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PARTIAL SOLUTIONS OF A SYSTEM OF EULER EQUATIONS
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We consider equations of hydrodynamics with certain additional constraints. Group-theoretical methods
are applied to find invariant solutions.

PosrisHyTo piBHSHHS TiIpOIMHAMIKA 3 TIEBHUMU JOJATKOBUMM 3B’ s13Kamu. JIJIsT 3HaXOMKeHHs iXHiX iH-
BapiaHTHUX PO3B’SI3KiB BUKOPUCTAHO TEOPETHUKO-T'PYIIOBI METOMIM.

Introduction. The past century in mathematical physics was marked with a large number of
research papers on particular solutions to nonlinear differential equations. Besides the fact that
exact solutions are almost always interesting themselves, they also have a valuable practical
application to verification of various numerical methods of solving of nonlinear differential
equations.

There are many examples of explicitly solved problems of fluid mechanics in the literature. All
known solutions and multiparametric families of new particular solutions appear to be obtainable
by means of group-theoretical methods [1 —8]. Moreover, these methods are useful for finding
particular solutions of nonlinear differential equations that satisfy certain prescribed initial or
boundary conditions.

In the present paper we look for invariant solutions of a system of Euler equations that satisfy
the Rankine — Hugoniot conditions.

1. Formulation of the problem. To describe the motion of nonviscous compressible liquid
we use the system of equations

Dtuk<t7 .%') + p_lvkp(t7 l') = 07

' )
Dtp(t?x) + pViu (ta :l:) =0,

where t € R, z € R", n = 1,...,3, u*(t,z) stands for the k-th component of the medium’s

velocity k£ = 1,...,n, p is the pressure, p is the liquid density, and D; = 5 + uFV}, is the

total derivative with respect to time with Vj, = T Repeating indices mean summation, unless
Tk

otherwise noted.
The main thermodynamical characteristics of the medium p, p and T are expected to be
related by an expression

p=2(p,T), 2)
where @ is a smooth (piecewise smooth) function. We also assume that the process described
by system (1), (2) is either isothermal (7" = const) or homothermal (vyT =0, kK = 1,...,n).
Therefore T does not depend on spatial coordinates and state equation (2) reads as
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PARTIAL SOLUTIONS OF A SYSTEM OF EULER EQUATIONS 131

p:F(p,t), (3)

with another function F.
In order to represent system (1) in a convenient for the following analysis form we introduce
the notations

b 0wy’ * oy, oxy’
where k=1,...,n, pn=0,...,n, and xg = t. Using these notations we represent system (1) in
the form
ulg + ué‘?uj +p pp =0, po + ujpj + pug =0. @

Substituting (3) into the first equation (4) we obtain
ulg + ujué? + p_lepk =0, ®))
po + ujpj + pug =0, (6)
oF
dp
For the symmetry analysis of system (5), (6) we use the infinitesimal Sophus Lie method. Its
brief description is following. Let

where F, =

F'(z,u,uqy) =0, v=1,...,N, (7)

be a system of first order differential equations, where = = (z1,...,x,), u = (ul, . ,um) , and
uy = Du.
We consider a one-parameter local group G of transformations

2 = f(z,usa) = 0: f|,_, ==,

v = g(z,u;a) =0: g‘a:O =u

®)

in the space R"*™ of the variables (z,u). Transformations (8) induce a one-parameter group of
transformations in the space of the variables w ),

U(l)/ = V(z,u,uqy;a) =0: \Il|a:0 = u(y), &)
where ¥ (z,u,u(); a) is a function which can be determined once we know f and g. As a result
we have a one-parameter group G|y of transformations in the space R™*" ™™ of the variables
(z,u,u(). Transformations (9) are referred to as the prolongation of transformations (8), and
the group G|y is the first prolongation of G [1, Chapter 2.3].

Definition 1. System of equations (7) is said to be invariant with respect to group G of
point transformations (8) if the manifold determined by equations (7) in the space R ™+Tmm jg
invariant with respect to the first prolongation Gy of group G.

Let

- 0 0
X = §J(x7u) 87 + na(xau) 8?7
J

where
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] af(wa U,G)
j =
5 (x? u) 8@ azo?
a _ 99(z,u,a)
Pl =

The operator X is said to be the infinitesimal operator of the one-parameter group G'! of
transformations, and functions &’/ and n® are its coordinates. The first prolongation of the group
G' corresponds to an infinitesimal operator of the form

o O
Xy =X+¢ ECR

where

on” pu On® a¢ B a¢l
e ut — —ud [ = +u = ]. 1
G ox; b OQut J (6@- Ui 9up (10)

One of the prominent results in the group theory of continuous transformations is the fact that
the invariance criterion for a differential equation with respect to group G! is stated in terms of
the correspondent infinitesimal symmetry operator, cf. [2].

Proposition 1. System of equations (7) is invariant with respect to group G* if and only if

X(l)F”(x,u,u(l))‘F:():O, v=1,...,N. (11)

Condition (11) is equivalent to a system of first order linear differential equations in z, v and
u(y) named the system of determining equations.

Thus the problem of finding the maximal local group of point transformations that are
admissible for system (7) is to determine the coordinates of the infinitesimal operators that
generate its one-parameter subgroups.

In the case of system (5), (6) the infinitesimal symmetry operator is expected to be of the
form

Zzﬁ“(x,u,p)aiu+nk(x,u,p)({)?ﬁ+A(x,u,p)£), (12)
where u=0,...,n, k=1,...,n.

Acting by operator (12) on equations (5), (6) we obtain a rather cumbersome system of
first-order linear differential equations. Eliminating the variables uf and py by virtue of their
expressions from (5) and (6), we transform it to another system of equations where the quantities
To, UF, ué“ and p; will be treated as independent variables from this point. As the coordinates of
the infinitesimal operator do not depend on ué‘? and p;, the two equations obtained from (5) and
(6) by means of criterion (11) can be split with respect to these variables. As a result we have the
system of differential equations

nful + &l =0, nful =0, k#L

n
W wE — g =D Gul =0, A+ p A+ g - & it =0,
1=1

Ao+ Y (A + put) =0, (13)
=1
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oF, (58 _ 5,’;) 4 F A+ Fo® =0, (14)

where €0 = €0(x), &8 = (), 0¥ = n¥(2z,u), A = A(z,u, p). In all the formulae (13), (14)
there is no summation over repeating indices.

Note that the arbitrary function F' appears only in (14). This equation is refereed to as a
classifying condition.

2. Symmetry of system (5), (6). It is easy to check by direct calculations that system (13)
has the solution

n .
§0 = %m% +Arg+a, A= (C - 550(950)) P,

1. &
ek = <2 €%(zo) + 5) ay, + pFxg + Zafxl + vk
=1

n
1.
n® = sexp 4+ p* + lz;aful + <5 - 2§O($0)> uk,

where £0(zg) = d€®(xo)/dxo, af = —ak, ¢, a, 6, », A, ¥ and v* are arbitrary parameters.
Substituting this solution into (14) we have
n - .
(5€°@0) = ¢)0p — %0 = (€2(w0) - 26) (15)

where ¢(p,t) = F,(p,t). Note that the parameters aF, p* and v* (and « in the case when

©o = 0) are not involved in system (15). Therefore, for arbitrary function F'(p,l) system (13),
(14) admits the solution

n
=0, &= Za?a:j + pFag + vk,
j=1

n (16)
nk = Za?uj + uk, af = —ai.
j=1
In the case when F, = ¢(p) the same solution with £ = o = const is also possible.
The functions £°, ¢* and %, k = 1,...,n, defined by (16) correspond to the differential
operators

P I

8xk 6mk 8uk (17)
P LT IR T
hr = T oz, o oz, Yaur T Buk

It is easy to check that the vector space (Py, Gk, Jigr), k= 1,...,n, r =1,...,n, is closed
under the Lie bracket

XY — [X,Y]=XY -YX

and therefore the space of these operators possesses the structure of a Lie algebra. This is a
general property [2], namely, the set of infinitesimal operators that generate the one-parameter
groups of transformations admissible for a differential equation (or a system) necessarily form a
Lie algebra. Operators (17) with Py = 9 (the case a = &Y # 0) form the Lie algebra of the

(9370
Galilean group. Therefore the following statement holds.
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134 L L. YURYK

Theorem 2.1. For arbitrary function F, = ¢(p,t) system of equations (5), (6) admits

3
nn+3) -parameter group of transformations with the Lie algebra generated by the operators (17).

In the case when F, does not depend on xq explicitly system (5), (6) admits the Galilean
group G(n).

Thereby, we have found the symmetry of system (5), (6) under arbitrary functional relationship
p = F(p,t). However, for some values of F' symmetry of this system appears to be essentially
wider. In order to list all the cases of symmetry extensions, it is necessary to get the set of
solutions to equation (15) under various constraints on the parameters involved in this equation.

As a result of solving equation (15) we have found 12 cases of symmetry extension for the
system in question. The corresponding functions ¢,, = and the set of infinitesimal symmetry
operators admitted by system (5), (6) are presented in Table 1.

Observe that for all state equations that admit an extension of the symmetry (except the first
one, where ¢ = 1 = Mp?/™) an arbitrary one-parameter invariance group of Euler equations is
generated by an operator of the form

Z:(a%—)\xo)gzo—kAxkaik—}—Bukaik+Lpaap. (18)
The operator (18) with the constraint o = 0 is referred to as the generator of scale transformations.
The solutions of system (5), (6) that are invariant with respect to this operator are called self-
similar, or automodel solutions.

Theorem 2.2. The symmetry extension of system (5), (6) is possible in 12 cases presented in

n(n + 3)

Table 1. The maximal invariance group for this system is the + 4-parameter projective

group. This group is admissible for system (5), (6) if and only if F, = cp*/™.
Remark 2.1. Observe that the one-dimensional case is special. Namely, the two first equati-
ons in system (13) appear only when n > 1. As it is demonstrated in [9], for the state equation of

the form p = M p3, which describes an ideal polytropic gas, system (5), (6) under n = 1 admits an

infinite group. Due to this fact the general solution was obtained for system (5), (6) in this case [9].
3. Invariant solutions of system (5), (6) and Rankine—Hugoniot conditions. In this
section we find solutions of system (5), (6) in the case n = 1 that are compatible with the
Rankine — Hugoniot conditions.
In this case each operator that generates a one-parameter group of admissible transformations
for system (5), (6) can be presented as

Z= (a+At+zt2);+(ut+u+Ax+zxt)£+

—l—(%az—{—u—{—Bu—%tu)aau—l-(L—%t) (19)

P oy
where t = xo, x = x1, «, d, », A, p and v are arbitrary constant parameters, B = § — \/2,
A= B+ A, and L is a function of these parameters.

Following the well known technique [1, 2] we find the solutions of (5), (6) that are invariant
with respect to a one-parameter group of transformations with infinitesimal symmetry operator of
the form (19) by means of transition to invariant variables which can be expressed via solutions
of equation

ZJ(t,z,u,p) =0. (20)
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Table 1. List of inequivalent cases for the state equations and the corresponding operators

p=1F, Z, Notes
M p?/™ Z1 =aPy+AL1 +6Ly+n (5 — A) L3 + Ly,
L x? 0 + x0T i—I—
0= 08 0Tk 5 ™
0 0
k n
+(xk—x0u)8uk ( 1) 0p87p7
p_ 9
0_81‘0’
Y0020 T 27 0xy, 2 T o
0 0 0
Lo — 20 —— La— p—
2 xka +tu Uk 5k 3 Pap
2 A
= Mp* Zo=abPy+ ANL1+ 6Ly + — 5—* Ls »x#£0
>
2 A o
w3 = Mafp* Zy=A1+6Lo+ |— [6—= ) ——A| L3 »x#£0
” 2 n
2/n 2K
wg = p"G(7), Zy = AL + )\L2+n)\ —— =) L3 c=1——
n 2 n
,.Y:p2/nx8
+1
o5 = Mag 25:AL1+U—AL2+(M—%)L3
2 2
06 = xalG(p) =PI
A 2
1= (p"af) | Zr=ALi+ 5 La+ng AL 0:1—5

g = (p2/ne—omg)

ZgzaP0+n§aL3

g = 70 D(p)

Zg = abPy+ %QLQ

10 = 25 P(p)

1
Z10=/\{L1+U+ Lz]

11 = @(p)

Z11 = aPy+ A [Ll + 2L2:|

P12 = p P (x0)

Zio =& (L3 + ng)

In order to list the cases, when invariant solutions are applicable to description of point explosion
in a medium with the state equation p = F'(p,t) it is necessary to analyze the invariance of the
manifold, determined by boundary conditions with respect to transformations generated by the

operator (19).
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136 L L. YURYK

The role of “boundary conditions” in the case of point explosion is played by the Rankine —
Hugoniot conditions [10]

p2(ug — D)+ p1D =0, p2(ug — D) + py = p1D* +py (21)

which represent the discontinuity of main characteristics at a material medium of the shock wave.
In formula (21) the quantities with the index 2 describe the values of these functions behind the
shock wave front, and those with the index 1 before it. The medium is expected to be motionless,
u; = 0, D is the velocity of the shock wave front and p;, p; are constants, p; > 0.

It is obvious that in the one-dimensional case the motion of the shock wave front in the
point explosion problem can be determined by a relation zg,n = g(¢) with a certain function g.
Therefore, the manifold M defined by the boundary conditions (21) is determined by the system

r—g(t) =0,
plu— g(t)] + p1g(t) = 0, (22)
plu— g + plp, t) — p1g*(t) —p1 =0, (23)

where p;, p; are constants that are equal to initial values of the density and the pressure in the
medium, correspondingly, g(¢) is unknown function, and §(¢) = dg(t)/dt.
Note that infinitesimal operator of the form (19) with coefficients involving quadratic terms
N . M . .
as admissible if and only if p = 3 p. In this case system (5), (6) has a general solution, therefore

we can set > = 0 in (19).
Applying the infinitesimal invariance criterion (11) to the manifold M we obtain the system

p—Lj=0, (24)

v+ pt+ Ag(t) — (o + At)g(t) =0, (25)
2

% () (L +2B) + pLp, + (a + Xt)p; — 2p1 (1 + Bg)g = 0. (26)

To satisfy the condition (24) in the case when L # 0 it is necessary that
g(t) = St + R,

where S and R are certain constants, S # 0. Formula (25) implies that L = —B. Analyzing the
functions ¢ = F, and the corresponding operators Z, (see Table 1) we conclude that the case
L # 0 is possible only for a state equation of the form

M
p:C—?, M:(Sp1)27

which corresponds to the function ¢ = Mp? with ¢ = —2.
Since L = 0 for the other cases conditions (24)—(26) can be represented as

p=1L=0, (27)

v+ Ag— (a+ At)g =0, (28)
2

23%,52 —2013%B + (o + M)p = 0. (29)
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It is necessary to analyze condition (29) now. Note that the operators listed in Table 1 can be
partitioned into two groups according to the criterion whether L is a multiple of B. Thereby, the
first group consists of 71, Z,, Z4, Z11 and Z1o. For the operator Z, the restrictions (27) imply
that the corresponding function ¢4 does not depend on ¢ and, therefore, it coincides with ¢1;.
For the operator Z;5 the restriction L = 0 makes the operator vanish.

By virtue of (27) the functions ¢1, 2 and ¢1; correspond to the same infinitesimal symmetry
operator

0 0

Zir = At) — AT) —.
= (ot )8t+(1/+ x)(‘)x
Therefore we can consider these three cases together. Denote the function that corresponds to

operator (30) by ®;7(p) = v1(p) = w2(p) = p11(p). It is clear that p;; = ®rr(p) + H(t) with a
certain function H (t). For operator (30) equation (29) is equivalent to the condition

(30)

(a+ At)(prr): = 0,

which leads to H = ¢ = const.
Draw our attention to other cases. If L = 0 then the functions 7 and g coincide with 11,
and the functions @3, @5, pg and p19 can be represented as

err = t7®(p)
due to the fact that the infinitesimal symmetry operator for all these cases is the same, namely

0 0 0
Z[]]—)\ta—F(V—FA.T)%‘FBU%a

whereA:%(a+2), B:)\g, o #0.
Formula (29) enables one to recover pjyy,
prrr = t°®(p) + H(t).
Observe that the derivative of p;;; with respect to ¢ can be expressed as

o dH
Ny
(pr1r)e = 5 (prrr — H) + —

So, the condition (29) is equivalent to the equation

dH
O'pl—O'H—Ftﬁ:O

Hence H(t) = ¢1t” + ¢2 and

prrr = t°®(p) + ¢, c=Dp.

The last case to be considered is F}, = ¢9. Then

0 0 0
_ 2kt _
prv = e ®(p) + H(t), Z[Va(at—i—mfax—kﬁuau),
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and hence B = ka. Expressing (pry): in terms of p, H and Z—if making use of formulae (22)
and (23) we find that

prv = @ (p) + p1.

Hereby, all the functional relationships p = F(p,t) for which the corresponding invariance
solutions are compatible with the Rankine — Hugoniot conditions are listed. In what follows we
determine the function g(¢) for each of these cases and verify that g = const i.e., that a shock
wave really propagates in a medium. Solving equation (28) we obtain

e+ 2t if A=0,
g11(t) = @ v (31)
02(04—1—)\75)—&, if AN#0
in the case Z = Z;7, p= ®(p) + p1,
—Int+c3, if %:§+1: ,
grrr(t) = y ) (32)
c3t”® — —, if ¢ 7é 0
for the case Z = Z;;7, p =t°®(p) + p1, and
Kt v
g[V(t) = cye”’ — — (33)
Ka

for Z = Zry, p = e*'®(p) +p1. In expressions (31)—(33) ¢z, c3 and ¢4 are arbitrary constants.

Therefore, if we restrict the consideration to the symmetry operators that do not contain any
quadratic terms in their coefficients, the following theorem holds.

Theorem 3.1. The four classes of invariant solutions to system (5), (6) compatible with the
Rankine — Hugoniot conditions under n = 1 are:

(a) solutions that are invariant with respect to the one-parameter subgroup generated by the
operator

0 0 0 0

where L = —B, a, A\, v, A, B and S are constants, B # 0 and S # 0, if

(Sp1)?
p b)

(b) solutions invariant with respect to the one-parameter subgroup generated by the operator
0 0
Zi = M) — Ar) —
1= (a+ )675 + (v + Az) BT
p=2(p) + p1;
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(c) solutions invariant with respect to the one-parameter subgroup generated by the operator

0 0 0

Zirr = M — Az) — + Bu —
111 Atat-l-(l/—i— ) 5 T Bt g

o Ao .
whereA—)\(E—Fl), 3—7, if
p =17®(p);
(d) solutions invariant with respect to the one-parameter subgroup generated by the operator

Zrv :a%+(u+mam)%+/{au%,

p=e""d(p) + p1.

Hereby, the cases when the boundary-value problem (5), (6), (21) admits invariant solutions
are exhaustively described.

4. Partial solutions. Invariant variables depend on the parameters «, A, v and o involved
in the coordinates of an infinitesimal symmetry operator, so the solution of the system depends
on relations existing between these parameters. For the case Z = Z; there are three possibilities:

(a) if A#0, B # 0 and X\ # 0 then solving equation (20) we have
w=uw = (z— St —R)T~A4/*, T =0+ M, (34)
u=S5+U(w)rB/?, p = R(w)r B/

Substituting expressions (34) into (5), (6) we obtain the equations for the point explosion problem
in the invariant variables,

U-“w — 42U =0,

AN MR B
A dv R3dw A

dU A dR B (35)
with the boundary conditions of the form
R (W)U (w*) + p15 =0, c—p1—pS* =0,
) L (36)
RWH)U W) =M[R(w")] =0
at the shock wave front, where w* = 0;
(b) if A =0, then
W= wy :e_gt(:nfStfR), u:S+U(w)e%t, p:R(w)e_gt.
In the new variables system (5), (6) rewrites as
U—éw d£+%dj+§U:O,
o dv R3dv «
(37)

Rﬁ—i- U—éw @—§R20;
dw o dv «
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(¢c) if A=0, A= —20 then
w=uws=St—u, u=_S+U(w)r 1, p = R(w)T, T=a+ M,

and in the invariant variables system (5), (6) takes the form

M dR
dv R3 dw
dU dR

R— +U——-)R=0.
dw+ dw

+A\U =0,
(38)

The boundary conditions for the cases (b) and (c) are expressed by formula (36) with w* = w3 =0
and w* = w3 = —R.

Consider the case Z = Z;;. Two possibilities appear:

(a) if A =0 then

w=wy = vt — ax, u=U(wy), p = R(wy).

Rewrite system (5), (6) in the new variables:

vydU 1 d®(R)dR
@‘a%%*g aR dw 0

R%wL(U—gw)@:O.

The boundary conditions (20) after the substitution take the form

14 14
PWUQ)+MQHWQZQ
v 2 V2
[R (v-2)+ (I)(R)} L ().
where w; = —c1a;
(b) if A # 0 then
o xHv/A B B
w—w5—t+a//\, u=U(w), p = R(w).
In the new variables system (5), (6), (21) takes the form
dU 1 d®(R) dR
U= "% ar dw "
du dR
[R(U = 1) + Acipi]]y—yr = 0,
(R = e)? + ®(R) - mO)?] | =0,
w:w5

where w? = ¢\
Consider now the case Z = Zyy;.
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PARTIAL SOLUTIONS OF A SYSTEM OF EULER EQUATIONS 141

(a) 1et%=%+1=o. Then

v Int, uw=U(w)t, p = R(w)

Ww=wg=1T—
A

and system (5), (6), (21) in the invariant variables takes the form

(U_z)dﬂ 1 do(R) dR _
M dv R dR dw '

Rd—UJr(U—%)fl—f:O,

L CEE VAT W

A 2 A 2
{R (v-3) +e@-n(3) ] e 0
where w§ = c3;
(b) if s # 0 then
T+
w=wy; = ti’?\%’ u=t""1U(w), p = R(w), (39)
after the substitution of (39) equations (5), (6) take the form
dU 1 d®(R) dR
du dR
R%—F(U—%w)@—o,
and boundary conditions (21) become
[R(U = 5c3) + proecs]| y—p: =0,
[R(U — s2c3)? + (R) — pa(32¢5)°] | _. =0,

w=wy
where w3 = cs.

Lastly, for the case Z = Zj we have

w=wg= (x + L) e, u=Uw)e™,  p=R(w),
R

system (5), (6) in the invariant variables takes the form

dU | 1 d®(R) dR

(U—Iiw)% = 4R %—f—k‘U:O,
dU dR
R%+(U—nw)%—0,
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and the conditions at the shock wave front have the form

[R(U = kea) + prca]ly—p: =0,
[R(U — req)? 4+ ®(R) — pl(m04)2] |w:wg =0,

where wg = c4.
It is clear that all the systems of ordinary differential equations presented in this section can
be presented in the form

dUu dR
(U —-a—bw) —+ V(R) — = hU,
dw dw 40
du dR (40)
& e W—a—b .y
R o + U w) — 7o R,
dq)

where a, b, h and [ are some constants and ¥(R) = R~!
Suppose that in formula (40) b = 0, h = 0 and [ = 0. The solution of the system will be

nonconstant only if
U=a+VRV.

Substituting this expression into formula (40) we have
d\IJ} dR

[3\11(R)~|—RdR =

Thus, system (40) in this case has nonconstant solutions if and only if ¥ = cR~3. These solutions
are

R = f(w), U=a+ecsf ',

where f is an arbitrary function, c¢5 is a constant.

Let b =0, 1 =0 and b =1 in formula (40). It is easy to see that under these conditions the
system has the first integral U = a + cgR~!. Substituting U into the first equation of system (40)
after simple algebraic transformations we have

/ [R3W(R) — | R

aR 4+ cg

dR = w — wy.

Consider system (40) under the constraints ¢« = 0, h = 0 and | = 0. The transformation
z = bw converts it to

o d
(U—z)d—U—l—‘Il(R) dR o,
av i dR ) @b

where U, R, U are the old functions expressed in terms of the variable z. For the function R
to be nonconstant it is necessary that U = e[R¥(R)]'/2 + z, where ¢ = +1. Substituting U into
equation (41) we have

3U(R) + Rd¥/dR  ~
— dR
2¢V RO
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In the case when a = 0, [ = 0 and h = b system (40) has the first integral

U B _dx(R)
Setting x(R) = M R**! we have
R=T[2c; — U(U — 2bw)]#¥1,  where T = (2M) =,

Substituting the value of R into the second equation of system (40) we have

267 = U(U — 20w) ] ‘%Jr
+ b:HU [2C7 U - 2bw)_711} [ZZ(U —%w) + U (ZZ - 26)] —0.
If ¢ = 0 then the change U = V,, brings this expression to
(V+wfl‘:>L— H%flV(V—b):O, (42)
where L = 2(‘/:_:11))2 + V(V — 2b). Equation (42) can be integrated in quadratures,

/ - L dV =In (“’)
= V(V-b)-VL o
k+1

The ways of solving system (40) under p = t°(Ap"*! + B) and arbitrary values of b and
h are analyzed in [11]. Particularly, it is demonstrated therein that this system can be always
transformed to a single ordinary differential equation.

If we set h = —[ and a = 0 in system (40), see formulae (35), (37) and (38), then it is possible
to specity three cases when the system has the first integral:

(@) if a=0and b =1 = —h, then

R(U — bw) = cs;
(b) if a =0 and b = h = —I, then
U ol 4 x(R) = 4 (R) = w(R):
2 w X = Cog, dRX - )

(c) ifa=0, b=0 and h = —I, then

d

2 — -
RU + X(R) = C10, dRX

(R) = U(R).

In each of these cases the original problem can be reduced to solving of a single differential
equation.
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5. Conclusion. In this paper group analysis of a system of Euler equations with a state

equation of the medium is carried out. The group classification provided for the state equations is
of great practical importance, because there is no unified analytical expression that satisfactorily
describes the relationship of thermodynamic parameters of liquid throughout the domain where
these parameters vary. In many cases the state equations listed in Table 1 coincide with functional
relationships known as state equations for liquid in limited ranges of values of thermodynamic
parameters.

Ll

10.

11.

References

Olver P. Applications of Lie groups to differential equations. — New-York: Springer-Verlag, 1986.
Ovsjannikov L. V. Group analysis of differential equations. — Moscow: Nauka, 1978. — 399 p. (in Russian).
Ovsjannikov L. V. Lectures on the fundamentals of gas dynamics. — Moscow: Nauka, 1981. — 368 p. (in Russian).

Fushchych W. I. Symmetry in problems of mathematical physics // Algebraic-Theoretical Studies in Mathematical
Physics. — Kiev: Institute of Mathematics, Academy of Sciences of Ukraine, 1981. — P. 6 —28 (in Russian).

Barannyk A. F, Yuryk I. I. On a new method for constructing exact solutions of the nonlinear differential equations
of mathematical physics // J. Phys. A: Math. Gen. — 1998. — 31, Ne 21. — P. 4899 —4907.

Barannyk A. F., Barannyk T. F., Yuryk 1. I. Separation of variables for nonlinear equations of hyperbolic and
Korteweg-de Vries type // Rep. Math. Phys. —2011. — 68, Ne 1. — P. 97-105.

Barannyk A. F., Barannyk T. A., Yuryk I. I. On hidden symmetries and solutions of the nonlinear d’Alembert
equation // Commun. Nonlinear Sci. Numer. Simul. — 2013. — 18, Ne 7. — P. 1589 —1599.

Bihlo A., Popovych R. O. Lie symmetries and exact solutions of barotropic vorticity equation // J. Math. Phys. —
2009. — 50, 123102, 12 p.

Fushchych W. L, Serova M. M. On the maximal invariance group and general solution of the one-dimensional
gas dynamics equations // Proc. Acad. Sci. USSR (Dokl. AN SSSR). —1983. —268. —P. 1102 — 1104 (in Russian).

Korobeynikov V. P, Mel’nikova N. S., Ryazanov E. V. The theory of point explosion. — Moscow: Fizmatgiz,
1961. — 332 p. (in Russian).

Yuryk I. I. Application of group-theoretical methods to solving the point explosion problem in incompressible
liquid // Commun. Nonlinear Sci. Numer. Simul. — 2015. - 22. - P. 1017 -1027.

Received 24.09.2018

ISSN 1562-3076. Heniniiini koausannus, 2019, m. 22, Ne 1



