.23)
0
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52 R. KOPLATADZE

where
t +oo ﬁ
pea(t) = (e' (1 / / S ”f)p(g)dgds) , (3.24¢)
t o0
prilt) = / / &M o) IO (B (0 () Ep(e) deds, i =2, k.

(3.25¢)

4. Sufficient conditions for nonexistence of solutions of the type (2.1,).

Theorem 4.1. Let the conditions (1.2), (1.5), (3.1;) and (3.2;) be fulfilled, where ¢ € {1,...,n—
—1} with 4 n odd, and let there exist 6 € [0,\], k € N and 0. € C(R.) satisfying the condition
(3.3) such that

“+o00

/tn€1+)\6(0*(t))u(t)A(O.(t))(fl)ﬂ(t) (pes (o (t))p(t) dt = 400 (4.19)

0

holds. Then for any ty € Ry we have Uy, = &, where py . is defined by (3.5,) and (3.6;).

Proof. Assume the contrary. Let there exist ¢y € R, such that U,,, # @ (see Definiti-
on 3.1). Then the equation (1.1) has a proper solution u : [tp, +00) — R satisfying the condi-
tion (2.1¢). Since the conditions of Theorem 3.1 are fulfilled, for any § € [0,A], ¥ € N and
0. € C(Ry4) satisfying the condition (3.3) the condition (3.4) holds, which contradicts (4.1y).
The obtained contradiction proves the validity of the theorem.

Using Theorem 3.2, analogously we can prove the following theorem.

Theorem 4.2. Let the conditions (1.2), (1.3), (1.6), (3.1;) and (3.2;) be fulfilled, where { &
€ {1,...,n— 1} with { + n odd, and let there exist § € [0, ] and k € N such that

+o0

[ ) IO o) O p0) i = oc. (4.2)
0
Then for any ty € R we have Uy, = @&, where py, is defined by (3.24,) and (3.25,).
Corollary 4.1. Let the conditions (1.2), (1.3), (1.5) and (3.2;) be fulfilled, where ¢ € {1,... ,n—
—1} with ¢ + n odd, and let for some v € (0, 1)

“+o0o
lim inf £7 / s A (6 (5)) EDEE) p(5) ds > 0. (4.3¢)
—r+00

t
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If, moreover, there exist § € [0,\] and o, € C(R) satisfying the condition (3.3) such that
+o0
[ e o0 S () D de = o (449
0

holds, then for any to € Ry we have Uy, = &.

Proof. Clearly the condition (3.1y) is fulfilled by virtue of (4.3/). On the other hand, accor-
ding to (3.5/) and (4.3y), there exist ¢ > 0 and ¢; € [tp, +00) such that

1—
pei(t) > ctt™> for t>t.

Therefore from (4.4/) it follows (4.1;) with & = 1. Thus all conditions of Theorems 4.1 are
fulfilled, which proves the corollary.
Analogously we can prove the following corollary.

Corollary 4.2. Let the conditions (1.2), (1.3), (1.5) and (3.2;) be fulfilled, where ¢ € {1,... ,n—
—1} with £ 4+ n odd and

+o00o
MMMt/s%“HMW*w@wﬁmmm@ms>a (4.5,)

t——+00
t

If, moreover, there exist § € [0,\] and o, € C(R) satisfying the condition (3.3) such that

+oo
/ £ (g, (1) O (g () IO (In(1 + 0, (1)) TXp(E) dt = +o00 (4.6¢)
0

holds, then for any to € Ry we have Uy, = &.

Corollary 4.3. Let the conditions (1.2), (1.3), (1.6) and (3.2y) be fulfilled, where ¢ € {1,... ,n—
—1} with £ + n odd, and let for some v € (0, 1)
+o00o
1mmw/¢@mmw“w%@@>o (4.7)

t——+o0
t

If, moreover, there exists 6 € [0, \] such that

+oo

(u(t)=86)(1—7)
/ tn—f—1+6(g(t))(ffl)#(t)Jr%p(t) dt = +00, (4.8y)
0

then for any to € R we have Uy, = @.
Proof. According to (4.7;) and (3.24,) there exist ¢ > 0 and t; € [tg, +00) such that

1—
Pei(t) > ctt> for t >t
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54 R. KOPLATADZE

Therefore, from (4.8,) it follows (4.2y) with & = 1. Thus all the conditions of Theorems 4.2 hold,
which proves the corollary.

Corollary 4.4. Let the conditions (1.2), (1.3), (1.6) and (3.2;) be fulfilled, where ¢ € {1,... ,n—
—1} with £ + n odd, and let

+oo
lim inf ¢ / s (o (5)) T IEEp(s) ds > 0. (4.90)

t—-+o0
t

If, moreover, for some § € [0, \] the condition

“+o00o
/ tn—e—1+6(a(t))(€—1)u(t) (In(1 + J(t)))%p(t) dt = 400 (4.10p)
0

holds, then for any to € Ry we have Uy, = @.

Corollary 4.5. Let the conditions (1.2), (1.3), (1.6), (3.2¢) and (4.7) be fulfilled, where ¢ €
€ {1,...,n— 1} with { + n odd, and let there exist o € (1,+00) such that

liminf@ > 0. (4.11)
t—4oco t¢
If, moreover, either
al>1 (4.12)
orifal < 1, forsomee > 0,
+oo
/ 1O -9 (4 (1)) DO () dt = oo, (4.13,)
0

then for any to € Ry we have Uy;, = .

Proof. 1t suffices to show that the condition (4.2/) is satisfied for § = 0 and for some & € N.
Indeed, according to (4.7,) and (4.11), there exist & > 1,¢ > 0,y € (0,1) and t; € [tg, +0)
such that

“+00
£ / SN o (s)EVEE)p(s) ds > ¢ for >t (4.14)

t

and

o(t) > ct® for t>t. (4.15)
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Choose ky € N and ¢, € (1,+00) such that

when al > 1, (4.16)

>| =

1=k —1) 2

if e > 0, then

1
L+ ad+ ...+ (aN)ho2 > c

21 "on  al—) when o) <1 (4.17)

and forany k € {1,...,ko}

A c 1+A ... A2
> 1. 4.1
c* (26!(71—6)!(1—7)(1+oz)\+...+(oz)\)k—2) - (4.18)

According to (4.14) and (3.24,) it is obvious that lim¢_, o p¢,1(t) = +o00. Therefore without
loss of generality we can assume that py;(t) > ¢, for t > t;. Thus, by (4.14), from (3.25,) we
get

t +oo

~ 1 —-1 (e=1)p(€)
> n " >
palt) > ey [ [ €7 0@ Op(e) deas >
t1 s
A ¢ A
Cc.C Cc,.C _
> | (s = * =7 by,
= N(n—0) /5 T T 1)
t1
Choose to > t1 such that
AL gl—y
Pea(t) cict for t > to.

= 20— 01— )

Then by (1.6), (4.14), (4.15) and (4.18), from (3.25,) we have

14
s c tI=NA+aN) for ¢ > ¢
pe3(t) = ¢ <2£1(n—£)!(1—v)(1+a/\)) Ce

where t3 > t, is a sufficiently large number. Therefore, for ky € N there exists ¢, € R, such

that
~ (t) > C)\ko—l c LA+ AF072 «
Plkoll) = Cx 201 (n — OL — )1+ aX+ ...+ (ax)ko-2)

DX for g gy (4.19)

Assume that (4.12) is fulfilled. Then, according to (1.6), (4.14), (4.16) and (4.19) it is obvious
that, if § = 0 for & = ko, (4.2,) holds. In the case, where (4.12) holds, the validity of the
theorem has been already proved.
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Assume now that oA < 1 and for some ¢ > 0 (4.13) is fulfilled. Then, by (4.17) from (4.19)
we have

a(1=7)
(Pewo (o)) > ot for f > tho

where ¢; > 0. Consequently, according to (4.13;), it is obvious that (4.2,) holds with if 6 = 0
and k = kg.

The theorem is proved.

In a similar manner we can prove the following corollary.

Corollary 4.6. Let the conditions (1.2), (1.3), (1.6), (3.2¢) and (4.9¢) be fulfilled, where { €
€ {1,...,n — 1} with £ + n odd, and let there exist « > 0 such that

liminft~*Ino(t) > 0. (4.20)

t—+o00

Then for any to € Ry we have Uy, = Oh.
5. Differential equations with property A.

Theorem 5.1. Let the conditions (1.2), (1.3), (1.5) be fulfilled and (3.1,) and (3.2,4) hold for any
¢e{l,...,n— 1} with { + n odd. Let, moreover, there exist 6 € [0,\], k € N and o, € C(Ry)
satisfying the condition (3.3) such that (4.1,) holds. If, moreover,

—+00

/ t"p(t) dt = +oo (5.1)
0

when n is odd, then the equation (1.1) has Property A, where py . is defined by (3.5¢) and (3.6).

Proof. Let the equation (1.1) have a proper nonoscillatory solution u : [tg, +00) — (0, +00)
(the case u(t) < 0is similar). Then by (1.2), (1.3) and Lemma 2.1 there exists ¢ € {0,1,...,n —
1} such that ¢ 4+ n is odd and the condition (2.1;) holds. Since the conditions of Theorem 4.1
are fulfilled for any ¢ € {1,...,n — 1} with £ + n odd, we have ¢/ ¢ {1,...,n — 1}. Therefore,
n is odd and ¢ = 0. Show that the condition (1.4) holds. If that is not the case, then there exists
¢ € (0,1) such that u(t) > c for sufficiently large t. According to (2.1p) and (1.5) we have

n—1 t t

Z(n —i— DD ()] > /s”_lp(s)c“(s) ds > c)‘/sn_lp(s) ds for t>1t;, (5.2)

1=0 1 1

where t; is a sufficiently large number. The inequality (5.2) contradicts the condition (5.1).
Therefore the equation (1.1) has Property A.

Theorem 5.2. Let the conditions (1.2), (1.3), (1.6) be fulfilled and for any ¢ € {1,...,n — 1}
with ¢ + n odd (3.1y), (3.2¢) and for some § € [0, and k € N, (4.2¢) holds. If, moreover,

lim sup p(t) < o0 (5.3)

t——+o00

and (5.1) holds when n is odd, then the equation (1.1) has Property A, where py, is defined by
(3.244) and (3.25y).
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Proof. The proof of the theorem is analogous to that of Theorem 5.1. We have just to use
Theorem 4.2 instead of Theorem 4.1, and change A\ by u = sup{u(t) : ¢ € Ry} in the inequali-

ty (5.2).
Theorem 5.3. Let the conditions (1.2), (1.3), (1.5), (5.1) and

(a(t))
t

lim inf
t—+4o00

>0 (5.4)

be fulfilled. If, moreover, there exist 5 € [0,\], k € N and 0. € C(R) satisfying the condition
(3.3) such that for even n (for odd n) (4.11) ((4.12)) holds, then the equation (1.1) has Property A,
where py ; (p2,i) is defined by (3.51) and (3.61) ((3.52) and (3.62)).

Proof. To prove the theorem it suffices to show that the conditions of Theorem 5.1 are
fulfilled. Indeed, according to (4.11) and (5.4) ((4.12) and (5.4)) it is obvious that (4.1,) holds for
any ¢ € {1,...,n— 1} with ¢+ n odd. Thus according to (5.1) all the conditions of Theorem 5.1
are fulfilled, which proves the validity of the theorem.

Using Theorem 5.2, the next theorem can be proved similarly.

Theorem 5.4. Let the conditions (1.2), (1.3), (1.6) and (5.4) hold. If, moreover, there exist
d € [0, and k € N such that for even n (for odd n) (4.21) ((4.22), (5.1) and (5.3)) holds, then
the equation (1.1) has Property A, where pi i, (p2 ) is defined by (3.241) and (3.251) ((3.242) and
(3.252)).

Corollary 5.1. Let the conditions (1.2), (1.3), (1.5) and (5.4) be fulfilled. If, moreover,

+oo
/ 2O () dt = +o00 (5.5)
0
for even n, and
+o00
/ 3100 (5(4)MOp(t) dt = +oo (5.6)

0

for odd n, then the equation (1.1) has Property A.

Proof. 1t suffices to note that by (1.5), (5,4), (5.5) and (5.6) all the conditions of Theorem 5.3
are fulfilled with 0. (t) = t and § = 0.

Corollary 5.2. Let the conditions (1.2), (1.3), (1.5), (5.1) and (5.4) be fulfilled. Let, moreover
for some k € N

—+00

/ 172 (0 ()P0 (1 (0 (1)) () dt = +o0 (5.7)
0

hold when n is even, and

—+00

/ 1773 (1)) %O (g (o)) plt)dt = o (58)
0
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hold when n is odd. Then the equation (1.1) has Property A, where p1 i, (p2,i) is defined by (3.51)
and (3.61) ((3.52) and (3.62)).

Proof. 1t suffices to note that by (1.5), (5.4), (5.7) and (5.8) all the conditions of Theorem 5.3
are fulfilled with 0.(¢t) = o(t) and § = A.

Corollary 5.3. Let the conditions (1.2), (1.3), (1.6), (5.1) and (5.4) be fulfilled. Let, moreover,
forsomek € N

+oo
[ 2 @) Op(e) dt = oo (59)
0
hold when n is even, and
“+oo
/ "3 (o (6))*D (B (0(£))*Dp(t) dt = 400 (5.10)

0

hold when n is odd, then the equation (1.1) has Property A, where py i, (p2.1) is defined by (3.241)
and (3.251) ((3.242) and (3.253)).

Proof. 1t suffices to note that by (1.6), (5.4), (5.9) and (5.10) all the conditions of Theorem
5.4 are fulfilled with § = 0.

Theorem 5.5. Let the conditions (1.2), (1.3), (3.2,-1), (1.5) and

1(t)
limsup(a(t)t) < 400 (5.11)

t—4o00

hold. If, moreover, there exist 6 € [0,\], k € N and o, € C(R.) satisfying the condition (3.3)
such that (4.1,,—1) holds, then the equation (1.1) has Property A, where p,_1 is defined by (3.5,-1)
and (3.6,,_1).

Proof. By virtue of (1.2), (1.3), (1.5), (3.2,-1), (4.1,—1) and (5.11), the conditions of Theo-
rem 5.1 are obviously satisfied. Therefore according to that theorem the equation (1.1) has
Property A.

The validity of Theorem 5.6 below is proved similarly.

Theorem 5.6. Let the conditions (1.2), (1.3), (1.6), (3.2,,—1) and (5.11) be fulfilled. If, moreover,
there exist 0 € [0, and k € N such that (4.2,,—1) holds, then the equation (1.1) has Property A,
where py,_1 1, is defined by (3.24,,_1) and (3.25,,_1).

Corollary 5.4. Let the conditions (1.2), (1.3), (1.5) and (5.11) be fulfilled. If, moreover,

+o00
/ Mo @) DEO=Ap(1) dt = 400, (5.12)
0

then the equation (1.1) has Property A.
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Proof. 1t suffices to note that by (1.2), (1.3), (1.5), (5.11) and (5.12) all the conditions of
Theorem 5.5 are fulfilled with § = 0 and 0, (¢) = o(t).

Corollary 5.5. Let the conditions (1.2), (1.3), (1.5) and (5.11) be fulfilled. If, moreover,

+oo
/ O (o (1) P 2DOp(t) dt = +o0 (5.13)
0

holds, then the equation (1.1) has Property A.

Proof. According to Theorem 5.5, it suffices to note that by (5.13) the condition (4.1,,—1)
holds with § = 0 and 0. (t) = t.

Corollary 5.6. Let the conditions (1.2), (1.3), (1.5), (3.2,—1) and (5.11) be fulfilled. If, moreover,
forsome k € N

—+00

/ (o) DO (g1 (0(0)) plt) dt = +oo (5.14)
0

holds. Then the equation (1.1) has Property A, where p,_1 . is defined by (3.5,-1) and (3.6,,_1).

Proof. Since from (5.14) it follows (4.1,,_1) with 6 = X and 0. (t) = o(t), the validity of the
corollary follows from Theorem 5.5.
Analogously we can prove the following corollary.

Corollary 5.7. Let the conditions (1.2), (1.3), (1.6), (5.11) and (3.2,—1) be fulfilled and for
somek € N

—+00

/ (o(6) "2 (7, 4 (o(£)"Dp(t)dt = +oo. (5.15)
0

Then the equation (1.1) has Property A, where py,_1 . is defined by (3.24,,_1) and (3.25,,_1).

Theorem 5.7. Let the conditions (1.2), (1.3), (1.5), (5.4) hold and for some v € (0,1) (431)
((4.32) and (5.1)) are fulfilled when n is even (when n is odd). If, moreover, there exist § € [0, A]
and o, € C(Ry) satisfying (3.3) such that the condition (4.41) ((4.42)) holds, then the equation
(1.1) has Property A.

Proof. According to (5.4) and (4.31) ((4.32)) it is obvious that for any ¢ € {1,...,n — 1}
with ¢ 4+ n odd the condition (4.3;) holds. Assume that the equation (1.1) has a nonoscillatory
solution u : [tg,+00) — (0, +00) satisfying the condition (2.1;). Then, by Corollary 4.1, ¢ ¢
¢ {1,...,n — 1}. Therefore n is odd and ¢ = 0. In this case by (5.1) we can show that (1.4)
holds. Therefore, the equation (1.1) has Property A.

Corollary 5.8. Let the conditions (1.2), (1.3), (1.5), (5.1) and (5.4) hold and for some ~ €
€ (0,1) (431) ((4.32) and (5.1)) be fulfilled when n is even (when n is odd). If, moreover,

—+00

(1-)
/ 2= () + 2] p(t)dt = +oo (5.16)
0
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holds for even n and

—+o00
/ tn—3+/\+u(t)+%(U(t))u(t)p(t) dt = +00 (5.17)
0

hold for odd n, then the equation (1.1) has Property A.

Proof. It suffices to note that by (5.16) and (5.17) the conditions (4.41) and (4.45) are satisfied
withd = X and o.(t) = .
Analogously to Theorem 5.7 we can prove the following theorem.

Theorem 5.8. Let the conditions (1.2), (1.3), (1.5), (5.4) hold and (4.51) ((4.52) and (5.1)) be
fulfilled for even n (for odd n). If, moreover, there exist 6 € [0, and 0. € C(R4) satisfying
(3.3) such that the condition (4.61) ((4.62)) holds, then the equation (1.1) has Property A.

Corollary 5.9. Let the conditions (1.2), (1.3), (1.5), (5.4) hold and (4.51) ((4.32) and (5.1)) be
fulfilled for even n (for odd n). If, moreover,

+o00o
/ 2o ()0 (In(1 + (1)) =X p(t) dt = +oo (5.18)
0
for even n and
+oo
/ 73 () 2P0 (In(1 + o () 3 p(t) dt = +00 (5.19)

0

for odd n, then the equation (1.1) has Property A.

Proof. 1t suffices to note that by (5.18) and (5.19) the conditions (4.61) and (4.62) hold with
d = XNand o.(t) = o(t).

Theorem 5.9. Let the conditions (1.2), (1.3), (1.5), (5.11) and (4.3,,—1) be fulfilled. If, moreover,
there exist 6 € [0, \] and o, € C(Ry) satisfying (3.3) such that the condition (4.4,,_1) holds, then
the equation (1.1) has Property A.

Corollary 5.10. Let the conditions (1.2), (1.3), (1.5), (5.11) hold, for some ~ € (0,1), (4.3,,—-1)
be fulfilled and

+oo
(A=)
/ (o)) VRO 0y g — 4o, (5.20)
0
Then the equation (1.1) has Property A.

Proof. 1t suffices to note that by (5.20) the condition (4.4,,_1) holds with § = X and o, (t) =
= o(t).

Theorem 5.10. Let the conditions (1.2), (1.3), (1.6), (5.4) hold and for some v € (0,1) (4.71)
((4.72) and (5.1)) be fulfilled for even n (for odd n). If, moreover, there exists § € [0, \] such that
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(4.81) holds when n is even and (4.82) and (4.51) hold when n is odd, then the equation (1.1) has
Property A.
The theorem can be proved similarly to Theorem 5.7

Corollary 5.11. Let the conditions (1.2), (1.3), (1.6), (5.4) hold and (4.71) ((4.72) and (5.1))
be fulfilled for even n (for odd n). If, moreover,

400
) (A=)
/ =2 (o (£)) 5 p(t) dt = +o0 (5.21)
0
when n is even and
+00
(H(@=2—7)
/ " B(o(t)T T p(t)dt = +oo (5.22)

0

when n is odd, then the equation (1.1) has Property A.

Proof. According to Theorem 5.10 it suffices to note that by (5.21) and (5.22) the conditions
(4.81) and (4.82) hold with 6 = 0.
Using Theorem 5.6, similarly to Theorem 5.7 one can prove the following theorem.

Theorem 5.11. Let the conditions (1.2), (1.3), (1.6), (5.11) and (4.7,,—1) be fulfilled and for
some 6 € [0,\] (4.8,—1) hold. Then the equation (1.1) has Property A.

Corollary 5.12. Let the conditions (1.2), (1.3), (1.6), (5.11) and (4.7,,—1) be fulfilled and

+o0o
/ (o)) D=2 1) dt = +oo. (5.23)
0

Then the equation (1.1) has Property A.

Proof. According to Theorem 5.11 it suffices to note that by (5.23) the condition (4.8,,—1)
holds with § = 0.

Theorem 5.12. Let the conditions (1.2), (1.3), (1.6), (5.1), (5.4) be fulfilled and (4.71) ((4.72))
hold for even n (for odd n). If, moreover, there exists a € (1,+00) such that (4.11) holds, then
for the equation (1.1) to have Property A it is sufficient that at least one the conditions (4.12) oy,
if a\ < 1, (4.131) ((4.132)) holds for even n (for odd n).

Proof. According to (4.71), (4.131) and (5.4) ((5.72), (5.4) and (4.135)) it is obvious that for
any ¢/ € {1,...,n — 1} with £ 4+ n odd (3.2) and (3.1;) hold. Assume that the equation (1.1)
has a nonoscillatory solution u : [tg, +00) — (0, +00) satisfying the condition (2.17). Then by
Corollary 4.5,¢ ¢ {1,...,n—1}. Therefore n is odd and ¢ = 0. In this case by (5.1) it is obvious
that (1.4) holds. Therefore the equation (1.1) has Property A.

Using Corollaries 4.5 and 4.6, in a similar manner we can prove Theorems 5.13 and 5.14
below.
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Theorem 5.13. Let the conditions (1.2), (1.3), (1.6), (5.11) and (4.7,,—1) be fulfilled. If, moreover,
there exist « € (1,+00) such that (4.11) holds, then for the equation (1.1) to have Property A it
is sufficient that at least one of the conditions (4.12) or, if al < 1, (4.13,,—1) holds.

Theorem 5.14. Let the conditions (1.2), (1.3), (1.6), (5.4) be fulfilled and (4.91) ((4.92) and
(5.1)) hold for even n (for odd n). If, moreover, there exists o > 0 such that (4.20) holds, then the
equation (1.1) has Property A.

6. Necessary and sufficient conditions.
Theorem 6.1. Let the conditions (1.2), (1.3) and (1.5) be fulfilled and

o(t)

limsup — < +o0. (6.1)
t——+o0 t
Then the condition
+oo
/ Hr=DO (1) dt = oo 62)

0

is necessary and sufficient for the equation (1.1) to have Property A.

Proof. Necessity. Assume that the equation (1.1) has Property A and

400
/ t= DO () dt < +oo. (6.3)
0

By (1.5), (6.1) and (6.3)
“+oo
/ () DEOp) dt < +oc.
0

Therefore, following Lemma 4.1 [7], there exists ¢ # 0 such that the equation (1.1) has a proper
solution v : [tg,00) — R satisfying the condition lim;_,, o u(® D (#) = c. But this contradicts
the fact that the equation (1.1) has Property A.

Sufficiency. By (6.1) and (6.2) it is obvious that the condition (5.12) holds. Therefore the
sufficiency follows from Corollary 5.4.

From Theorem 6.1, when p(t) = A (A € (0,1)) and o(t) = t, follows a theorem of Licko
and Svec [8].

Corollary 6.1. Let the conditions (1.2), (1.3), (1.6) and (6.1) be fulfilled and

lim sup t*®) < +oc.
t——+o0

Then the condition
—+o0

/ p(t) dt = +00

0
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is necessary and sufficient for the equation (1.1) to have Property A.

Remark 6.1. Note that a necessary and sufficient condition of this kind, which does not
depend on the order of the equation, is given for the first time.

Theorem 6.2. Let n be odd, the conditions (1.2), (1.3) and (1.5) be fulfilled and

t
lim infg_(i) > 0. (6.4)
t—+o0 w(t)

t m()

Then the condition (5.1) is necessary and sufficient for the equation (1.1) to have Property A.
Proof. Necessity. Assume that the equation (1.1) has Property A and

“+oo

/ t"Ip(t) dt < +oo. (6.5)
0

According to (6.5), by Lemma 4.1 [7] there exists ¢ # 0 such that the equation (1.1) has a proper
solution u : [tg,00) — R satisfying the condition lim; ,~ u(t) = c. But this contradicts the
fact that the equation (1.1) has Property A.

Sufficiency. According to (1.5) and (6.4) it is obvious that the condition (5.4) holds. On the
other hand, by (5.1) and (6.4) the condition (5.6) holds. Thus, since n is odd, all the conditions
of Corollary 5.1 are fulfilled, i.e., the equation (1.1) has Property A.

Corollary 6.2. Let n be odd, the conditions (1.2), (1.3), (1.5) be fulfilled and
lim p(t) =X (A€ (0,1), liminft* O~ >0, imint 28 > 0. (6.6)

t——+o00 t——+o00 t——+o00 t%

Then the condition (5.1) is necessary and sufficient for the equation (1.1) to have Property A.
Remark 6.2. The condition (6.6) defines a set of the functions o for which the condition (5.1)

- A
is necessary and sufficient. It turns out that the number is optimal. Indeed, let ¢ > 0,

A€ (1/(1+¢),1)and v € (1,2). Consider the differential equation (1.1) with

p(t) = —y(y —1)... (v —n+ 1)t A-pO(35 =),

o(t) = t¥_a, t>1, lm p(t) =\

- t—+o0
It is obvious that the condition (5.1) is fulfilled and
o(t) a(t)

liminf - =0, and liminf w—~— > 0.
t—+o00 t> t—-+oo t> ¢

On the other hand, for odd n, u(t) = ¢ is a solution of equation (1.1). Therefore, when n is
odd, the equation (1.1) does not have Property A.
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