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This paper deals with the existence of solutions for the dynamic equation on time scales

u4444(t) = f(t, u(σ(t)), u44(t)), t ∈ [0, 1]T ,

with the multipoint boundary conditions

u(0) = 0, u(σ(1)) =

m−2∑
i=1

aiu(ξi), u44(0) = 0, u44(σ(1)) =

n−2∑
j=1

bju
44(ηj),

where T is a time scale, [0, 1]T = {t ∈ T | 0 ≤ t ≤ 1}, ai > 0, i = 1, 2, . . . ,m − 2, bj > 0, j =
= 1, 2, . . . , n− 2, 0 < ξ1 < ξ2 < . . . < ξm−2 < ρ(1), 0 < η1 < η2 < . . . < ηn−2 < ρ(1). The existence
result is given by using Green’s function, the method of upper and lower solutions, and the monotone
iterative technique. We also give an example to illustrate our result.

Розглянуто проблему iснування розв’язкiв для динамiчного рiвняння на часовiй шкалi

u4444(t) = f(t, u(σ(t)), u44(t)), t ∈ [0, 1]T ,

з багатоточковими граничними умовами

u(0) = 0, u(σ(1)) =

m−2∑
i=1

aiu(ξi), u44(0) = 0, u44(σ(1)) =

n−2∑
j=1

bju
44(ηj),

де T — часова шкала, [0, 1]T = {t ∈ T |0 ≤ t ≤ 1}, ai > 0, i = 1, 2, . . . ,m − 2, bj > 0,
j = 1, 2, . . . , n − 2, 0 < ξ1 < ξ2 < . . . < ξm−2 < ρ(1), 0 < η1 < η2 < . . . < ηn−2 <
ρ(1). Iснування доведено з використанням функцiї Грiна, методу верхнiх та нижнiх розв’язкiв i
технiки монотонної iтерацiї. Наведено приклад для iлюстрацiї рузультатiв.
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1. Introduction. Throughout this paper, we assume that the reader has a basic knowledge of time
scales and time scale notations that were first introduced by Hilger [1] and later refined in the
monographs of Bohner and Peterson [2, 3]. In recent years, various boundary-value problems
(BVPs, for short) on time scales have been studied by many authors, (see, for example, [2 – 9]
and the references therein). Let T be a time scale with 0, 1 ∈ T. This paper deals with the
following fourth-order dynamic equation:

u4444(t) = f(t, u(σ(t)), u44(t)), t ∈ [0, 1]T , (1.1)

with the multipoint boundary conditions

u(0) = 0, u(σ(1)) =

m−2∑
i=1

aiu(ξi),

(1.2)

u44(0) = 0, u44(σ(1)) =
n−2∑
j=1

bju
44(ηj),

where T is a time scale, ai > 0, i = 1, 2, . . . ,m − 2, bj > 0, j = 1, 2, . . . , n − 2, 0 < ξ1 <
< ξ2 < . . . < ξm−2 < ρ(1), 0 < η1 < η2 < . . . < ηn−2 < ρ(1), 0 <

∑m−2
i=1 aiξi < σ(1),

0 <
∑n−2

j=1 bjηj < σ(1).

Throughout this work, we assume

H = σ(1)−
m−2∑
i=1

aiξi > 0, N = σ(1)−
n−2∑
j=1

bjηj > 0. (1.3)

Recently, there is much attention focused on the existence of solution for fourth-order BVPs
(see [5, 6, 10 – 14]). In particular, Feng et al. [10] applied the lower and upper solution method
to study the existence and uniqueness for the following fourth-order two-point BVP:

x
′′′′
(t)− f(t, x(t), x′(t), x′′(t), x′′′(t)) = 0, t ∈ (0, 1),

x(0) = x′(1) = 0,

ax
′′
(0)− bx′′′(0) = 0, cx

′′
(1)− dx′′′(1) = 0,

where a, b, c, d ≥ 0, ρ = ad+ bc+ ac > 0. Wang and Sun [5] applied the Schauder fixed point
theorem and obtained some existence criteria for positive solutions of the following dynamic
equation on time scales:

u4444(t)− f(t, u(t), u44(t)) = 0, t ∈ [a, ρ2(b)]T ,

u(0) = A, u(σ2(b)) = B, u44(a) = 0, u44(b) = 0.
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Zhang et al. [11] employed the method of upper and lower solutions to establish the existence
of positive solutions to fourth-order BVP

y(4)(t) = f(t, y(t)),

y(0) = y(1) = 0,

ay
′′
(ξ1)− by

′′′
(ξ1) = 0, cy

′′
(ξ2)− dy

′′′
(ξ2) = 0.

Recently, Pang and Bai [6] generalized the problem discussed in [11] to the following fourth-
order BVP on time scales:

u4444(t) = f(t, u(σ(t)), u44(t)), t ∈ [0, 1]T ,

u(0) = u(σ(1)) = 0,

αu44(ξ1)− βu444(ξ1) = 0, γu44(ξ2)− ηu444(ξ2) = 0.

Motivated by the work of the above papers, the purpose of this article is to study the exi-
stence of solution for BVP (1.1), (1.2). We first establish the form of the solution and furthermore
give the Green’s function for associated BVP. The BVP (1.1), (1.2) and the method used in the
paper are different from other fourth-order BVP on time scales, so our results are new. The
tools we mainly used are the method of upper and lower solutions and the monotone iterative
technique.

The paper is organized as follows. Section 2 states some definitions and a lemma which are
important to obtain our main result. Section 3 is devoted to the existence result of BVP (1.1)
and (1.2). Section 4 gives an example to illustrate our main result.

2. Preliminary. For the convenience of readers, we first present some definitions and some
lemmas that are important to the proofs of our main results.

Definition 2.1. A function ϕ(t) ∈ C4[0, 1]T is an upper solution of BVP (1.1), (1.2), provided
that

ϕ4444(t) ≥ f(t, ϕ(σ(t)), ϕ44(t)), t ∈ [0, 1]T ,

ϕ(0) ≥ 0, ϕ(σ(1)) ≥
m−2∑
i=1

aiϕ(ξi),

ϕ44(0) ≤ 0, ϕ44(σ(1)) ≤
n−2∑
j=1

bjϕ
44(ηj).
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Definition 2.2. A function ψ(t) ∈ C4[0, 1]T is called a lower solution of BVP (1.1), (1.2) if

ψ4444(t) ≤ f(t, ψ(σ(t)), ψ44(t)), t ∈ [0, 1]T ,

ψ(0) ≤ 0, ψ(σ(1)) ≤
m−2∑
i=1

aiψ(ξi),

ψ44(0) ≥ 0, u44(σ(1)) ≥
n−2∑
j=1

bjψ
44(ηj).

Lemma 2.1. If h(t) ∈ C[0, 1]T , then the problem

u44(t) = h(t),
(2.1)

u(0) = 0, u(σ(1)) =

m−2∑
i=1

aiu(ξi),

has the unique solution

u(t) = −
σ(1)∫
0

G1(t, s)h(s)4s,

where

G1(t, s) =



s ∈ [0, ξ1] :
1

H


σ(s)

[
(σ(1)− t) +

m−2∑
i=1

ai(t− ξi)
]
, s ≤ t,

t

[
(σ(1)− σ(s)) +

m−2∑
i=1

ai(σ(s)− ξi)
]
, t ≤ s,

s ∈ [ξi−1, ξi],
2 ≤ i ≤ m− 2

:
1

H



σ(s)(σ(1)− t) +
m−2∑
j=i

aj(t− ξi)σ(s)+

+
i−1∑
j=1

ajξj(t− σ(s)), s ≤ t,

t

[
(σ(1)− σ(s)) +

m−2∑
j=i

aj(σ(s)− ξj)

]
, t ≤ s,

s ∈ [ξm−2, σ(1)] :
1

H

 σ(s)(σ(1)− t) +
m−2∑
i=1

aiξi(t− σ(s)), s ≤ t,

t(σ(1)− σ(s)), t ≤ s,

(2.2)

where H is as in (1.3).

Proof. Integrating the first equation of (2.1) over the interval [0, r]T for r ∈ [0, 1]T , we have

u4(r) = u4(0) +

r∫
0

h(s)4s.
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Now, integrating the above equation over the interval [0, t]T for t ∈ [0, 1]T and using [15] (Lem-
ma 3), it follows that

u(t) = u(0) + u4(0)t+

t∫
0

(t− σ(s))h(s)4s. (2.3)

Combining this with boundary condition (2.1) we conclude that

u4(0) =
1

H

m−2∑
i=1

ai

ξi∫
0

(ξi − σ(1))h(s)4s−
1

H

σ(1)∫
0

(σ(1)− σ(s))h(s)4s. (2.4)

Substituting this equation into (2.3), we have

u(t) =

t∫
0

(t− σ(s))h(s)4s+ t

H

m−2∑
i=1

ai

ξi∫
0

(ξi − σ(s))h(s)4s−

− t

H

σ(1)∫
0

(σ(1)− σ(s))h(s)4s.

Suppose 0 < t ≤ ξ1, then the unique solution of (2.1) can be written as

u(t) = −
t∫

0

(σ(s)− t)h(s)4s− t

H

 t∫
0

(σ(1)− σ(s))h(s)4s+
ξ1∫
t

(σ(1)− σ(s))h(s)4s +

+

m−2∑
i=2

ξi∫
ξi−1

(σ(1)− σ(s))h(s)4s+
σ(1)∫

ξm−2

(σ(1)− σ(s))h(s)4s

−

− t

H

m−2∑
i=1

ai

t∫
0

(σ(s)− ξi)h(s)4s+
m−2∑
i=1

ai

ξ1∫
t

(σ(s)− ξi)h(s)4s +

+

m−2∑
i=2

ai

ξi∫
ξ1

(σ(s)− ξi)h(s)4s

 =

= − 1

H

 t∫
0

σ(s)

[
(σ(1)− t) +

m−2∑
i=1

ai(t− ξi)

]
h(s)4s

−

− 1

H

 ξ1∫
t

t

[
m−2∑
i=1

ai(σ(s)− ξi) + (σ(1)− σ(s))

]
h(s)4s

−
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− 1

H

m−2∑
i=2

ξi∫
ξi−1

t

(σ(1)− σ(s)) + m−2∑
j=i

aj(σ(s)− ξj)

h(s)4s
−

− 1

H

 σ(1)∫
ξm−2

t(σ(1)− σ(s))h(s)4s

 = −
σ(1)∫
0

G1(t, s)h(s)4s.

Suppose ξr−1 ≤ t ≤ ξr, 2 ≤ r ≤ m− 2, then the unique solution of (2.1) can be written as

u(t) = −

 ξ1∫
0

(σ(s)− t)h(s)4s+
r−1∑
j=2

ξj∫
ξj−1

(σ(s)− t)h(s)4s+
t∫

ξr−1

(σ(s)− t)h(s)4s

−

− t

H

 ξ1∫
0

(σ(1)− σ(s))h(s)4s+
r−1∑
j=2

ξj∫
ξj−1

(σ(1)− σ(s))h(s)4s +

+

t∫
ξr−1

(σ(1)− σ(s))h(s)4s+
ξr∫
t

(σ(1)− σ(s))h(s)4s +

+

m−2∑
j=r+1

ξj∫
ξj−1

(σ(1)− σ(s))h(s)4s+
σ(1)∫

ξm−2

(σ(1)− σ(s))h(s)4s

−

− t

H

m−2∑
j=1

aj

ξ1∫
0

(σ(s)− ξj)h(s)4s+
r−1∑
i=2

m−2∑
j=i

aj

ξi∫
ξi−1

(σ(s)− ξj)h(s)4s +

+

m−2∑
j=r

aj

t∫
ξr−1

(σ(s)− ξj)h(s)4s+
m−2∑
j=r

aj

ξr∫
t

(σ(s)− ξj)h(s)4s +

+
m−2∑
i=r+1

m−2∑
j=i

aj

ξi∫
ξi−1

(σ(s)− ξj)h(s)4s

 =

= − 1

H

ξ1∫
0

σ(s)

[
(σ(1)− t) +

m−2∑
i=1

ai(t− ξi)

]
h(s)4s−

− 1

H

r−1∑
i=2

ξi∫
ξi−1

σ(s)(σ(1)− t) + m−2∑
j=i

aj(t− ξj)σ(s) +
i−1∑
j=1

ajξj(t− σ(s))

h(s)4s−
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− 1

H

t∫
ξr−1

σ(s)(σ(1)− t) + m−2∑
j=r

aj(t− ξj)σ(s) +
r−1∑
j=1

ajξj(t− σ(s))

h(s)4s−

− 1

H

ξr∫
t

t

(σ(1)− σ(s)) + m−2∑
j=r

aj(σ(s)− ξj)

h(s)4s−

− 1

H

 m−2∑
i=r+1

ξi∫
ξi−1

t[(σ(1)− σ(s) +
m−2∑
j=i

aj(σ(s)− ξj)]h(s)4s

−

− 1

H

 σ(1)∫
ξm−2

t(σ(1)− σ(s))h(s)4s

 = −
σ(1)∫
0

G1(t, s)h(s)4s.

Suppose ξm−2 ≤ t ≤ σ(1), then the unique solution of (2.1) can be written as

u(t) = −

 ξ1∫
0

(σ(s)− t)h(s)4s+
m−2∑
j=2

ξj∫
ξj−1

(σ(s)− t)h(s)4s+
t∫

ξm−2

(σ(s)− t)h(s)4s

−

− t

H

 ξ1∫
0

(σ(1)− σ(s))h(s)4s+
m−2∑
j=2

ξj∫
ξj−1

(σ(1)− σ(s))h(s)4s +

+

t∫
ξm−2

(σ(1)− σ(s))h(s)4s+
σ(1)∫
t

(σ(1)− σ(s))h(s)4s

−

− t

H

m−2∑
i=1

ai

ξi∫
0

(σ(s)− ξi)h(s)4s =

= − 1

H

ξ1∫
0

σ(s)

(σ(1)− t) + m−2∑
j=1

aj(t− ξj)

h(s)4s−

− 1

H

m−2∑
i=2

ξi∫
ξi−1

σ(s)(σ(1)− t) + m−2∑
j=i

aj(t− ξj)σ(s) +
i−1∑
j=1

ajξj(t− σ(s))

h(s)4s−

− 1

H

t∫
ξm−2

σ(s)(σ(1)− t) + m−2∑
j=1

ajξj(t− σ(s))

h(s)4s−
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− 1

H

σ(1)∫
t

t(σ(1)− σ(s))h(s)4s = −
σ(1)∫
0

G1(t, s)h(s)4s.

Then the unique solution of (2.1) can be written as u(t) = −
∫ σ(1)

0
G1(t, s)h(s)4s, for t ∈

∈ [0, 1]T .

Lemma 2.1 is proved.

We observe that condition 0 <
∑m−2

i=1 aiξi < σ(1) implies G1(t, s) ≥ 0 for any (t, s) ∈
∈ [0, 1]T× ∈ [0, 1]T .

Similar to Lemma 2.1, we give the following lemma.

Lemma 2.2. If h(t) ∈ C[0, 1]T , we have the Green,s function of

u44(t) = h(t),
(2.5)

u(0) = 0, u(σ(1)) =
n−2∑
j=1

bju(ηj)

is

G2(t, s) =



s ∈ [0, η1] :
1

N


σ(s)

[
(σ(1)− t) +

n−2∑
j=1

bj(t− ηj)

]
, s ≤ t,

t

[
(σ(1)− σ(s)) +

n−2∑
j=1

bj(σ(s)− ηj)

]
, t ≤ s,

s ∈ [ηj−1, ηj ]
2 ≤ j ≤ n− 2

:
1

N



σ(s)(σ(1)− t) +
n−2∑
k=j

bk(t− ηk)σ(s)+

+
j−1∑
k=1

bkηk(t− σ(s)), s ≤ t,

t

[
(σ(1)− σ(s)) +

n−2∑
k=j

bk(σ(s)− ηk)

]
, t ≤ s,

s ∈ [ηn−2, σ(1)] :
1

N

 σ(s)(σ(1)− t) +
n−2∑
j=1

bjηj(t− σ(s)), s ≤ t,

t(σ(1)− σ(s)), t ≤ s,

(2.6)

where N is as in (1.3).
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Lemma 2.3. If u(t) ∈ C4[0, 1]T satisfies

u4444(t) ≥ 0, t ∈ [0, 1]T ,

u(0) ≥ 0, u(σ(1)) ≥
m−2∑
i=1

aiu(ξi), (2.7)

u44(0) ≤ 0, u44(σ(1)) ≤
n−2∑
j=1

bju
44(ηj),

then u(t) ≥ 0, u44(t) ≤ 0.

Proof. Let

u4444(t) = h(t),

u(0) = x0, u(σ(1))−
n−2∑
i=1

aiu(ξi) = x1, (2.8)

u44(0) = x2, u44(σ(1))−
n−2∑
j=1

bju
44(ηj) = x3,

where x0 ≥ 0, x1 ≥ 0, x2 ≤ 0, x3 ≤ 0 and h(t) ≥ 0.
Let u44(t) = w(t), then, from (2.8),

w44(t) = h(t),

w(0) = x2, w(σ(1))−
n−2∑
j=1

bjw(ηj) = x3.

We obtain by Lemma 2.1 that

w(t) = −
σ(1)∫
0

G2(t, s)h(s)4s+
∑n−2

j=1 bjt− t+ σ(1)−
∑n−2

j=1 bjηj

N
x2 +

x3
N
t

and (2.8) changes to

u44(t) = −
σ(1)∫
0

G2(t, s)h(s)4s+
∑n−2

j=1 bjt− t+ σ(1)−
∑n−2

j=1 bjηj

N
x2 +

x3
N
t,

u(0) = x0, u(σ(1))−
m−2∑
i=1

aiu(ξi) = x1.
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By Lemma 2.1, we obtain that

u(t) =

σ(1)∫
0

G1(t, ξ)

σ(1)∫
0

G2(t, s)h(s)4s4ξ −
σ(1)∫
0

G1(t, ξ)R(ξ)4ξ+

+

∑m−2
i=1 ait− t+ σ(1)−

∑m−2
i=1 aiξi

H
x0 +

x1
H
t,

where

R(t) =

∑n−2
j=1 bjt− t+ σ(1)−

∑n−2
j=1 bjηj

N
x2 +

x3
N
t.

On the other hand, the assumptions of the lemma implies thatR(t) < 0, G1(t, s), G2(t, s) ≥
≥ 0 for any (t, s) ∈ [0, 1]T × [0, 1]T . Thus, u(t) ≥ 0 and u44(t) ≤ 0.

Lemma 2.3 is proved.

3. Main result.

Theorem 3.1. Assume that ϕ(t) and ψ(t) are upper and lower solutions to BVP (1.1), (1.2),
respectively, and satisfy

ψ(t) ≤ ϕ(t) and ψ44(t) ≥ ϕ44(t), (3.1)

and that f : [0, 1]T ×R×R −→ R is continuous and satisfies

f(t, u1, v)− f(t, u2, v) ≤ 0, ψ(t) ≤ u1 ≤ u2 ≤ ϕ(t), v ∈ R, t ∈ [0, 1]T ,
(3.2)

f(t, u, v1)− f(t, u, v2) ≥ 0, ϕ44(t) ≤ v1 ≤ v2 ≤ ψ44(t), u ∈ R, t ∈ [0, 1]T .

Then, there exist two function sequences {ϕn(t)} and {ψn(t)} that converge uniformly to the
solutions of the BVP (1.1), (1.2).

Proof. We consider the operator S : C2[0, 1]T −→ C4[0, 1]T defined by

Su(t) =

σ(1)∫
0

G1(t, ξ)

σ(1)∫
0

G2(t, s)f(s, u(σ(s)), u
44(s))4s4ξ, (3.3)

where G1(t, s) and G2(t, s) are as in (2.2) and (2.6).
Now, we divide the proof into three steps.

Step 1. We show

SD ⊂ D, (3.4)

where

D = {h ∈ C2[0, 1]T | ψ(t) ≤ h(t) ≤ ϕ(t), ψ44(t) ≥ h44(t) ≥ ϕ44(t)}
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is a nonempty bounded closed subset in C2[0, 1]T .
In fact, for any u(t) ∈ D, set r(t) = Su(t), then

r4444(t) = f(t, u(σ(t)), u44(t)), t ∈ [0, 1]T ,

r(0) = 0, r(σ(1)) =
m−2∑
i=1

air(ξi),

r44(0) = 0, r44(σ(1)) =
n−2∑
j=1

bjr
44(ηj).

Let w(t) = ϕ(t)− r(t), from the definition of ϕ(t), ψ(t), D and condition (3.2) of the theorem,
we have

w4444(t) = (ϕ(t)− r(t))4444 ≥ f(t, ϕ(σ(t)), ϕ44(t))− f(t, u(σ(t)), u44(t)),

w(0) ≥ 0, w(σ(1)) ≥
m−2∑
i=1

aiw(ξi),

w44(0) ≤ 0, w44(σ(1)) ≤
n−2∑
j=1

bjw
44(ηj).

In virtue of Lemma 2.3, we can obtain that w(t) ≥ 0, and w44(t) ≤ 0, so r(t) ≤ ϕ(t) and
r44(t) ≥ ϕ44(t). Analogously we can prove that ψ(t) ≤ r(t), and r44(t) ≤ ψ44(t). Thus,
(3.4) holds.

Step 2. Let u1(t) = Sη1(t), u2(t) = Sη2(t), where η1(t), η2(t) ∈ D satisfy

ψ(t) ≤ η1(t) ≤ η2(t) ≤ ϕ(t) and ψ44(t) ≥ η441 (t) ≥ η442 (t) ≥ ϕ44(t),

we show

u1(t) ≤ u2(t), u1(t)
44 ≥ u442 (t). (3.5)

In fact, if we let u3(t) = u1(t)− u2(t), then

u44443 (t) = (u2 − u1)4444(t) = f(t, η2(σ(t)), η
44
2 (t))− f(t, η1(σ(t)), η441 (t)) ≥ 0,

u3(0) = 0, u3(σ(1)) =
m−2∑
i=1

aiu3(ξi),

u443 (0) = 0, u443 (σ(1)) =

n−2∑
j=1

bju
44
3 (ηj).

Using Lemma 2.3, we get that u1(t) ≤ u2(t) and u441 (t) ≥ u442 (t).
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Step 3. Now, we define the sequence {ϕn(t)} and {ψn(t)} by

ϕn(t) = Sϕn−1(t), ϕ0(t) = ϕ(t),

ψn(t) = Sψn−1(t), ψ0(t) = ψ(t).

From the properties of S, step 1 and step 2, we have that

ϕ(t) ≥ ϕ1(t) ≥ ϕ2(t) ≥ . . . ≥ ϕn(t) ≥ . . . ≥ ψ(t),

ϕ44(t) ≤ ϕ441 (t) ≤ ϕ442 (t) ≤ . . . ≤ ϕ44n (t) ≤ . . . ≤ ψ(t),
(3.6)

ψ(t) ≤ ψ1(t) ≤ ψ2(t) ≤ . . . ≤ ψn(t) ≤ . . . ≤ ϕ(t),

ψ44(t) ≥ ψ441 (t) ≥ ψ442 (t) ≥ . . . ≥ ψ44n (t) ≥ . . . ≥ ϕ44(t).

Moreover, from the definition of ϕn(t), we obtain

ϕ4444n (t) = f(t, ϕn−1(σ(t)), ϕ
44
n−1(t)), t ∈ [0, 1]T ,

ϕn(0) = 0, ϕn(σ(1)) =
m−2∑
i=1

aiϕn(ξi),

ϕ44n (0) = 0, ϕ44n (σ(1)) =
n−2∑
j=1

bjϕ
44
n (ηj).

Which together with the conditions (3.2) of the theorem imply that

f(t, ϕ(σ(t)), ϕ44(t)) ≥ . . . ≥ f(t, ϕn(σ(t)), ϕ
44
n (t)) ≥ . . . ≥ f(t, ψ(σ(t)), ψ44(t)),

f(t, ϕ(σ(t)), ϕ44(t)) ≥ . . . ≥ f(t, ψn(σ(t)), ψ
44
n (t)) ≥ f(t, ψ(σ(t)), ψ44(t)).

So we have

ϕ4444(t) ≥ ϕ44441 (t) ≥ ϕ44442 (t) ≥ . . . ≥ ϕ4444n (t) ≥ . . . ≥ ψ4444(t),
(3.7)

ψ4444(t) ≤ ψ44441 (t) ≤ ψ44442 (t) ≤ . . . ≤ ψ4444n (t) ≤ . . . ≤ ϕ4444(t).

Hence, from (3.6) and (3.7) we know there exists a constant M such that

|ϕn(t)| ≤ M, |ψn(t)| ≤ M, t ∈ [0, 1]T , n = 1, 2, . . . , n, . . . ,

|ϕ44n (t)| ≤ M, |ψ44n (t)| ≤ M, t ∈ [0, 1]T , n = 1, 2, . . . , n, . . . , (3.8)

|ϕ4444n (t)| ≤ M, |ψ4444n (t)| ≤ M, t ∈ [0, 1]T , n = 1, 2, . . . , n, . . . ,
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and thus

|ϕ444n (t)| = |(ϕ44n (t))4| =

∣∣∣∣∣∣∣
 1∫

0

G2(t, s)ϕ
4444
n (s)

4t

4s

∣∣∣∣∣∣∣ =

=

∣∣∣∣∣∣
 1∫

0

(G2(t, s))
4t4s

ϕ4444n (s)

∣∣∣∣∣∣ ≤ 2σ(1)2 −
∑n−2

j=1 bjηj

N
M, (3.9)

|ϕ4n (t)| = |(ϕn(t))4| =

∣∣∣∣∣∣∣
 1∫

0

G2(t, s)ϕ
44
n (s)

4t

4s

∣∣∣∣∣∣∣ =

=

∣∣∣∣∣∣
 1∫

0

(G1(t, s))
4t4s

ϕ444n (s)

∣∣∣∣∣∣ ≤ 2σ(1)2 −
∑m−2

i=1 aiξi
H

M. (3.10)

Hence, from (3.6), (3.7) and (3.9), (3.10), we know that {ϕn(t)} and {ψn(t)} are uniformly
bounded in C4[0, 1]T .

On the other hand, let

M1 = max

{
2σ(1)2 −

∑m−2
i=1 aiξi

H
M,

2σ(1)2 −
∑n−2

j=1 bjηj

N
M

}
.

Then, for any t1, t2 ∈ [0, 1]T ,

|ϕn(t1)− ϕn(t2)| ≤ M |t1 − t2|, |ψn(t1)− ψn(t2)| ≤ M |t1 − t2|,

|ϕ44n (t1)− ϕ44n (t2)| ≤ (M1 +M)|t1 − t2|,

|ψ44n (t1)− ψ44n (t2)| ≤ (M1 +M)|t1 − t2|.

So, {ϕn(t)}, {ψn(t)} and {ϕ44n (t)} and {ψ44n (t)} are equicontinuous. Thus, by applying the
Arzela – Ascoli theorem on time scales [4] and (3.6) and (3.7) we know that {ϕn(t)}, {ψn(t)}
converge uniformly to solutions of the BVP (1.1), (1.2).

4. Example. Let T =

{
1− 1

2

}N0

∪{1},whereN0 denotes the set of all nonnegative integers.

We consider the following fourth-order dynamic equation:

u4444(t) = 3u44(t) +

(
sinπt+

1

2

)2

, (4.1)
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with the boundary conditions

u(0) = 0, u(σ(1)) =
1

4
u

(
1

4

)
+

1

3
u

(
1

2

)
,

(4.2)

u44(0) = 0, u44(σ(1)) =
1

5
u44

(
1

2

)
+

1

6
u44

(
3

4

)
.

Here m = n = 4, ξ1 =
1

4
, ξ2 =

1

2
, a1 =

1

4
, a2 =

1

3
, η1 =

1

2
, η2 =

3

4
, b1 =

1

5
, b2 =

1

6
.

It is easily to prove that α(t) =

∫ t

0
(c− s)4s+ 2, c =

∫ σ(1)

0
τ4τ, β(t) = 0, are upper and

lower upper solutions of (4.1), (4.2), respectively, and that all assumptions of Theorem 3.1 are
fulfilled. So the BVP (4.1), (4.2) has at least a solution u(t) satisfying

0 ≤ u(t) ≤
t∫

0

(c− s)4s+ 2, −1 ≤ u44(t) ≤ 0.
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