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Variation formulas for solution are proved for a nonlinear differential equation with constant delays. In
this work, the essential novelty is an effect of delay perturbation in the variation formulas. The mixed ini-
tial condition means that at the initial moment, some coordinates of the trajectory do not coincide with the
corresponding coordinates of the initial function, whereas the others coincide.Variation formulas are used
in the proof of necessary optimality conditions.

Доведено варiацiйнi формули для нелiнiйних диференцiальних рiвнянь зi сталими запiзненнями.
Суттєвою новизною є ефект збурення в запiзненнi у варiацiйних формулах. Мiшана початко-
ва умова означає, що в початковий момент однi координати траєкторiї не збiгаються, а iншi
збiгаються з вiдповiдними координатами початкової функцiї. Варiацiйнi формули використо-
вуються в доведеннi необхiдних оптимальних умов.

1. Formulation of the main results. Let Rnx be the n-dimensional vector space of points x =
= (x1, . . . , xn)T , where T means transpose; P ⊂ Rkp and Z ⊂ Rmz be open sets and O =

= (P,Z)T = {x = (p, z)T ∈ Rnx : p ∈ P, z ∈ Z}, where k + m = n;Ef be the space
of functions f : J × O × P × Z → Rnx , satisfying the following conditions: for almost all
t ∈ J = [a, b] the function f(t, ·) : O × P × Z → Rnx is continuously differentiable; for any
(x, p, z) ∈ O × P × Z, the functions f(t, x, p, z), fx(·), fp(·), fz(·) are measurable on J ; for any
function f ∈ Ef and any compact set K ⊂ O there exists a function mf,K ∈ L(J, [0,∞)) such
that for any x ∈ K, (p, z)T ∈ K and for almost all t ∈ J we have

|f(t, x, p, z)|+ |fx(·)|+ |fp(·)|+ |fz(·)| ≤ mf,K(t).

Further, let 0 < τ1 < τ2, 0 < σ1 < σ2 be given numbers and Eϕ = Eϕ(J1, R
k
p) be the

space of continuous functions ϕ : J1 → Rkp , where J1 = [τ̂ , b], τ̂ = a − max{τ2, σ2}; let
Φ = {ϕ ∈ Eϕ : ϕ(t) ∈ P} and G = {g ∈ Eg = Eg(J1, R

m
z ) : g(t) ∈ Z} be sets of initial

functions.
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To any element µ = (t0, τ, σ, p0, ϕ, g, f) ∈ λ = (a, b)× (τ1, τ2)× (σ1, σ2)×P ×Φ×G×Ef ,
we assign the delay differential equation

ẋ(t) = (ṗ(t), ż(t))T = f(t, x(t), p(t− τ), z(t− σ)) (1.1)

with a mixed initial condition

x(t) = (ϕ(t), g(t))T , t ∈ [τ̂ , t0), x(t0) = (p0, g(t0))
T . (1.2)

The condition (1.2) is said to be a mixed initial condition; it consists of two parts. The first part
is p(t) = ϕ(t), t ∈ [τ̂ , t0), p(t0) = p0, the discontinuous part since in general p(t0) 6= ϕ(t0); the
second part is z(t) = g(t), t ∈ [τ̂ , t0], the continuous part since always z(t0) = g(t0).

Definition 1.1. Let µ= (t0, τ, σ, p0, ϕ, g, f) ∈ λ.A function x(t) = x(t;µ) = (p(t;µ), z(t;µ))T ∈
∈ O, t ∈ [τ̂ , t1], t1 ∈ (t0, b), is called a solution of Eq. (1.1) with the initial condition (1.2) or a
solution corresponding to the element µ and defined on the interval [τ̂ , t1] if it satisfies condition
(1.2) and is absolutely continuous on the interval [t0, t1] and satisfies Eq. (1.1) almost everywhere
on [t0, t1].

Let µ0 = (t00, τ0, σ0, p00, ϕ0, g0, f0) ∈ λ be a fixed element. In the space Eµ = R1
t0 × R

1
τ ×

×R1
σ ×Rkp × Eϕ × Eg × Ef we introduce the set of variations

V =

{
δµ = (δt0, δτ, δσ, δp0, δϕ, δg, δf) ∈ Eµ − µ0 : |δt0| ≤ α,

|δτ | ≤ α, |δσ| ≤ α, |δp0| ≤ α, δϕ =
ν∑
i=1

λiδϕi, δg =
ν∑
i=1

λiδgi,

δf =
ν∑
i=1

λiδfi, |λi| ≤ α, i = 1, ν

}
, (1.3)

where δϕi ∈ Eϕ − ϕ0, δgi ∈ Eg − g0, δfi ∈ Ef − f0, i = 1, ν, are fixed functions; α > 0 is a
fixed number.

Let x0(t) be a solution corresponding to the element µ0 and defined on the interval [τ̂ , t10],
with t10 < b. There exist numbers δ1 > 0 and ε1 > 0 such that for arbitrary (ε, δµ) ∈ [0, ε1] ×
×V, we have µ0 + εδµ ∈ λ. In addition, to this element, there is a corresponding solution
x(t;µ0 + εδµ) defined on the interval [τ̂ , t10 + δ1] ⊂ J1 (see Lemma 2.2).

Due to the uniqueness, the solution x(t;µ0) is a continuation of the solution x0(t) on the
interval [τ̂ , t10 + δ1]. Therefore, in the sequel the solution x0(t) is assumed to be defined on the
interval [τ̂ , t10 + δ1].

Let us define an increment of the solution x0(t) = x(t;µ0),

∆x(t) = (∆p(t),∆z(t))T = ∆x(t; εδµ) = x(t;µ0 + εδµ)− x0(t), (1.4)

(t, ε, δµ) ∈ [τ̂ , t10 + δ1]× [0, ε1]× V.
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Theorem 1.1. Let the following conditions hold:
1) t00 + τ0 < t10;
2) the functions ϕ0(t), g0(t), t ∈ J1, are absolutely continuous and ϕ̇0(t), ġ0(t) are bounded;

there exists a compact set K0 ⊂ O, containing a neighborhood of the set (ϕ0(J1), g0(J1))
T ∪

∪x0([t00, t10]), such that the function f0(t, x, p, z), t ∈ J, x ∈ K0, (p, z)
T ∈ K0 is bounded;

3) there exist the limits

lim
t→t00−

ġ0(t) = ġ−0 , lim
w→w0

f0(w) = f−0 , w ∈ (a, t00]×O × P × Z;

4) there exists the limit

lim
(w1,w2)→(w01,w02)

[f0(w1)− f0(w2)] = f−01, w1, w2 ∈ (a, t00 + τ0]×O × P × Z,

where w = (t, x, p, z), w0 = (t00, x00, ϕ0(t00 − τ0), g0(t00 − σ0)), x00 = (p00, g0(t00))
T , w01 =

= (t00 + τ0, x0(t00 + τ0), p00, z0(t00 + τ0 − σ0)), w02 = (t00 + τ0, x0(t00 + τ0), ϕ0(t00), z0(t00 +
+τ0 − σ0)).

Then there exist numbers ε2 ∈ (0, ε1] and δ2 ∈ (0, δ1] such that

∆x(t; εδµ) = εδx(t; δµ) + o(t; εδµ)1 (1.5)

for arbitrary (t, ε, δµ) ∈ [t10−δ2, t10 +δ2]× [0, ε2]×V −, where V − = {δµ ∈ V : δt0 ≤ 0, δτ ≤
≤ 0, δσ ≤ 0} and

δx(t; δµ) =
{
Y (t00; t)[(Θk×1, ġ

−
0 )T − f−0 ]− Y (t00 + τ0; t)f

−
01

}
δt0−

− Y (t00 + τ0; t)f
−
01δτ + β(t; δµ), (1.6)

β(t; δµ) = Y (t00; t)(δp0, δg(t00))
T −


t∫

t00

Y (ξ; t)f0p[ξ]ṗ0(ξ − τ0)dξ

 δτ−

−


t∫

t00

Y (ξ; t)f0z[ξ]ż0(ξ − σ0)dξ

 δσ+

t00∫
t00−τ0

Y (ξ + τ0; t)f0p[ξ + τ0]δϕ(ξ)dξ+

+

t00∫
t00−σ0

Y (ξ + σ0; t)f0z[ξ + σ0]δg(ξ)dξ +

t∫
t00

Y (ξ; t)δf [ξ]dξ; (1.7)

Θk×1 is the (k × 1)-zero matrix, Y (ξ; t) is an (n × n)-matrix function satisfying on the interval
[t00, t] the conditions

Yξ(ξ; t) = −Y (ξ; t)f0x[ξ]− (Y (ξ + τ0; t)f0p[ξ + τ0], Y (ξ + σ0; t)f0z[ξ + σ0]), (1.8)

1 Here and throughout the following, the symbolsO(t; εδµ), o(t; εδµ) stand for quantities (scalar or vector) that
have the corresponding order of smallness with respect to ε uniformly with respect to (t, δµ).
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and

Y (ξ; t) =

{
In×n for ξ = t,
Θn×n for ξ > t.

(1.9)

Here, In×n is the identity (n × n)-matrix, f0x =
∂

∂x
f0, f0x[ξ] = f0x(ξ, x0(ξ), p0(ξ − τ0),

z0(ξ − σ0)), δf [ξ] = δf(ξ, x0(ξ), p0(ξ − τ0), z0(ξ − σ0)); ṗ0(ξ − τ0) = ṗ0(s)|s=ξ−τ0 , where ṗ0(s)
denotes the derivative of the function p0(s) on the set [τ̂ , t00) ∪ (t00, t10 + δ2].

Some comments. The function δx(t; δµ) is called the variation of the solution x0(t) on the
interval [t10 − δ2, t10 + δ2], and expression (1.6) is called the variation formula.

c1) Theorem 1.1 corresponds to the case where the variations at the points t00, τ0, σ0 are
performed simultaneously on the left.

c2) The term

−

Y (t00 + τ0; t)f
−
01+

t∫
t00

Y (ξ; t)f0p[ξ]ṗ0(ξ − τ0)dξ

 δτ−


t∫

t00

Y (ξ; t)f0z[ξ]ż0(ξ − σ0)dξ

 δσ

is the effect of perturbations of the delays τ0 and σ0 (see (1.6) and (1.7)).
c3) The expression

Y (t00; t)(δp0, δg(t00))
T +

{
Y (t00; t)[(Θk×1, ġ

−
0 )T − f−0 ]− Y (t00 + τ0; t)f

−
01

}
δt0

is the effect of mixed initial condition (1.2) under perturbations of the initial moment t00, the
initial vector p00, and the function g0(t).

c4) The expression

t00∫
t00−τ0

Y (ξ + τ0; t)f0p[ξ + τ0]δϕ(ξ)dξ +

t00∫
t00−σ0

Y (ξ + σ0; t)f0z[ξ + σ0]δg(ξ)dξ+

+

t∫
t00

Y (ξ; t)δf [ξ]dξ

in formula (1.7) is the effect of perturbations of the initial functions ϕ0(t), g0(t) and the right-
hand side of the equation

ẋ(t) = f0(t, x(t), p(t− τ0), z(t− σ0)).

Theorem 1.2. Let the conditions 1 and 2 of Theorem 1.1 hold. Moreover,
5) there exist the limits

lim
t→t00+

ġ0(t) = ġ+0 , lim
w→w0

f0(w) = f+0 , w ∈ [t00, b)×O × P × Z,
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6) there exists the limit

lim
(w1,w2)→(w01,w02)

[f0(w1)− f0(w2)] = f+01, w1, w2 ∈ [t00 + τ0, b)×O × P × Z.

Then there exist numbers ε2 ∈ (0, ε1] and δ2 ∈ (0, δ1] such that for arbitrary (t, ε, δµ) ∈ [t10 −
−δ2, t10 + δ2] × [0, ε2] × V +, where V + = {δµ ∈ V : δt0 ≥ 0, δτ ≥ 0, δσ ≥ 0} formula (1.5)
holds, where

δx(t; δµ) =
{
Y (t00; t)[(Θk×1, ġ

+
0 )T − f+0 ]− Y (t00 + τ0; t)f

+
01

}
δt0−

− Y (t00 + τ0; t)f
+
01δτ + β(t; δµ). (1.10)

Theorem 1.2 corresponds to the case where the variations at the points t00, τ0, σ0 are per-
formed simultaneously on the right. Theorems 1.1 and 1.2 are proved by a method given in [1].
The following assertion is a corollary of Theorems 1.1 and 1.2.

Theorem 1.3. Let the conditions of Theorems 1.1 and 1.2 hold. Moreover, (Θk×1, ġ
−
0 )T−f−0 =

= (Θk×1, ġ
+
0 )T − f+0 =: f̂0, f

−
01 = f+01 =: f̂01. Then there exist numbers ε2 ∈ (0, ε1] and

δ2 ∈ (0, δ1] such that for arbitrary (t, ε, δµ) ∈ [t10− δ2, t10 + δ2]× [0, ε2]×V, formula (1.5) holds,
where δx(t; δµ) = {Y (t00; t)f̂0 − Y (t00 + τ0; t)f̂01}δt0 − Y (t00 + τ0; t)f̂01δτ + β(t; δµ).

Theorem 1.3 corresponds to the case where at the points t00, τ0, σ0, two-sided variations are
simultaneously performed. If t00 + τ0 > t10 then Theorems 1.1 – 1.3 also are valid. In this case
the number δ2 is so small that t00 + τ0 > t10 + δ2, therefore in the variation formulas we have
Y (t00 + τ0; t) = Θn×n, t ∈ [t10 − δ2, t10 + δ2]. If t00 + τ0 = t10 then Theorem 1.1 is valid on the
interval [t10, t10 + δ2] and Theorem 1.2 is valid on the interval [t10 − δ2, t10].

Finally, we note that variation formulas for solution of various classes of functional-diffe-
rential equations without perturbation of delay are given [1 – 8].

2. Some auxiliary statements. To each element µ = (t0, τ, σ, p0, ϕ, g, f) ∈ λ, we assign the
functional-differential equation

ẏ(t) = (u̇(t), v̇(t))T = f(t, y(t), h(t0, ϕ, u)(t− τ), h(t0, g, v)(t− σ)) =

= (Y1f(t, y(t), h(t0, ϕ, u)(t− τ), h(t0, g, v)(t− σ)),

Y2f(t, y(t), h(t0, ϕ, u)(t− τ), h(t0, g, v)(t− σ))T (2.1)

with the initial condition

y(t0) = (p0, g(t0))
T , (2.2)

where the operator h(t0, ϕ, u)(t) is defined by the formula

h(t0, ϕ, u)(t) =

{
ϕ(t), t ∈ [τ̂ , t0),
u(t), t ∈ [t0, b],

(2.3)

Y1 = (Ik×k,Θk×m)T , Y2 = (Θm×k, Im×m)T .
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Definition 2.1. Let µ = (t0, τ, σ, p0, ϕ, g, f) ∈ λ. An absolutely continuous function y(t) =
= y(t;µ) = (u(t;µ), v(t;µ))T ∈ O, t ∈ [r1, r2] ⊂ J, is called a solution of Eq. (2.1) with the initi-
al condition (2.2) or a solution corresponding to the element µ and defined on the interval [r1, r2],
if t0 ∈ [r1, r2], y(t0) = (p0, g(t0))

T and the function y(t) satisfies Eq.(2.1) almost everywhere on
[r1, r2].

Remark 2.1. Let y(t;µ), t ∈ [r1, r2], be a solution corresponding to the element µ = (t0, τ, σ,
p0, ϕ, g, f) ∈ λ. Then the function

x(t;µ) = (h(t0, ϕ, u(·;µ))(t), h(t0, g, v(·;µ))(t))T (2.4)

on the interval [τ̂ , r2] is a solution of equation (1.1) with the initial condition (1.2) (see Definition
1.1).

Lemma 2.1. Let y0(t) be a solution corresponding to the element µ0 = (t00, τ0, σ0, p00, ϕ0, g0,
f0) ∈ λ and defined on [r1, r2] ⊂ (a, b), K0 ⊂ O be a compact set containing a neighborhood
of the set (ϕ0(J1), g0(J1))

T ∪ y0([r1, r2]). Then there exist numbers ε1 > 0 and δ1 > 0 such
that, for any (ε, δµ) ∈ [0, ε1] × V, we have µ0 + εδµ ∈ λ. In addition, to this element there is a
corresponding solution y(t;µ0 + εδµ) defined on the interval [r1 − δ1, r2 + δ1] ⊂ J. Moreover,

(ϕ(t), g(t))T ∈ K0, t ∈ J1, y(t;µ0 + εδµ) ∈ K0, t ∈ [r1 − δ1, r2 + δ1],
(2.5)

lim
ε→0

y(t;µ0 + εδµ) = y(t;µ0) uniformly for (t, δµ) ∈ [r1 − δ1, r2 + δ1]× V.

This lemma is a result of Theorem 5.3 in [9, p. 111]. Here and in what follows we shall assume
that ϕ(t) = ϕ0(t) + εδϕ(t), g(t) = g0(t) + εδg(t).

Lemma 2.2. Let x0(t) be the solution corresponding to the element µ0 = (t00, τ0, σ0, p00, ϕ0, g0,
f0) ∈ λ and defined on [τ̂ , t10] (see Definition 1.1), K0 ⊂ O be a compact set containing a nei-
ghborhood of the set (ϕ0(J1), g0(J1))

T ∪ x0([t00, t10]). Then there exist numbers ε1 > 0 and
δ1 > 0 such that, for any (ε, δµ) ∈ [0, ε1] × V, we have µ0 + εδµ ∈ λ. In addition, to this
element, there is a corresponding solution x(t;µ0 +εδµ) defined on the interval [τ̂ , t10 +δ1] ⊂ J1.
Moreover,

x(t;µ0 + εδµ) ∈ K0, t ∈ [τ̂ , t10 + δ1]. (2.6)

It is easy to see that, if in Lemma 2.1 we put r1 = t00, r2 = t10, then x0(t) = y0(t),
t ∈ [t00, t10], x(t;µ0 +εδµ) = (h(t0, ϕ, u(·;µ0 +εδµ))(t), h(t0, g, v(·;µ0 +εδµ))(t))T , (t, ε, δµ) ∈
∈ [τ̂ , t10 + δ1]× [0, ε1]× V (see (2.4)). Thus, Lemma 2.2 is a simple corollary of Lemma 2.1.

Remark 2.2. Due to the uniqueness, the solution y(t;µ0), t ∈ [r1 − δ1, r2 + δ1], is a conti-
nuation of the solution y0(t). Therefore, we can assume that the solution y0(t) is defined on the
interval [r1 − δ1, r2 + δ1].

Lemma 2.1 allows one for (t, ε, δµ) ∈ [r1 − δ1, r2 + δ1]× [0, ε1]× V, to define the increment
of the solution y0(t) = y(t;µ0),

∆y(t) = (∆u(t),∆v(t))T = ∆y(t; εδµ) = y(t;µ0 + εδµ)− y0(t). (2.7)
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Uniformly with respect to (t, δµ) ∈ [r1 − δ1, r2 + δ1]× V we have

lim
ε→0

∆y(t; εδµ) = 0 (2.8)

(see Lemma 2.1).

Lemma 2.3. Let t00 + τ0 ≤ r2 and the conditions 2 and 3 of Theorem 1.1 hold. Then there
exist numbers ε2 ∈ (0, ε1] and δ2 ∈ (0, δ1] such that

max
t∈[t00,r2+δ2]

|∆y(t)| ≤ O(εδµ) (2.9)

for arbitrary (ε, δµ) ∈ [0, ε2]× V −. Moreover,

∆y(t00) = ε
{

(δp0, δg(t00))
T + [(Θk×1, ġ

−
0 )T − f−0 ]δt0

}
+ o(εδµ). (2.10)

Proof. Let a number ε
′
1 ∈ (0, ε1] be sufficiently small so that for arbitrary (t, ε, δµ) ∈

∈ [t0, t00]× (0, ε
′
1]× V − the following inequalities hold:

t− τ ≤ t0, t+ τ ≥ t00, t− σ ≤ t0, t+ σ ≥ t00. (2.11)

Here and in what follows we shall assume that t0 = t00 + εδt0, τ = τ0 + εδτ, σ = σ0 + εδσ.
If t00 + σ0 ≤ r2, then ε2 = ε

′
1 and δ2 = δ1; if t00 + σ0 > r2, then ε2 = ε

′′
1 and δ2 = δ

′
1,

where the numbers ε
′′
1 ∈ (0, ε

′
1], δ

′
1 ∈ (0, δ1] are so small that t + σ > r2 + δ2 for arbitrary

(t, ε, δµ) ∈ [t0, t00]× (0, ε2]× V −.
On the interval [t00, r2 + δ2], the function ∆y(t) = y(t)− y0(t) satisfies the equation

∆̇y(t) = f0(t, y0(t) + ∆y(t), h(t0, ϕ, u0 + ∆u)(t− τ), h(t0, g, v0 + ∆v)(t− σ))+

+ εδf(t, y0(t) + ∆y(t), h(t0, ϕ, u0 + ∆u)(t− τ), h(t0, g, v0 + ∆v)(t− σ))−

− f0(t, y0(t), h(t00, ϕ0, u0)(t− τ0), h(t00, g0, v0)(t− σ0)) =

= a(t; εδµ) + εb(t; εδµ), (2.12)

where

a(t; εδµ) = f0(t, y0(t) + ∆y(t), h(t0, ϕ, u0 + ∆u)(t− τ), h(t0, g, v0 + ∆v)(t− σ))−

− f0(t, y0(t), h(t00, ϕ0, u0)(t− τ0), h(t00, g0, v0)(t− σ0)), (2.13)

b(t; εδµ) = δf(t, y0(t) + ∆y(t), h(t0, ϕ, u0 + ∆u)(t− τ), h(t0, g, v0 + ∆v)(t− σ)). (2.14)

We rewrite Eq. (2.12) in the integral form,

∆y(t) = ∆y(t00) +

t∫
t00

[a(ξ; εδµ) + εb(ξ; εδµ)]dξ.
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Hence it follows that

|∆y(t)| ≤ |∆y(t00)|+ a1(t00, t; εδµ) + εb(εδµ), (2.15)

where

a1(t00, t; εδµ) =

t∫
t00

|a(ξ; εδµ)|dξ, b(εδµ) =

r2+δ2∫
t00

|b(ξ; εδµ)|dξ.

Let us prove formula (2.10). By Lemma 2.1 for ξ ∈ [t00, r2 + δ2] we have y0(ξ) + ∆y(ξ) ∈ K0,
moreover there exist compact sets K01 ⊂ P and K02 ⊂ Z such that (K01,K02)

T ⊂ K0 and

h(t0, ϕ, u0 + ∆u)(ξ − τ) ∈ K01, h(t0, g, v0 + ∆v)(ξ − σ) ∈ K02, ξ ∈ [t00, r2 + δ2].

Therefore,

|b(ξ; εδµ)| ≤ α

ν∑
i=1

mδfi,K0(ξ), ξ ∈ [t00, r2 + δ2] (2.16)

(see (1.3) and (2.14)). For ε ∈ (0, ε2] we get

∆y(t00) = y(t00)− y0(t00) = y(t0) +

t00∫
t0

ẏ(ξ)dξ − y0(t00) =

=

t00∫
t0

f0(ξ, y0(ξ) + ∆y(ξ), ϕ(ξ − τ), g(ξ − σ))dξ + o(εδµ)− y0(t00) (2.17)

(see (2.11), (2.3) and (2.16)). Further, y(t0) − y0(t00) = (p00 + εδp0, g0(t0) + εδg(t0))
T −

−(p00, g0(t00))
T = (εδp0, g0(t0) + εδg(t0)− g0(t00))T . Since

g0(t0)− g0(t00) = εġ−0 δt0 +

t0∫
t00

[ġ0(ξ)− ġ−0 ]dξ = εġ−0 δt0 + o(εδµ)

and limε→0 δg(t0) = δg(t00) uniformly with respect to δµ ∈ V − (see (1.3)), it follows that
g0(t0) − g0(t00) + εδg(t0) = εġ−0 δt0 + o(εδµ) + εδg(t00) + ε[δg(t0) − δg(t00)] = ε[ġ−0 δt0 +
+δg(t00)] + o(εδµ). Thus,

y(t0)− y0(t00) = ε
[
(δp0, δg(t00))

T + (Θk×1, ġ
−
0 )T δt0

]
+ o(εδµ). (2.18)

Taking into account y0(t00) = x0(t00) = x00 and condition (2.8), for ξ ∈ [t0, t00] we have
limε→0(ξ, y0(ξ) + ∆y(ξ), ϕ(ξ − τ), g(ξ − σ)) = limξ→t00−(ξ, y0(ξ), ϕ0(ξ − τ0), g0(ξ − σ0)) =
= (t00, y0(t00), ϕ0(t00 − τ0), g0(t00 − σ0)) = w0. Consequently, limε→0 supt∈[t0,t00] |f0(ξ, y0(ξ) +
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+∆y(ξ), ϕ(ξ− τ), g(ξ− σ))− f−0 | = limw→w0 |f0(w)− f−0 | = 0, w ∈ (a, t00]×O×P ×Z. This
relation implies that

t00∫
t0

f0(ξ, y0(ξ) + ∆y(ξ), ϕ(ξ − τ), g(ξ − σ))dξ = −εf−0 δt0 + o(εδµ). (2.19)

From (2.17), by virtue of (2.18) and (2.19) we obtain (2.10). Now let us prove inequality (2.9).
First of all, we note that for any f ∈ Ef , there exists a function Lf,K0 ∈ L(J, (0,∞)) such that

|f(t, x1, p1, z1)− f(t, x2, p2, z2)| ≤ Lf,K0(t)(|x1 − x2|+ |p1 − p2|+ |z1 − z2|)

for almost all t ∈ J and for any xi ∈ K0, (pi, zi)
T ∈ K0, i = 1, 2 (see Lemma 3.1 in [1, p. 35]).

For t ∈ [t00, t0 + τ ], we have

a1(t00, t; εδµ) ≤
t∫

t00

Lf0,K0(ξ)|∆y(ξ)|dξ + a2(t00, t; εδµ) + a3(t00, t; εδµ), (2.20)

where

a2(t00, t; εδµ) =

t∫
t00

Lf0,K0(ξ)|h(t0, ϕ, u0 + ∆u)(ξ − τ)− h(t00, ϕ0, u0)(ξ − τ0)|dξ,

a3(t00, t; εδµ) =

t∫
t00

Lf0,K0(ξ)|h(t0, g, v0 + ∆v)(ξ − σ)− h(t00, g0, v0)(ξ − σ0)|dξ

(see (2.13)).
If ξ ∈ [t00, t0+τ ] ⊂ [t00, t00+τ0], then ξ−τ ≤ t0 and ξ−τ0 ≤ t00, therefore for a2(t00, t; εδµ)

we obtain

a2(t00, t; εδµ) ≤ O(εδµ) +

b∫
t00

Lf0,K0(ξ)|ϕ0(ξ − τ)− ϕ0(ξ − τ0)|dξ.

From boundedness of the function ϕ̇0(t), t ∈ J1, it follows that

|ϕ0(ξ − τ)− ϕ0(ξ − τ0)| =

ξ−τ∫
ξ−τ0

|ϕ̇0(s)|ds ≤ O(εδµ). (2.21)

Thus, for t ∈ [t00, t0 + τ ] we get

a2(t00, t; εδµ) ≤ O(εδµ). (2.22)
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Now we estimate a3(t00, t; εδµ) on the whole interval [t00, r2 + δ2].
Let t00 + σ0 > r2 then for t ∈ [t00, r2 + δ2] we obtain

a3(t00, t; εδµ) ≤ O(εδµ) +

b∫
t00

Lf0,K0(ξ)|g0(ξ − σ)− g0(ξ − σ0)|dξ. (2.23)

From boundedness of the function ġ0(t), t ∈ J1, it follows that

|g0(ξ − σ)− g0(ξ − σ0)| =

ξ−σ∫
ξ−σ0

|ġ0(s)|ds ≤ O(εδµ). (2.24)

Consequently, in this case we have

a3(t00, t; εδµ) ≤ O(εδµ) ∀(t, ε, δµ) ∈ [t00, r2 + δ2]× (0, ε2]× V −. (2.25)

Let t00 + σ0 ≤ r2. If ξ ∈ [t00, t0 + σ], then ξ − σ ≤ t0 and ξ − σ0 ≤ t00, therefore we
have (2.23). On the basis of (2.24) we conclude that the estimate (2.25) is valid on the interval
[t00, t0 + σ].

Let t ∈ [t0 + σ, t00 + σ0], then

a3(t00, t; εδµ) ≤ a3(t00, t0 + σ; εδµ) +

t00+σ0∫
t0+σ

Lf0,K0(ξ)|v(ξ − σ)− g0(ξ − σ)|dξ+

+

t00+σ0∫
t0+σ

Lf0,K0(ξ)|g0(ξ − σ)− g0(ξ − σ0)|dξ ≤ O(εδµ)+

+

t00+σ0−σ∫
t0

Lf0,K0(ξ)|v(ξ)− g0(ξ)|dξ

(see (2.24)). Taking into account boundedness of the functions f0(t, x, p, z), (t, x) ∈ J × K0,
(p, z)T ∈ K0 and ġ0(t), t ∈ J1, for ξ ∈ [t0, t00 + σ0 − σ] we have

|v(ξ)− g0(ξ)| =

∣∣∣∣∣g(t0) +

ξ∫
t0

Y2

[
f0(s, y0(s) + ∆y(s), h(t0, ϕ, u0 + ∆u)(s− τ),

h(t0, g, v0 + ∆v)(s− σ)) + εb(s; εδµ)
]
ds− g0(ξ)

∣∣∣∣∣ ≤ O(εδµ) (2.26)

(see (2.5) and (2.16)). Consequently, for t ∈ [t00, t00 + σ0] the condition (2.25) holds. If ξ ∈
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∈ [t00 + σ0, r2 + δ2], then ξ − σ ≥ t00 and ξ − σ0 ≥ t00, therefore for t ∈ [t00 + σ0, r2 + δ2] we
get

a3(t00, t; εδµ) = a3(t00, t00 + σ0; εδµ) +

t−σ∫
t00+σ0−σ

Lf0,K0(ξ + σ)|∆v(ξ)|dξ+

+

t∫
t00+σ0

Lf0,K0(ξ)|v0(ξ − σ)− v0(ξ − σ0)|dξ ≤ O(εδµ)+

+

t∫
t00

χ(ξ + σ)Lf0,K0(ξ + σ)|∆v(ξ)|dξ+

+

r2+δ2∫
t00+σ0

Lf0,K0(ξ)|v0(ξ − σ)− v0(ξ − σ0)|dξ, (2.27)

where χ(ξ) is the characteristic function of the interval J. Further,

|v0(ξ − σ)− v0(ξ − σ0)| ≤ |Y2|
ξ−σ∫

ξ−σ0

|f0(s, y0(s), h(t00, ϕ0, u0)(s− τ0), h(t00, g0, v0)(s− σ0))|ds ≤

≤ O(εδµ).

From (2.27) it follows that

a3(t00, t; εδµ) ≤ O(εδµ) +

t∫
t00

χ(ξ + σ)Lf0,K0(ξ + σ)|∆v(ξ)|dξ ≤ O(εδµ)+

+

t∫
t00

χ(ξ + σ)Lf0,K0(ξ + σ)|∆y(ξ)|dξ, t ∈ [t00, r2 + δ2]. (2.28)

Thus, for t ∈ [t00, t0 + τ ] we have

a1(t00, t; εδµ) ≤ O(εδµ) +

t∫
t00

[Lf0,K0(ξ) + χ(ξ + σ)Lf0,K0(ξ + σ)]|∆y(ξ)| dξ (2.29)

(see (2.20), (2.22), (2.28)). Now we continue estimation of the expression a1(t00, t; εδµ) on the
interval [t0 + τ, t00 + τ0]. If t ∈ [t0 + τ, t00 + τ0], then a1(t00, t; εδµ) = a1(t00, t0 + τ ; εδµ) +
+a1(t0 + τ, t; εδµ). By condition 2 of Theorem 1.1, the function |a(ξ; εδµ)| is bounded, i.e., for
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t ∈ [t0 + τ, t00 + τ0], a1(t0 + τ, t; εδµ) ≤ O(ε; δµ). Therefore, the condition (2.29) is valid on the
whole interval t ∈ [t00, t00 + τ0]. Let t ∈ [t00 + τ0, r2 + δ2], then

a1(t00, t; εδµ) = a1(t00, t00 + τ0; εδµ) + a1(t00 + τ0, t; εδµ).

It is clear that

a1(t00 + τ0, t; εδµ) ≤
t∫

t00+τ0

Lf0,K0(ξ)|∆y(ξ)|dξ + a2(t00 + τ0, t; εδµ) + a3(t00 + τ0, t; εδµ) ≤

≤
t∫

t00

Lf0,K0(ξ)|∆y(ξ)|dξ + a2(t00 + τ0, t; εδµ) + a3(t00, t; εδµ) ≤ O(εδµ)+

+

t∫
t00

[Lf0,K0(ξ) + χ(ξ + σ)Lf0,K0(ξ + σ)]|∆y(ξ)|dξ + a2(t00 + τ0, t; εδµ).

For ξ ∈ [t00 + τ0, r2 + δ2] we get ξ − τ ≥ t0, ξ − τ0 ≥ t00. Thus,

a2(t00 + τ0, t; εδµ) =

t∫
t00+τ0

Lf0,K0(ξ)|u0(ξ − τ) + ∆u(ξ − τ)− u0(ξ − τ0)|dξ ≤

≤
t−τ∫

t00+τ0−τ

Lf0,K0(ξ + τ)|∆u(ξ)|dξ+

+

t∫
t00+τ0

Lf0,K0(ξ)|u0(ξ − τ)− u0(ξ − τ0)|dξ ≤

≤
t∫

t00

χ(ξ + τ)Lf0,K0(ξ + τ)|∆u(ξ)|dξ+

+

r2+δ2∫
t00+τ0

Lf0,K0(ξ)|u0(ξ − τ)− u0(ξ − τ0)|dξ. (2.30)

Further,

|u0(ξ − τ)− u0(ξ − τ0)| ≤ |Y1|
ξ−τ∫

ξ−τ0

|f0(s, y0(s), h(t00, ϕ0, u0)(s− τ0),

h(t00, g0, v0)(s− σ0))|ds ≤ O(εδµ).

ISSN 1562-3076. Нелiнiйнi коливання, 2014, т . 17, N◦ 4



VARIATION FORMULAS FOR SOLUTION OF DELAY DIFFERENTIAL EQUATIONS . . . 515

Consequently, from (2.30) it follows that

a2(t00 + τ0, t; εδµ) ≤ O(εδµ) +

t∫
t00

χ(ξ + τ)Lf0,K0(ξ + τ)|∆y(ξ)|dξ

and on the interval [t00 + τ0, r2 + δ2] we have

a1(t00, t; εδµ)≤O(εδµ) +

t∫
t00

[Lf0,K0(ξ) + χ(ξ + σ)Lf0,K0(ξ + σ) + Lf0,K0(ξ + τ)]|∆y(ξ)|dξ.

It is clear that

εb(εδµ) ≤ O(εδµ) (2.31)

(see (2.16)). According to (2.10), (2.31) and estimates of the expression a1(t00, t; εδµ) (see
(2.29)) inequality (2.15) implies

|∆y(t)| ≤O(εδµ) +

t∫
t00

[Lf0,K0(ξ) + χ(ξ + σ)Lf0,K0(ξ + σ) + χ(ξ + τ)Lf0,K0(ξ + τ)]|∆y(ξ)|dξ.

By the Gronwall lemma, (2.9) follows.
Lemma 2.3 is proved.
Let r1 = t00 and r2 = t10 in Lemma 2.1, then

x0(t) =

{
(ϕ0(t), g0(t))

T , t ∈ [τ̂ , t00),
y0(t), t ∈ [t00, t10],

and for arbitrary (ε, δµ) ∈ [0, ε1]× V −

x(t;µ0 + εδµ) =

{
(ϕ(t), g(t))T , t ∈ [τ̂ , t0),
y(t;µ0 + εδµ), t ∈ [t0, t10 + δ1],

(see (2.4)). We note that δµ ∈ V −, i.e., t0 ≤ t00, therefore we obtain

∆x(t) =


ε(δϕ(t), δg(t))T for t ∈ [τ̂ , t0),
y(t;µ0 + εδµ)− (ϕ0(t), g0(t)

T for t ∈ [t0, t00),
∆y(t) for t ∈ [t00, t10 + δ1].

Thus,

∆p(t) =


εδϕ(t) for t ∈ [τ̂ , t0),
u(t;µ0 + εδµ)− ϕ0(t) for t ∈ [t0, t00),
∆u(t) for t ∈ [t00, t10 + δ1],

ISSN 1562-3076. Нелiнiйнi коливання, 2014, т . 17, N◦ 4



516 T. TADUMADZE

∆z(t) =


εδg(t) for t ∈ [τ̂ , t0),
v(t;µ0 + εδµ)− g0(t) for t ∈ [t0, t00),
∆v(t) for t ∈ [t00, t10 + δ1],

(see (1.4) and (2.7)). Here we assume that [t00, t00) = ∅. By Lemma 2.3 we get

|∆x(t)| ≤ O(εδµ) ∀(t, ε, δµ) ∈ [t00, t10 + δ2]× [0, ε2]× V −, (2.32)

∆x(t00) = ε
{

(δp0, δg(t00))
T + [(Θk×1, ġ

−
0 )T − f−0 ]δt0

}
+ o(εδµ). (2.33)

According to (2.32) and relation (2.26) we conclude that

|∆p(t)| ≤ O(εδµ) ∀(t, ε, δµ) ∈ [t00, t10 + δ2]× [0, ε2]× V −, (2.34)

|∆z(t)| ≤ O(εδµ) ∀(t, ε, δµ) ∈ [τ̂ , t10 + δ2]× [0, ε2]× V −. (2.35)

The functions ∆p(t) and ∆z(t) satisfy, respectively, the equations

∆̇p(t) = Y1[θ(t; εδµ) + εϑ(t; εδµ)] (2.36)

and

∆̇z(t) = Y2[θ(t; εδµ)εϑ(t; εδµ)], (2.37)

where

θ(t; εδµ) = f0(t, x0(t) + ∆x(t), p0(t− τ) + δp(t− τ), z0(t− σ) + ∆z(t− σ))− f0[t],
(2.38)

f0[t] = f0(t, x0(t), p0(t− τ0), z0(t− σ0)),

ϑ(t; εδµ) = δf(t, x0(t) + ∆x(t), p0(t− τ) + ∆p(t− τ), z0(t− σ) + ∆z(t− σ)). (2.39)

Lemma 2.4. Let the conditions of Theorem 1.1 hold. Then

α1(εδµ) =

t10+δ2∫
t00+τ0

ζ(t) [|∆p(t− τ)−∆p(t− τ0)|] dt ≤ o(εδµ), (2.40)

α2(εδµ) =

t10+δ2∫
t00

ζ(t) [|∆z(t− σ)−∆z(t− σ0)|] dt ≤ o(εδµ), (2.41)

for arbitrary (ε, δµ) ∈ (0, ε2]× V −, where ζ ∈ L(J, [0,∞)) and the numbers ε2 and δ2 are as in
Lemma 2.3.

ISSN 1562-3076. Нелiнiйнi коливання, 2014, т . 17, N◦ 4



VARIATION FORMULAS FOR SOLUTION OF DELAY DIFFERENTIAL EQUATIONS . . . 517

Proof. It is obvious that t− τ ≥ t00 and t− τ0 ≥ t00 for t ∈ [t00 + τ0, t10 + δ2]. Therefore,

α1(εδµ) ≤
t10+δ2∫
t00+τ0

ζ(t)

 t−τ∫
t−τ0

|∆̇p(ξ)|dξ

 dt ≤

≤ |Y1|
t10+δ2∫
t00+τ0

ζ(t)

 t−τ∫
t−τ0

|θ(ξ; εδµ)|dξ + ε

t−τ∫
t−τ0

|ϑ(ξ; εδµ)|dξ

 dt ≤

≤ |Y1|α11(t00 + τ0, t10 + δ2; εδµ) + εα|Y1|
t10+δ2∫
t00+τ0

ζ(t)

 ν∑
i=1

t−τ∫
t−τ0

mδfi,K0(ξ)dξ

 dt ≤
≤ |Y1|α11(t00 + τ0, t10 + δ2; εδµ) + o(εδµ) (2.42)

(see (2.36), (2.39) and (1.3)), here

α11(t
′
, t
′′
; εδµ) =

t
′′∫

t′

ζ(t)

 t−τ∫
t−τ0

|θ(ξ; εδµ)|dξ

 dt.
a) Let t00 + 2τ0 ≤ t10 and ε2 ∈ (0, ε1] be so small that t0 + 2τ > t00 + τ0 ∀(ε, δµ) ∈

∈ (0, ε2)× V −, then we have α11(t00 + τ0, t10 + δ2; εδµ) = α11(t00 + τ0, t0 + 2τ ; εδµ) +α11(t0 +
+2τ, t00 + 2τ0; εδµ) + α11(t00 + 2τ0, t10 + δ2; εδµ). The function θ(ξ; εδµ) is bounded, therefore
α11(t0 + 2τ, t00 + 2τ0; εδµ) ≤ o(εδµ). It is not difficult to see that

α11(t00 + τ0, t10 + δ2; εδµ) ≤ o(εδµ) + α12(t00 + τ0, t0 + 2τ ; εδµ)+

+ α12(t00 + 2τ0, t10 + δ2; εδµ), (2.43)

where

α12(t
′
, t
′′
; εδµ) =

t
′′∫

t′

ζ(t)α13(t; εδµ)dt,

α13(t; εδµ) =

t−τ∫
t−τ0

Lf0,K0(ξ)
{
|∆x(ξ)|+ |p0(ξ − τ)− p0(ξ − τ0)|+ |∆p(ξ − τ)|+

+ |z0(ξ − σ)− z0(ξ − σ0)|+ |∆z(ξ − σ)|
}
dξ.

If t ∈ [t00 + τ0, t0 + 2τ ] and ξ ∈ [t− τ0, t− τ ], then

ξ ≥ t00, ξ − τ ≤ t0, ξ − τ0 ≤ t0. (2.44)
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Therefore,

|∆x(ξ)| ≤ O(εδµ), |p0(ξ − τ)− p0(ξ − τ0)| = |ϕ0(ξ − τ)− ϕ0(ξ − τ0)| ≤ O(εδµ),
(2.45)

|∆p(ξ − τ)| = ε|δϕ(ξ − τ)|

(see (2.35) and (2.21)). On the other hand,

|z0(ξ − σ)− z0(ξ − σ0)| ≤
ξ−σ∫

ξ−σ0

|ż0(s)|ds ≤ O(εδµ), |∆z(ξ − σ)| ≤ O(εδµ) (2.46)

(see (2.35) and condition 2 of Theorem 1.1). Further, if t ∈ [t00+2τ0, t10+δ2] and ξ ∈ [t−τ0, t−τ ]
then

ξ ≥ t00 + τ0, ξ − τ ≥ t00, ξ − τ0 ≥ t00. (2.47)

Therefore,

|p0(ξ − τ)− p0(ξ − τ0)| ≤
ξ−τ∫

ξ−τ0

|ṗ0(s)|ds ≤ O(εδµ), |∆p(ξ − τ)| ≤ O(εδµ). (2.48)

On the basis of last relations for t ∈ [t00 + τ0, t00 + 2τ ] ∪ [t00 + 2τ0, t10 + δ2] we get

α13(t; εδµ) ≤ o(t; εδµ). (2.49)

Thus, α12(t00 + τ0, t0 + 2τ ; εδµ) + α12(t00 + 2τ0, t10 + δ2; εδµ) ≤ o(εδµ), i.e.,

α11(t00 + τ0, t10 + δ2; εδµ) ≤ o(εδµ) (2.50)

(see (2.43)). According to (2.50) from (2.42) it follows that (2.40) holds.
a1) Let t00 + 2τ0 > t10 and the numbers ε2 and δ2 be so small that t00 + 2τ > t10 + δ2. In

a similar way we obtain that α11(t00 + τ0, t10 + δ2; εδµ) ≤ o(εδµ) + α12(t00 + τ0, t10 + δ2; εδµ)
(see (2.42), (2.43)). If t ∈ [t00 + τ0, t10 + δ2] and ξ ∈ [t − τ0, t − τ ], then the conditions (2.44)
and (2.49) hold, i.e., α12(t00 + τ0, t10 + δ2; εδµ) ≤ o(εδµ). Thus, the inequality (2.50) is valid.
The first part of the lemma is proved. Now we prove inequality (2.41).

b) Let t00 + σ0 > t10 and the number ε2 be so small that t0 + σ > t10 + δ2. In this case if
t ∈ [t00, t10 + δ2] then t− σ ≤ t0 and t− σ0 ≤ t0. Therefore,

α2(εδµ) = ε

t10+δ2∫
t00

ζ(t) [|δg(t− σ)− δg(t− σ0)|] dt ≤ o(εδµ).

b1) Let t00 + σ0 = t10, then we have

α2(εδµ) = α21(t00, t0 + σ; εδµ) + α21(t0 + σ, t00 + σ0; εδµ)+

+ α21(t00 + σ0, t10 + δ2; εδµ), (2.51)
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where

α21(t
′
, t
′′
; εδµ) =

t
′′∫

t′

ζ(t) [|∆z(t− σ)−∆z(t− σ0)|] dt.

It is obvious that

α21(t00, t0 + σ; εδµ) = ε

t0+σ∫
t00

ζ(t) [|δg(t− σ)− δg(t− σ0)|] dt ≤ o(εδµ), (2.52)

therefore

α21(t0 + σ, t00 + σ0; εδµ) ≤ o(εδµ) (2.53)

(see (1.3), (2.35)). Further,

α21(t00 + σ0, t10 + δ2; εδµ) ≤
t10+δ2∫
t00+σ0

ζ(t)

 t−σ∫
t−σ0

|∆̇z(ξ)|dξ

 dt ≤
≤ |Y2|α22(t00 + σ0, t10 + δ2; εδµ)+

+ εα|Y2|
t10+δ2∫
t00+σ0

ζ(t)

 ν∑
i=1

t−σ∫
t−σ0

mδfi,K0(ξ)dξ

 dt ≤
≤ |Y2|α22(t00 + σ0, t10 + δ2; εδµ) + o(εδµ)

(see (2.37)), where

α22(t
′
, t
′′
; εδµ) =

t
′′∫

t′

ζ(t)α23(t; εδµ)dt,

α23(t; εδµ) =

t−σ∫
t−σ0

Lf0,K0(ξ) {|∆x(ξ)|+ |p0(ξ − τ)− p0(ξ − τ0)|+ |∆p(ξ − τ)| +

+|z0(ξ − σ)− z0(ξ − σ0)|+ |∆z(ξ − σ)|} dξ.

Let the numbers ε2 and δ2 be so small that t0 + τ + σ > t10 + δ2, then for t ∈ [t00 + σ0, t10 + δ2]
the conditions (2.44) are satisfied, therefore α23(t; εδµ) ≤ o(t; εδµ) for t ∈ [t00 + σ0, t10 + δ2]
(see (2.45) and (2.46)), i.e., α22(t00 + σ0, t10 + δ2; εδµ) ≤ o(εδµ). Thus,

α21(t00 + σ0, t10 + δ2; εδµ) ≤ o(εδµ). (2.54)
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According to (2.52), (2.53) and (2.54) from (2.51) it follows that (2.41) holds.
b2) Let t00 + σ0 < t10. In this case we have the relation (2.51). Moreover, the conditions

(2.52) and (2.53) hold. Further,

α21(t00 + σ0, t10 + δ2; εδµ) ≤
t10+δ2∫
t00+σ0

ζ(t)

 t−σ∫
t−σ0

|∆̇z(ξ)|dξ

 dt ≤
≤ |Y2|α̂22(t00 + σ0, t10 + δ2; εδµ)+

+ εα|Y2|
t10+δ2∫
t00+σ0

ζ(t)

 ν∑
i=1

t−σ∫
t−σ0

mδfi,K0(ξ)dξ

 dt ≤
≤ |Y2|α̂22(t00 + σ0, t10 + δ2; εδµ) + o(εδµ),

where

α̂22(t
′
, t
′′
; εδµ) =

t
′′∫

t′

ζ(t)α̂23(t; εδµ)dt, α̂23(t; εδµ)dt =

t−σ∫
t−σ0

|θ(ξ; εδµ)|dξ.

We assume that t00 + τ0 + σ0 ≤ t10 and ε2 ∈ (0, ε1) is so small that t0 + τ + σ > t00 + σ0
∀(ε, δµ) ∈ (0, ε2) × V −, then we have α̂22(t00 + σ0, t10 + δ2; εδµ) = α̂22(t00 + σ0, t0 + τ +
+σ; εδµ) + α̂22(t00 + τ + σ, t0 + τ0 + σ0; εδµ) + α̂22(t00 + τ0 + σ0, t10 + δ2; εδµ). Taking into
account boundedness of |θ(ξ; εδµ)| we get α̂22(t00 + τ + σ, t0 + τ0 + σ0; εδµ) ≤ o(εδµ).

It is not difficult to see that α̂22(t00 + σ0, t10 + δ2; εδµ) ≤ o(εδµ) + α22(t00 + σ0, t0 + τ +
+σ; εδµ) + α22(t00 + τ0 + σ0, t10 + δ2; εδµ) (see item b1)). If t ∈ [t00 + σ0, t0 + τ + σ] and
ξ ∈ [t− σ0, t− σ], then the relations (2.44), (2.45) and (2.46) hold. If t ∈ [t00 + τ0 + σ0, t10 + δ2]
and ξ ∈ [t− σ0, t− σ], then the relations (2.47) and (2.48) hold.

Thus, α23(t; εδµ) ≤ o(t, εδµ) for t ∈ [t00 + σ0, t0 + τ + σ] ∪ [t00 + τ0 + σ0, t0 + δ2], i.e.,
α22(t00 +σ0, t0 +τ +σ; εδµ)+α22(t00 +τ0 +σ0, t10 +δ2; εδµ) ≤ o(εδµ), therefore (2.54) is valid.
The inequality (2.41) is proved. Let t00 + τ0 + σ0 > t10 and the numbers ε2, δ2 be so small that
t0 + τ + σ > t10 + δ2. In this case, if t ∈ [t00 + σ0, t10 + δ2] and ξ ∈ [t− σ0, t− σ], then (2.44) is
valid, therefore the inequality (2.54) holds.

Lemma 2.4 is proved.
The following assertion can be proved by analogy with Lemma 2.3.

Lemma 2.5. Let t00 + τ0 ≤ r2 and the condition 2 of Theorem 1.1 and the condition 5 of
Theorem 1.2 hold.Then there exist numbers ε2 ∈ (0, ε1) and δ2 ∈ (0, δ1) such that

max
t∈[t0,r2+δ2]

|∆y(t)| ≤ O(εδµ)

for arbitrary (ε, δµ) ∈ [0, ε2]× V +. Moreover,

∆y(t0) = ε
{

(δp0, δg(t00))
T + [(Θk×1, ġ

+
0 )T − f+0 ]δt0

}
+ o(εδµ).
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It is not difficult to see that for arbitrary (ε, δµ) ∈ (0, ε1)× V + we have

∆x(t) =


ε(δϕ(t), δg(t))T for t ∈ [τ̂ , t00),
(ϕ(t), g(t))T − y0(t) for t ∈ [t00, t0),
∆y(t) for t ∈ [t00, t10 + δ1].

Thus,

∆p(t) =


εδϕ(t) for t ∈ [τ̂ , t00),
ϕ(t)− u0(t) for t ∈ [t00, t0),
∆u(t) for t ∈ [t0, t10 + δ1],

∆z(t) =


εδg(t) for t ∈ [τ̂ , t00),
g0(t)− v0(t) for t ∈ [t00, t0),
∆v(t) for t ∈ [t0, t10 + δ1].

By Lemma 2.5 we obtain

|∆x(t)| ≤ O(εδµ) ∀(t, ε, δµ) ∈ [t00, t10 + δ2]× [0, ε2]× V +, (2.55)

∆x(t0) = ε
{

(δp0, δg(t00))
T + [(Θk×1, ġ

+
0 )T − f+0 ]δt0

}
+ o(εδµ). (2.56)

According to (2.55) and relation (2.26) we get

|∆p(t)| ≤ O(εδµ) ∀(t, ε, δµ) ∈ [t0, t10 + δ2]× [0, ε2]× V +, (2.57)

|∆z(t)| ≤ O(εδµ) ∀(t, ε, δµ) ∈ [τ̂ , t10 + δ2]× [0, ε2]× V +. (2.58)

Lemma 2.6. Let the conditions 1 and 2 of Theorem 1.1 hold. Then

t10+δ2∫
t0+τ

ζ(t) [|∆p(t− τ)−∆p(t− τ0)|] dt ≤ o(εδµ),

t10+δ2∫
t0

ζ(t) [|∆z(t− σ)−∆z(t− σ0)|] dt ≤ o(εδµ),

for arbitrary (ε, δµ) ∈ (0, ε2)× V +.

This lemma is proved analogously to Lemma 2.4.

3. Proof of Theorem 1.1. The function ∆x(t) satisfies the equation

∆̇x(t) = θ(t; εδµ) + εϑ(t; εδµ) = f0x[t]∆x(t) + f0p[t]∆p(t− τ0) + f0z[t]∆z(t− σ0)+

+ εδf [t] +
2∑
i=1

ri(t; εδµ) (3.1)
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on the interval [t00, t10 + δ2], where

r1(t; εδµ) = θ(t; εδµ)− f0x[t]∆x(t)− f0p[t]∆p(t− τ0)− f0z[t]∆z(t− σ0), (3.2)

r2(t; εδµ) = ε[ϑ(t; εδµ)− δf [t]]. (3.3)

By using the Cauchy formula [1, p. 21], one can represent the solution of Eq. (3.1) in the form

∆x(t) = Y (t00; t)∆x(t00) + ε

t∫
t00

Y (ξ; t)δf [ξ]dξ+

+
2∑
i=0

[R0i(t; t00, εδµ) +R1i(t; t00, εδµ)], t ∈ [t00, t10 + δ2], (3.4)

where

R01(t; t00, εδµ) =

t00∫
t00−τ0

Y (ξ + τ0; t)f0p[ξ + τ0]∆p(ξ)dξ,

R02(t; t00, εδµ) =

t00∫
t00−σ0

Y (ξ + σ0; t)f0z[ξ + σ0]∆z(ξ)dξ,

R1i(t; t00, εδµ) =

t∫
t00

Y (ξ; t)ri(ξ; εδµ)dξ, i = 1, 2,

and Y (ξ; t) is the matrix function satisfying Eq. (1.8) and condition (1.9). The function Y (ξ; t) is
continuous on the set Π = {(ξ, t) : a ≤ ξ ≤ t, t ∈ J} by Lemma 2.1.7 in [1, p. 22]. Therefore,

Y (t00; t)∆x(t00) = εY (t00; t)
{

(δp0, δg(t00))
T + [(Θk×1, ġ

−
0 )T − f−0 ]δt0

}
+ o(t; εδµ) (3.5)
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(see (2.33)). For R0i(t; t00, εδµ), i = 1, 2, we have

R01(t; t00, εδµ) = ε

t0∫
t00−τ0

Y (ξ + τ0; t)f0p[ξ + τ0]δϕ(ξ)dξ+

+

t00∫
t0

Y (ξ + τ0; t)f0p[ξ + τ0]∆p(ξ)dξ =

= ε

t00∫
t00−τ0

Y (ξ + τ0; t)f0p[ξ + τ0]δϕ(ξ)dξ+

+

t00∫
t0

Y (ξ + τ0; t)f0p[ξ + τ0]∆p(ξ)dξ + o(t; εδµ), (3.6)

where

o(t; εδµ) = −ε
t00∫
t0

Y (ξ + τ0; t)f0p[ξ + τ0]δϕ(ξ)dξ.

Further,

R02(t; t00, εδµ) = ε

t0∫
t00−σ0

Y (ξ + σ0; t)f0z[ξ + σ0]δg(ξ)dξ +

t00∫
t0

Y (ξ + σ0; t)f0z[ξ + σ0]∆z(ξ)dξ =

= ε

t00∫
t00−σ0

Y (ξ + σ0; t)f0z[ξ + σ0]δg(ξ)dξ + o(t; εδµ) (3.7)

(see (2.35)). Let the number δ2 ∈ (0, δ1) be, in addition (see Lemma 2.3), so small that t00+τ0 <
< t10 − δ2. Obviously, for t ∈ [t10 − δ2, t10 + δ2] we have

R11(t; t00, εδµ) =

3∑
i=1

R2i(t; εδµ), (3.8)

where

R21(t; εδµ) =

t0+τ∫
t00

r11(ξ; t, εδµ)dξ, R22(t; εδµ) =

t00+τ0∫
t0+τ

r11(ξ; t, εδµ)dξ,

R23(t; εδµ) =

t∫
t00+τ0

r11(ξ; t, εδµ)dξ, r11(ξ; t, εδµ) = Y (ξ; t)r1(ξ; εδµ).
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We introduce the notations:

f0[ξ; s, εδµ] = f0

(
ξ, x0(ξ) + s∆x(ξ), p0(ξ − τ0) + s(p0(ξ − τ)− p0(ξ − τ0) + ∆p(ξ − τ)),

z0(ξ − σ0) + s(z0(ξ − σ)− z0(ξ − σ0) + ∆z(ξ − σ))
)
,

ν(ξ; s, εδµ) = f0x[ξ; s, εδµ]− f0x[ξ],

ρ(ξ; s, εδµ) = f0p[ξ; s, εδµ]− f0p[ξ], ς(ξ; s, εδµ) = f0z[ξ; s, εδµ]− f0z[ξ],

ν1(ξ; εδµ) =

1∫
0

ν(ξ; s, εδµ)ds, ρ1(ξ; εδµ) =

1∫
0

ρ(ξ; s, εδµ)ds, ς1(ξ; εδµ) =

1∫
0

ς(ξ; s, εδµ)ds.

It is easy to see that

θ(ξ; εδµ) =

1∫
0

d

ds
f0[ξ; s, εδµ]ds=

1∫
0

{
f0x[ξ; s, εδµ]∆x(ξ) + f0p[ξ; s, εδµ](p0(ξ − τ)−

− p0(ξ − τ0)+∆p(ξ − τ))+f0z[ξ; s, εδµ](z0(ξ − σ)− z0(ξ − σ0)+∆z(ξ − σ))
}
ds=

= ν1(ξ; εδµ)∆x(ξ) + ρ1(ξ; εδµ)(p0(ξ − τ)− p0(ξ − τ0) + ∆p(ξ − τ))+

+ ς1(ξ; εδµ)(z0(ξ − σ)− z0(ξ − σ0) + ∆z(ξ − σ)) + f0x[ξ]∆x(ξ)+

+ f0p[ξ](p0(ξ − τ)− p0(ξ − τ0) + ∆p(ξ − τ)) + f0z[ξ](z0(ξ − σ)−

− z0(ξ − σ0) + ∆z(ξ − σ)).

By using the last relation, we have

R21(t; εδµ) =
7∑
i=1

R3i(t; εδµ),

where

R31 =

t0+τ∫
t00

Y (ξ; t)ν1(ξ; εδµ)∆x(ξ)dξ,

R32 =

t0+τ∫
t00

Y (ξ; t)ρ1(ξ; εδµ)(p0(ξ − τ)− p0(ξ − τ0) + ∆p(ξ − τ))dξ,

R33 =

t0+τ∫
t00

Y (ξ; t)f0p[ξ](∆p(ξ − τ)−∆p(ξ − τ0))dξ,
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R34 =

t0+τ∫
t00

Y (ξ; t)f0p[ξ](p0(ξ − τ)− p0(ξ − τ0))dξ,

R35 =

t0+τ∫
t00

Y (ξ; t)ς1(ξ; εδµ)(z0(ξ − σ)− z0(ξ − σ0) + ∆z(ξ − σ))dξ,

R36 =

t0+τ∫
t00

Y (ξ; t)f0z[ξ](z0(ξ − σ)− z0(ξ − σ0))dξ,

R37 =

t0+τ∫
t00

Y (ξ; t)f0z[ξ](∆z(ξ − σ)−∆z(ξ − σ0))dξ

(see (3.2)). For ξ ∈ [t00, t0 + τ ] we get

∆p(ξ − τ)−∆p(ξ − τ0) = ε[δϕ(ξ − τ)− δϕ(ξ − τ0)],
(3.9)

p0(ξ − τ)− p0(ξ − τ0) = ϕ0(ξ − τ)− ϕ0(ξ − τ0).

The function ϕ0(t) is absolutely continuous, therefore for each fixed Lebesgue point ξ ∈
∈ (t00, t00 + τ0) of the function ϕ̇0(ξ − τ0) we obtain

ϕ0(ξ − τ)− ϕ0(ξ − τ0) =

ξ−εδτ∫
ξ

ϕ̇0(s− τ0)ds=−εϕ̇0(ξ − τ0)δτ + γ(ξ; εδµ) + γ(ξ; εδµ) (3.10)

with

lim
ε→0

γ(ξ; εδµ)

ε
= 0 uniformly for δµ ∈ V −. (3.11)

Thus, (3.10) is valid for almost all points of the interval (t00, t00 + τ0). From (3.10) taking into
that account boundedness of the function ϕ̇0(ξ) it follows that

|ϕ0(ξ − τ)− ϕ0(ξ − τ0)| ≤ O(εδµ) and
∣∣∣∣γ(ξ; εδµ)

ε

∣∣∣∣ ≤ const. (3.12)

According to (2.32), (3.9), (3.10), (3.12) for the expressions R3i, i = 1, 4, we have

|R31| ≤‖ Y ‖ O(εδµ)ν2(εδµ), |R32| ≤‖ Y ‖ O(εδµ)ρ2(εδµ), |R33| ≤ o(εδµ),

R34 = γ̂(t; εδµ)− ε

 t0+τ∫
t00

Y (ξ; t)f0p[ξ]ϕ̇0(ξ − τ0)dξ

 δτ,
ISSN 1562-3076. Нелiнiйнi коливання, 2014, т . 17, N◦ 4



526 T. TADUMADZE

where

ν2(εδµ) =

b∫
t00

[ 1∫
0

|f0x(ξ, x0(ξ) + s∆x(ξ), ϕ0(ξ − τ0) + s(ϕ0(ξ − τ)− ϕ0(ξ − τ0)+

+ εδϕ(ξ − τ)), z0(ξ − σ0) + s(z0(ξ − σ)− z0(ξ − σ0) + ∆z(ξ − σ)))−

− f0x(ξ, x0(ξ), ϕ0(ξ − τ0), z0(ξ − σ0))|ds

]
dξ,

ρ2(εδµ) =

b∫
t00

[ 1∫
0

|f0p(ξ, x0(ξ) + s∆x(ξ), ϕ0(ξ − τ0) + s(ϕ0(ξ − τ)− ϕ0(ξ − τ0)+

+ εδϕ(ξ − τ)), z0(ξ − σ0) + s(z0(ξ − σ)− z0(ξ − σ0) + ∆z(ξ − σ)))−

− f0p(ξ, x0(ξ), ϕ0(ξ − τ0), z0(ξ − σ0))|ds

]
dξ,

‖Y ‖ = sup{|Y (ξ; t)| : (ξ, t) ∈ Π}, γ̂(t; εδµ) =

t0+τ∫
t00

Y (ξ; t)f0p[ξ]γ(ξ; εδµ)dξ.

Obviously, ∣∣∣∣ γ̂(t; εδµ)

ε

∣∣∣∣ ≤ ‖Y ‖
t00+τ0∫
t00

|f0p[ξ]|
∣∣∣∣γ(ξ; εδµ)

ε

∣∣∣∣ dξ.
By the Lebesgue convergence theorem, we have

lim
ε→0

ς2(εδµ) = 0, lim
ε→0

ρ2(εδµ) = 0, lim
ε→0

∣∣∣∣ γ̂(t; εδµ)

ε

∣∣∣∣ = 0

uniformly for (t, δµ) ∈ [t10 − δ2, t10 + δ2]× V − (see (2.33), (2.35), (3.11), (3.12)). Thus,

R3i(t; εδµ) = o(t; εδµ), i = 1, 3, (3.13)

and

R34(t; εδµ) = −ε

 t0+τ∫
t00

Y (ξ; t)f0p[ξ]ϕ̇0(ξ − τ0)dξ

 δτ + o(t; εδµ).

It is clear that

ε

 t00+τ0∫
t0+τ

Y (ξ; t)f0p[ξ]ϕ̇0(ξ − τ0)dξ

 δτ = o(t; εδµ),
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ṗ0(ξ − τ0) = ϕ̇0(ξ − τ0), ξ ∈ [t00, t00 + τ0],

therefore,

R34(t; εδµ) = −ε

 t00+τ0∫
t00

Y (ξ; t)f0p[ξ]ṗ0(ξ − τ0)dξ

 δτ + o(t; εδµ). (3.14)

The function z0(ξ), ξ ∈ [t00, t10 + δ2], is absolutely continuous, therefore for each fixed
Lebesgue point ξ ∈ (t00, t10 + δ2) of the function ż0(ξ − τ0) we obtain

z0(ξ − σ)− z0(ξ − σ0) =

ξ−εδσ∫
ξ

ż0(s− σ0)ds = −εż0(ξ − σ0)δσ + γ1(ξ; εδµ) (3.15)

with

lim
ε→0

γ1(ξ; εδµ)

ε
= 0 uniformly for δµ ∈ V −

and ∣∣∣∣γ1(ξ; εδµ)

ε

∣∣∣∣ ≤ const ∀ξ ∈ (t00, r2 + δ2).

Thus, for R3i, i = 5, 6, we get

|R35| ≤ ‖Y ‖O(εδµ)ς2(εδµ), R36 = γ̂1(t; εδµ)− ε

 t0+τ∫
t00

Y (ξ; t)f0z[ξ]ż0(ξ − σ0)dξ

 δσ
(see (2.35), (3.15)), where

ς2(εδµ) =

b∫
t00

[ 1∫
0

|f0z(ξ, x0(ξ) + s∆x(ξ), ϕ0(ξ − τ0) + s(ϕ0(ξ − τ)− ϕ0(ξ − τ0)+

+ εδϕ(ξ − τ)), z0(ξ − σ0) + s(z0(ξ − σ)− z0(ξ − σ0) + ∆z(ξ − σ)))−

− f0z(ξ, x0(ξ), ϕ0(ξ − τ0), z0(ξ − σ0))|ds

]
dξ,

γ̂1(t; εδµ) =

t00+τ∫
t00

Y (ξ; t)f0z[ξ]γ1(ξ; εδµ)dξ.

It is clear that

lim
ε→0

ς2(εδµ) = 0, lim
ε→0

∣∣∣∣ γ̂1(t; εδµ)

ε

∣∣∣∣ = 0

ISSN 1562-3076. Нелiнiйнi коливання, 2014, т . 17, N◦ 4



528 T. TADUMADZE

and

ε

 t00+τ0∫
t0+τ

Y (ξ; t)f0z[ξ]ż0(ξ − σ0)dξ

 δσ = o(t; εδµ).

Consequently,

|R35| ≤ o(εδµ), R36 = −ε

 t00+τ0∫
t00

Y (ξ; t)f0z[ξ]ż0(ξ − σ0)dξ

 δσ + o(t; εδµ). (3.16)

Moreover,

|R37| ≤ o(εδµ) (3.17)

(see (2.41)). Thus,

R21(t; εδµ) = −ε

 t00+τ0∫
t00

Y (ξ; t)f0p[ξ]ṗ0(ξ − τ0)dξ

 δτ−

− ε

 t00+τ0∫
t00

Y (ξ; t)f0z[ξ]ż0(ξ − σ0)dξ

 δσ + o(t; εδµ) (3.18)

(see (3.13), (3.14), (3.16), (3.17)). Now let us transform R22(t; εδµ). We have

R22(t; εδµ) =

4∑
i=1

R4i(t; εδµ),

where

R41(t; εδµ) =

t00+τ0∫
t0+τ

Y (ξ; t)θ(ξ; εδµ)dξ,

R42(t; εδµ) = −
t00+τ0∫
t0+τ

Y (ξ; t)f0x[ξ]∆x(ξ)dξ,

R43(t; εδµ) = −
t00+τ0∫
t0+τ

Y (ξ; t)f0p[ξ]∆p(ξ − τ0)dξ,

R44(t; εδµ) = −
t00+τ0∫
t0+τ

Y (ξ; t)f0z[ξ]∆z(ξ − σ0)dξ.
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If ξ ∈ [t0 + τ, t00 + τ0], we get

p0(ξ − τ) + ∆p(ξ − τ) = u(ξ − τ ; εδµ) = u0(ξ − τ) + ∆u(ξ − τ ; εδµ)

and
p0(ξ − τ0) = ϕ0(ξ − τ0).

Therefore,

lim
ε→0

(ξ, x0(ξ) + ∆x(ξ), p0(ξ − τ) + ∆p(ξ − τ), z0(ξ − σ) + ∆z(ξ − σ)) =

= lim
ξ→t00+τ0−

(ξ, x0(ξ), u0(ξ − τ0), z0(ξ − σ0)) = w01,

lim
ε→0

(ξ, x0(ξ), p0(ξ − τ0), z0(ξ − σ0)) = lim
ξ→t00+τ0−

(ξ, x0(ξ)ϕ0(ξ − τ0), z0(ξ − σ0)) = w02.

On the basis of the last relations we obtain

lim
ε→0

sup
ξ∈[t0+τ,t00+τ0]

|θ(ξ; εδµ)− f−01| = 0

(see the condition 4)). The function Y (ξ; t) is continuous on the set [t00, t00+τ0]× [t10−δ2, t10+
+δ2] ⊂ Π. Thus, R41(t; εδµ) = −εY (t00 + τ0; t)f

−
01(δt0 + δτ) + o(t; εδµ). Further, if ξ ∈

∈ [t0 + τ, t0 + τ0], then ∆p(ξ − τ0) = εδϕ(ξ − τ0), therefore

R43(t; εδµ) = −ε
t0+τ0∫
t0+τ

Y (ξ; t)f0p[ξ]δϕ(ξ − τ0)dξ −
t00+τ0∫
t0+τ0

Y (ξ; t)f0p[ξ],

∆p(ξ − τ0)dξ = −
t00∫
t0

Y (ξ + τ0; t)f0p[ξ + τ0]∆p(ξ)dξ + o(t; εδµ).

Moreover, we note that |R42(t; εδµ)| ≤ o(t; εδµ), |R44(t; εδµ)| ≤ o(t; εδµ) (see (2.32), (2.35)).
Consequently, we have

R22(t; εδµ) = −εY (t00 + τ0; t)f
−
01(δt0 + δτ)−

+

t00∫
t0

Y (ξ + τ0; t)f0p[ξ + τ0]∆p(ξ)dξ + o(t; εδµ). (3.19)

By similar transformations (see the proof of formula (3.18)), on the basis of (2.40) and (2.41),
one can prove

R23(t; εδµ) = −ε

 t∫
t00+τ0

Y (ξ; t)f0p[ξ]ṗ0(ξ − τ0)dξ

 δτ−

− ε

 t∫
t00+τ0

Y (ξ; t)f0z[ξ]ż0(ξ − σ0)dξ

 δσ + o(t; εδµ). (3.20)
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Taking into consideration (3.18) – (3.20), from (3.8) we obtain

R11(t; t00, εδµ) = −ε

{[ t∫
t00+τ0

Y (ξ; t)f0p[ξ]ṗ0(ξ − τ0)dξ

]
δτ+

+ ε

[ t∫
t00+τ0

Y (ξ; t)f0z[ξ]ż0(ξ − σ0)dξ

]
δσ + εY (t00 + τ0; t)f

−
01(δt0 + δτ)

}
−

−
t00∫
t0

Y (ξ + τ0; t)f0p[ξ + τ0]∆p(ξ)dξ + o(t; εδµ). (3.21)

For the R12(t; t00, εδµ) we have

|R12(t; t00, εδµ)| ≤ εα
ν∑
i=1

[
wi(t00, t00+τ ; εδµ)+wi(t00+τ, t00+τ0; εδµ)+wi(t00+τ0, t10+δ2; εδµ)

]
,

where

wi(t
′
, t
′′
; εδµ) =

t
′′∫

t′

Lδfi,K0(t)
{
|∆x(t)|+ |p0(t− τ)− p0(t− τ0)|+

+ |∆p(t− τ)|+ |z0(t− σ)− z0(t− σ0)|+ |∆z(t− σ)|
}
dt

(see (3.3)). Owing to (2.32) – (2.35), (2.45) and (2.46) we get

wi(t00, t00 + τ ; εδµ)| ≤ O(εδµ), wi(t00 + τ0, t10 + δ2; εδµ) ≤ O(εδµ).

On the other hand, εwi(t00 + τ, t00 + τ0; εδµ) ≤ o(εδµ). Consequently,

|R12(t; t00, εδµ)| ≤ o(εδµ). (3.22)

From (3.4) according to (3.5) – (3.7), (3.21) and (3.22) we obtain the desired formula (1.5), where
δx(t; δµ) has the form (1.6).

4. Proof of Theorem 1.2. The function ∆x(t) on the interval [t0, t10 + δ2] satisfies Eq. (3.1)
and therefore it can be represented by the Cauchy formula

∆x(t) = Y (t0; t)∆x(t0) + ε

t∫
t0

Y (ξ; t)δf [ξ]dξ+

+
2∑
i=0

[R0i(t; t0, εδµ) +R1i(t; t0, εδµ)], t ∈ [t0, t10 + δ2]. (4.1)
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The matrix function Y (ξ; t) is continuous on the set [t00, t00 + τ0]× [t10 − δ2, t10 + δ2] ⊂ Π,
therefore

Y (t0; t)∆x(t0) = εY (t00; t)
{

(δp0, δg(t00))
T + [(Θk×1, ġ

+
0 )T − f+0 ]δt0

}
+ o(t; εδµ) (4.2)

(see (2.56)).
Let a number ε2 ∈ (0, ε1) be sufficiently small so that for any (ε, δµ) ∈ [0, ε2]× V +

t0 − τ0 ≤ t00, t0 − σ0 ≤ t00.

Now let us transform R0i(t; t0, εδµ), i = 1, 2. We have

R01(t; t0, εδµ) = ε

t00∫
t00−τ0

Y (ξ + τ0; t)f0p[ξ + τ0]δϕ(ξ)dξ+

+

t0∫
t00

Y (ξ + τ0; t)f0p[ξ + τ0]∆p(ξ)dξ + o(t; εδµ), (4.3)

R02(t; t0, εδµ) = ε

t00∫
t00−σ0

Y (ξ + σ0; t)f0z[ξ + σ0]δg(ξ)dξ + o(t;ϕδµ). (4.4)

In a similar way (see the proof of Theorem 1.1), on the basis of (2.55), (2.57) and (2.58), one
can prove that

R11(t; t0, εδµ) =−ε

{[ t∫
t00+τ0

Y (ξ; t)f0p[ξ]ṗ0(ξ − τ0)dξ

]
δτ+

+

[ t∫
t00+τ0

Y (ξ; t)f0z[ξ]ż0(ξ − σ0)dξ

]
δσ + Y (t00 + τ0; t)f

+
01(δt0 + δτ)

}
−

−
t0∫

t00

Y (ξ + τ0; t)f0p[ξ + τ0]∆p(ξ)dξ + o(t; εδµ),

(4.5)
|R12(t; t00, εδµ)| ≤ o(εδµ).

Finally, we note that

ε

t∫
t0

Y (ξ; t)δf [ξ]dξ = ε

t∫
t00

Y (ξ; t)δf [ξ]dξ + o(t; εδµ). (4.6)
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From (4.1) according to (4.2) – (4.6) we obtain the desired formula (1.5), where δx(t; δµ) has
the form (1.10).
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