ISSN 1996-1588

Hayxoei npayi [JonHTY
Cepia “Ingopmamuxa, kibepnemuxa

Ne 1(20)
2015

ma obuucmosanvra mextixa’

VIK 515.2

O.B. ®ponos, kaHA,. TEXH. HAYK, JOII.,

JloHeukuii HAMOHABHBIN TEXHUUECKUN YHUBEPCUTET, . KpacHoapmMelick

xfrolg@mail.ru

MOIIeJIl/IpOBaHI/Ie ceTH U3 JIUHUH KPHUBU3HbI HA KAaHAJT0BbIX
MOBEPXHOCTHAX IIPH 33IlaHHOl7[ IJIOCKOM JIMHUH KPHUBU3HbI

B oannoii pabome paccmampusaemcs zeomempuieckoe MoOeIUPosaHue Kanaio8bix NOGEPXHO-
cmeil, OMHECEHHbIX K KOOPOUHAMHOU cemu u3 TUHUll Kpususnvl. Takas KoopOouHamuas cemv Ha
NOBEPXHOCIU OMIUYAENICS C8OUCNBAMU OPMOLOHANLHOCU U CONPANCEHHOCIU HANPAGLEHUY TU-
HUll cemku u mpebyem pewenus ouggepenyuanrbno2o ypasruenus muna Pukkamu.

Knroueevie cnosa: Koopduuammm cembvb HaA NOGEPXHOCHU, ITUHUU KDUBU3HDbL, cc[)epa, ozuﬁaloma;l,

ypaenenue Pukkamu.

BeedeHue

KananoBoii Oynem Ha3plBaTh OrHOAIOIIYIO T1O-
BEPXHOCTh OJHONApaMEeTPUUYECKOTo ceMelcTBa cdep.
XapakTepuCTHIECKUMH KpPUBBIMH ceMeiicTBa cdep
SBJISIFOTCSL OKPY>KHOCTH, KOTOPBIE COCTaBIISIIOT OJIHO
U3 JABYX CEMEWUCTB JMHHUNA KPUBU3HBI 3TOM MOBEPXHO-
CTH.

[Ipobnema oTHeceHMs KaHAIOBOH MOBEPXHO-
CTH K JIMHMAM KPHBU3HBI 3aKJII0YAETCA B OTBICKAHUU
CEeMENCTBA JINHUM OPTOTOHAIBHBIX K XapaKTEPUCTU-
YEeCKMM OKPYXXHOCTSM Ha IOBEPXHOCTH. JTa Ipo-
OneMa B o0mieM Buzae Obula paccMOTpeHa B paboTrax
[2, 3] u cBOUTCS K pelICHHIO OOBIKHOBEHHOTO U (-
(epeHIManbHOTO ypaBHEHUs IIEPBOTO MOPSIKA THIA
PukkaTn, KOTOpOE HE MHTETPUpYETCs B KBaJpaTypax.
310 00CTOATENBCTBO NPHUBOAUT K HEOOXOIMMOCTH
M3y4YEHUs] YACTHBIX CIIy4acB KAaHAJIOBBIX IOBEPXHO-
CTel, KOTOpHIE JOIYCKAIOT pElIeHHe B KBaJpaTypax
muddepeHInaNbHOTO ypaBHEHHS JMHUH KPHBH3HBI
WY JK€ K YUCIICHHOMY MHTETPHUPOBAHHUIO 3TOTO ypaB-
Henus. Tak, B ciydae, eclM BCe Cepsl cemeicTBa
UMEIOT OAMHAKOBBIM paauyc (TpyOdaras IOBEpX-
HOCTh) HJIM JKE JIMHHUS LIEHTPOB cdep cemeiicTBa —
IUIOCKasi KpUBasi, JIMHUM KPUBHU3HBI MOTYT OBITH IO-
JydeHbl TPH TOMOINM OJHOW KBaJpaTyphl HIH JKe
BoOoOme Oe3 mHTerpHpoBanus [2]. B paborax [4, 5]
PacCcMOTPEHBI CiIydau KaHAJIOBOH IMOBEPXHOCTH 00pa-
30BaHHOH OKPY>KHOCTSMH KPHUBH3HBI KOHHYECKOH
BUHTOBOW JIMHUM, a TaKXKe CIIy4dail OKpY>KHOCTEH,
PacloNOKEHHBIX B CHPSIMIIIONIEH  IIJIOCKOCTH
HaIpaBysoniell KpUBOH, KOTOPBIE TAKXKE JIOMYCKAIOT
MHTETPUPOBAHHE.

AHanu3upys U3BECTHBIE CBOWCTBA AU(depeH-
[IMAbHOTO ypPaBHEHUS PUKKATH M COMOCTABIASA UX C
YKa3aHHBIMH HCCIICIOBAHHUAMH, ONPENEIHM, YTO II0-
CTPOCHHE PEUICHUH ATOTO yPaBHEHUS BO3MOXHO CBS-
3aTh C 3aJJaHUEM JIMHUI KPUBU3HBI CEMENCTBA, KOTO-
pO€ OpPTOrOHAIBHO XapPaKTEPUCTUUECKUM OKPY>KHO-
cTsM. Tak, ecny U3BECTHO OJHO YacCTHOE pELIEHUE
ypaBHeHHs Pukkatu (01Ha 3aJaHHAs JHHUS KPUBU3-
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HBI), 00IIlee pelICHHE HAXOMUTCS MPH MOMOIIA JBYX
kBagpatyp [6, ¢.50], a 3amaHue ABYX JIMHUN KPUBHU3-
HBI TpeOyeT OAHON KBAAPATYPHI JJIs OMIUCAHUS 001IIe-
ro petieHus. HakoHel, Tpyu U3BECTHBIX YACTHBIX pe-
[ICHHS 3TOTO YPaBHEHHUS MO3BOJIAIOT 3aMUCATh 00IIee
petienne 6e3 KBaaparyp.

KOHcmpyupoeaHue KaHaJsi08bIX MNOB8EPXHO-
cmeli no 3adaHHOU N/IOCKOU JIUHUU KPueu3-
HbI

Paccmotpum HexoTopyro quHUIO C, JIeXKallyio
Ha miockocT OXY NpsSMOYrOJNBHOM MPOCTPaHCTBEH-
HOM CHCTEMBI KOOpIUHAT. DTy IJIOCKOCTh OyaeM Ja-
Jiee Ha3bIBaTh OIIOPHOM.

OpHOmapaMeTpUIecKoe  MHOXKECTBO  cdep
OTIpEZICTIMM M3 YCJIOBHS KacaHHs cdep ceMelcTBa H
OMOPHOW MIOCKOCTH BJAOJIb 33JaHHON TUHHUH. Jloka-
JKEM, YTO 3TO YCJIOBHE SIBISETCS JAOCTATOYHBIM JUISA
TOTO, YTOOBI 3aJaHHas IUIOCKAs JIMHUSA SBISIIACH JIN-
HUEH KPUBU3HBI HA OTHOAIOMICH MOBEPXHOCTH CEMEH-
CTBa, €CIIM TakoBas cyuiecTByeT. CoryiacHO TeopeMe
TpaH3uTuBHOCTH [1, c. 171] ecnu moBepxHOCTH (S)
nMeeT ¢ JByMs moBepxHocTsaMmH (1) u (£2) xacaHue
HopsAJiKa 110 KpaiiHeil Mepe n B OAHOU U TOM ke TO4Y-
Ke, To (X1) mmeer ¢ (X2) kacaHHE COOTBETCTBYIOIIETO
nopsiika B 3TOH >ke Touke. [IpuHMMas 3a moBepx-
HOCTH (S) cdepy cemelicTBa, a 3a TOBepXHOCTH (X1)
(Z£2) onopHYyr0 IIOCKOCTh U OTHOAIOIYI0 KaHAJIOBYIO
MIOBEPXHOCTh, MPUXOJMM K BBIBOJY, YTO B CIydae
CBOETO CYIIECTBOBAHHUS 3Ta MOBEPXHOCTh OyIeT Ka-
caThCsl IUIOCKOCTH BJIOJIb TOYEK 33JaHHON KPHBOM.
PaccmarpuBas kacaHue Kak NpeAeibHBIA ciaydail me-
pecedeHns MOBEPXHOCTEH, a Takke MPHUHUMAs BO
BHUMAaHHWE, 4TO JI00as JMHUSA, JIexamas Ha IIOCKO-
CTH, SIBIAETCS €€ JIMHWEH KPWBU3HBI, COTIIACHO TEO-
peme Moaxumcrans [1, c. 331] npuxoaum K BEIBOLY,
9TO 3aJaHHas IUIOCKAas KpHBas SBIIETCS JIMHHUEH
KPUBH3HBI U JUIsl KAHAJIOBOM MOBEPXHOCTH.

VYcnoBue kacaHUsi IPOW3BOJIBHOM cdepbl ce-
MmeiicTBa 1 mockoctn OXY, MOXKHO OIPEAENIHTb, 3a-
MMCaB ypaBHEHHWE JUIS JIMHUU LEHTPOB cep B cie-
JIYIOLEM BHJIE:



ISSN 1996-1588

Hayxoei npayi [JonHTY
Cepia “Ingopmamuxa, kibepnemuxa

Ne 1(20)
2015

ma obuucmosanvra mextixa’

r=f{t)i+oe)j+R{) k, D)
raoe: f=f(t), p=¢(t) — dyuxunm mapamerpa t, onpene-
JSIFOLIME 3aJaHHYI0 JIMHHIO Ha 1uiockoctd  OXy,
R=R(t) — ¢yukmms, ompemesnsiomas 3aBUCHMOCTh
pamuyca Tekymieil cdepsl cemeiicTBa OT mapamerpa
yHuu (1).

B Takom ciyyae BEKTOpPHOE YpaBHCHHUE KaHa-
JIOBO#1 MOBEpXHOCTH [2, C.133] OyaeT uMeTh BUA:

-(cosun+sinu ),

dr
— U T,
dt

HBIC BEKTOPHI KacaTelIbHOH, INIaBHOM HOpManu U Ou-
Hopmasu muHun (1).

IloncraBuB B mocieaHee ypaBHEHUE HM3BECT-
HbIC BBIPAXKCHHS UIS BBIYHCICHHUS BEKTOPOB I, I,

roe:r' = N, P— COOTBETCTBEHHO eAWHUY-

T Ll n )
napaMeTpnquKHe YpaBHEHUS:

’2|r ><r"|(f '’ ><r”|+R[«ff’2 +¢'?

(cosu(f"(¢”” +R'*) - f'(¢'¢"—RR") +
+sinu|r'|(p'R"—R'g") - R'f'|r'xr"|]),

B u BBIMONHUB mpeoOpa3oBaHUs, MOITYIUM

y= (¢r12 f’2+¢'2

(COSU({D”( f 12 + RVZ) _¢ﬂ( ff " R/RN)) _
—sinu|r’|(fR”—R ! ”|]),

@

=—— ((f/Z + ff12+§0r2
r=\rxr
[COSU(R”(f’Z +¢’2)—R”(ff”—¢'§p”))+
+sinu|r|(f'e"—¢' ")),

14

R

rae: r'= f'z +(0'2 + R'2 u
, (¢,R"—(D”R’)2 +( f Rﬂ_ er rl)2 +
+(f'§0"—(p'f”)2

IToBepxHOCTB, MOCTPOEHHAs COTJACHO ypaB-
HeHusM (2), He OyAeT OTHECeHA K JIMHUSM KPUBH3HBI,
Tak KaK TOJBKO OJHO M3 JIBYX CEMEHCTB ee KOOpPIH-
HATHBIX JMHUN SBISIOTCS JTUHUSIMH KPHUBHU3HHI [2, C.
114]. Oto nuHMK t=CONSt, KOTOPBIMU SBJISIOTCS 00-
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pasymommue okpyxHocTu. s mepexona K CUCTEME U3
JUHANR KPUBH3HBI HY)KHO HepedTH B ypaBHeHUH (3)
OT mapamerpa U K HOBOMY IapamMeTpy, IOJy4CHHOMY
n3 mudQepeHIHaTEHOTO ypaBHEHUS THIIa PuKkatn
[2, c.115]:

!

rio

!

Vi=—

(V2 +1) - —
! _RI
rae: Vo — mapaMerp, 3aBUCALIMM OT U M paBHBII
u o, odv 14V
v=tg—, vV.=—= u', K u o — xpuBHU3HA U
2 dt 2

KPpY4CHHUC JIMHUU LICHTPOB.

OT0 YpaBHCHUEC, UCTIOJIb3YSA U3BECTHBLIC COOT-
HOIICHUA U1 KPUBHU3HBI U KPYUYCHUSA, MOKHO IICpPEC-
IIHUCaTh B BUJIC:

v 0T gy
2(r xr”) r'2

14

RI r!
2 RIZ

xr

V. ()

rme: (r'r'r")

BTOpO# U TpeThell Mpou3BOAHON Bektopa (1), r'xr”

- CMCIIAaHHOC MNPOU3BCACHHUC HepBOﬁ,

- BEKTOPHOC MPOHU3BECICHUE IPOU3BOJHBLIX BEKTOpA I

Tak kak miockas auHEA C TO JTOKAa3aHHOMY
BBIILIC SIBIISICTCS JINHHMEH KPUBHM3HBI KaHAJOBOH MO-
BEPXHOCTH, TO COOTBETCTBYIOIEE €if BEIPAKECHHE IS
napameTpa V, TOJKHO YAOBIETBOPATH ypaBHEHUIO (3)
W, CIIeNOBATENIbHO, SBJISATHCS YACTHBIM pELICHHUEM
mubdepennmansaoro ypasHenus (3). UroObl momy-
YHUTh ATy 3aBUCUMOCThH 3aMETHM, YTO OIOpHAsI ILIOC-
KOCTh B PaccMaTpHBAaeMOM CHCTEMe KOOpAMHAT Xa-
pakrepusyercs ypaBHeHueM — z=0, Toria NpupaBHsB
HYJIIO TpeTbe M3 ypaBHeHHH (3) M clenaB COOTBET-
CTBYIOIIYIO 3aMEHY NapaMeTpa, MOIyYrM KBaJpaTHOES
OTHOCHUTEJIFHO V YpaBHEHHUE:

2 _R(f7%+¢)+
rl(f'o" -tV +
f24+97 +R (2 +¢)—
—R(ff"+¢'¢") =0.

2T0 YpaBHCHUEC C HYJICBBIM NUCKPUMHUHAHTOM

JlaeT UCKOMOe perieHue — Vi =V(t):
“:IZ +¢r2 _

=|ri|(¢lfﬂ_ f/(pu) [|rlxr"
2 2 -1
_RVI(fI +¢I )+R!(f! f"+¢l¢”)]
HemocpencTBeHnasi oJCTaHOBKA MPaBO da-
ctu (4) BMECTO V, a TakXe MPOU3BOJHOW ITOTO BHI-
paxeHust BMecto V', B Au(depeHnaIbHOM ypaBHe-
HUH (3), CBOIUT TOCIEeAHEe K HYJIO, YTO IOJTBEp-
JTaeT MPaBIILHOCTD MOJIYYSHHOTO Pe3yibTara.

Kak wm3Bectro [6, ¢.49], 3Hass OAHO YacTHOE
pemenne nuddepeHUATBHOTO YpaBHEHHS PrkkaTH,

f'2+§0'

14 r_n

+

(4)
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€ro 06H1ee PCUHICHUC MOXKET OBITD NOJIYy4C€HO € TOMO-

mpo OByX kBamparyp. Jms ypaBaenus (3) Oymem
UMETb

1
aowem)

rae: W — HOBas IepeMeHHas (mapaMeTp), 3a KOTOPYIO

NPUHATA TOCTOSIHHASE MHTETPUPOBAHUS; @(?) — QyHK-
1ML, OIpeiesieMast U3 BRIPaXKCHUS

[rl(ree™) Rr'xr’| J
vy + dt
#(t)=e e
y(t) — pyHKIMA, KOTOpask IMEET BHI:
r|(r'e'r™) R'|r'xr"
r'i(r'r'r’) ‘J[ | s
e
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v 2(rlxrn)2 )
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g mepexosia OT UCXOJHON CETH Ha NMOBEPXHOCTH K
KOOPJIUHATHOM CETH U3 JIMHUHM KPUBU3HBI, B COOTBET-
CTBHH C NOTYYEHHBIMU PE3yJIbTaTaMHi HEOOXOIUMO B
ypaBHEHHSX (2) cenaTh 3aMEHy mapameTpa U U3 pa-
BEHCTBA
u = 2arctan(v),
T7ie V IMeeT BhIpakeHue npasoit uactu (12).
[TpuBenem npuMep KOHCTPYMPOBAHHS KaHa-
JIOBOW TIOBEPXHOCTH MO 33JaHHOM JIMHUM KPUBH3HBI.
Ha puc. 1 u 2 nocTpoeHsl W300pakeHUs] KaHAIOBOMH
MIOBEPXHOCTU 3aJaHHOM IUIOCKOM JMHUEN KpUBU3HBI
— okpyxkHOocThiO ( T =rcost, p=rsint) u QpyHkmmei

3aBUCHMOCTH Uil paaumyca cdepbl
R=bsin2t+c.

(13)

ceMelcTBa

Pucynok 1 — KanasnoBast moBepxHOCTB (001mii Bua) npu r=26, b=7.5, c=12.5: a — ncxonxas napamerpusauusi, 0
— 3aMeHa IlapamMeTpa B COOTBETCTBHH C BeIpakeHHAMH (12), (13).
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Pucynok 2 — PacnionoskeHue THHAN KOOPIMHATHON CETH Ha MMOBEPXHOCTH BOJI3H 3aJaHHOH IJIOCKOH JTHHUU
KPHUBHU3HBI: @ — UCXOJIHAS MapameTpu3alus, 0 — 3aMeHa napaMeTpa B COOTBETCTBHH ¢ BoipaxkeHusimu (12), (13).

3aknyeHue

B nmannHOl paboTe paccMaTpuBaeTCsi TE€OMET-
pHuUecKas MOJIeNIb KaHAJIOBOW TMOBEPXHOCTH C 3a/1aH-
HOM IUIOCKOM JIMHMEW KpUBU3HBL JlokazaHo, YTO
YCIIOBHE KacaHUs TUIOCKOCTH 3TOH JIMHUHM U KaHAJIo-
BOH MOBEPXHOCTU SIBJISIETCS TOCTATOYHBIM ISl TOTO,
4TOOBI 3Ta JIMHUS SBISUIACH JIMHUCH KPHBH3HBI Ha
noBepXHOCTH. J[aHHOE O0OCTOATENBECTBO TO3BOJIMIIO
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CBECTH 3aJlauyy OTHECEHUsI KaHAJIOBOIl MOBEPXHOCTH
K CETH JIMHUH KPUBHU3HBI K BHIYUCIICHUIO JABYX KBa/-
paryp BMECTO HEOOXOIAMMOCTH YHCJICHHOTO pelie-
HUS U GepeHINaTBHOTO YPaBHEHHS.

[MonyueHHbIe pe3yibTaThl MOTYT OBITH HC-
MOJIb30BAHBI MPU KOHCTPYHPOBAHWU W HCCIIEOBA-
HUM TEOMETPUH PEalbHBIX H3JENUH, COJepiKaIuX
MOBEPXHOCTHU CKPYTJICHUS TIEPEMEHHOTO Pajyca.
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0.B. ®POJIOB
JloHenpKI HAIllOHAEHUH TeXHIYHHUHN YHiBepcuTeT, M. KpacHoapMiiicbk
MOJIEJTIOBAHHSA CITKM 3 JIIHIA KPUBUHU HA KAHAJIOBHX IOBEPXHSX 3A BIZIOMOIO
MJIOCKOIO JIIHIEIO KPUBUHU

VY naHiit poOOTi PO3MIIAAAETHCSA TCOMETPUYHE MOICITIOBAHHS KaHAIOBHUX MOBEPXOHb, BIIHECCHUX 0 KOOPIMHAT-
HOT CiTKH 3 JiHiil kpuBU3HH. Taka KOOpAWHATHA CHCTEMa Ha MOBEPXHI BiIPI3HAETHCS BIACTHBOCTSIMH OPTOTOHA-
JIBHOCTI Ta CHPSHKEHOCTI HANPSMKIB JIHINA CiTKH. OTPUMaHHS CITKH 3 JIiHIH KPUBHHU JUIS KAHAJIOBUX MTOBEPXOHb
BUMarae po3B’si3Ky AU(epeHLiabHOro piBHIHHS TUIy PikkaTi. B po0oTi 3anmponoHOBaHO BU3HAYEHHS KaHAJO-
BO1 MOBEPXHI Ha OCHOBI T10/IaHOT IUIOCKOT JiHii, sIKa 32 YMOBH JIOTHUKY ii IUNIOIIMHK JI0 KaHAJIOBOI MOBEPXHI, Oy/e
OJTHI€IO 13 JIIHIM KPUBUHHM CiM’1, IO OPTOTrOHAJIbHA 0 TBIPHUX KiJl MOBepxHi. Lle 103BosIsie OTpUMAaTH YaCTHHHHUNA
PO3B’s130K An(epeHIIIaTbHOTO PIBHSHHS Ta 3BECTH HOTO 3arajbHUK pPO3B 30K JI0 IBOX KBaJIpaTyp.

Knrouogi cnosa: koopounamna cimka Ha noeepxui, Ninii Kpueunu, 066iona, pisnaunsa Pikkami.

O.V. FROLOV

Donetsk National Technical University, Krasnoarmiysk

MODELING THE NET OF CURVATURE LINES ON CANAL SURFACES WITH A GIVEN PLANE
CURVATURE

In this paper we consider the geometric modeling of canal surfaces assigned to coordinate a network of
lines of curvature. Such a coordinate system on the surface possesses properties of orthogonal and conjugate
directions of the grid lines. The solution to this problem for the canal surfaces requires the solution of the Riccati
differential equation, which on has the general solution expressed in terms of quadrature. Therefore, the model-
ing of lines of curvature networks on canal surfaces in the general case requires numerical solutions of this equa-
tion. Known cases for which it is possible to build a network of lines of curvature by integration in quadratures
are tubular surfaces (the radius of the sphere forming a constant), as well as the case of surfaces with a flat line
of centers of the spheres.

In work possibility of expansion of known cases of integration on the basis of the Riccati equation prop-
erties which assume possibility of creation of the common decision according to known one or two particular
decisions is considered. For the canal surfaces to each particular solution of the differential equation corresponds
to a curve of the family of orthogonal lines forming circles. In this paper the case of a canal surface construction
using a predetermined flat line is offered. Satisfaction the condition of tangency of the line plane and a canal
surface is sufficient to ensure that this line is a line of curvature on the surface. The dependencies that corre-
spond to a particular solution of the differential equation, built for this line. An example of a canal surface geo-
metric modeling the known planar lines of curvature of a circle and a given radius of the sphere, depending on
the parameter of the curve.

The results can be used to design and study geometry of real machine components containing variable ra-
dius fillet surface.

Keywords: canal surface, curvature lines, conjugate system, envelope surface.
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