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TO THE QUESTION OF FORMING BIHARMONIC
OSCILLATIONSIN TWO-MASSESNONLINEAR
VIBRATING MACHINESUNDER IDEAL HARMONIC
EXCITATION

The principle scheme of two-masses vibrating machine with the cubic characteristics
of elastic ties and dissipative force under ideal inertial excitation is considered. Its
unidirectional oscillations are being studied. Mathematical model of the machine is described
by the system of two ordinary differential equations of the second order. After representing it
in the dimensionless form the complex form of harmonic balance method is used for analysis
of its stationary motions. As a result the finding of periodic oscillations of the machine is
reduced to the solving of system of polynomial equations with complex coefficients. The
solving of this system under consequent changing of one of the parameters of the machine
gives an opportunity to construct its bifurcation diagrams and is realized with the help of
original software. The possible points of bifurcation in it are being found on the basis of the
control of change of sign of the Jacobian of the system, stability of the motions in the first
approximation is being analyzed with use of Floquet-Lyapunov theory. With the help of this
software stationary motions of the machine in the frequency zone located between two natural
ones are being investigated. For chosen parameters of the machine only the combinational
resonances of the orders 3:1, 2:1 and 1:3 were discovered and the corresponding amplitude-
and phase-frequency characteristics were constructed. Their analysis shows that from the
practical point of view the most suitable of them is the resonance of the order 2:1 which is
paid the main attention next. The influence of level of nonlinearity and asymmetry of elastic
characteristics and dissipation factor upon the behavior of the system and the number of its
regimes are marked. The possibility of forming of practicaly significant biharmonic
oscillations is demonstrated, the number of diagrams of laws of displacements and
accelerations for different values of the parameters are given. It is noted the opportunity of
realization of superharmonic regimes in the considered vibromachine by choosing the
parameters of elastic ties.

Keywords: Vibromachine, antiresonance, polyharmonic vibration, harmonic
balance method, bifurcation diagram, numerical analysis.
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Statement of the problem

In industry there are used vibrating machines with biharmonic oscillations
of working organs. Traditionally such oscillations are realized with the help of
two exciters having different frequencies [1]. But it is well known that in
nonlinear systems the oscillations sometimes become quite complicated and
may have pronounced polyharmonic character [2]. Usually these phenomena
take place for certain parameters of the dynamical system when, the so-called,
combination resonances take place. By this reason, the purpose of this article is
to investigate principle possibility of forming practically important oscillations
in two masses vibrating machine having polynomial elastic ties and harmonic
excitation.

Principle scheme and mathematical model

The principle scheme of such vibrating machine is shown in Figure 1,
where my — mass of aframe, my, — mass of a working organ, mgy — unbalanced

mass, r — eccentricity of an exciter,w — frequency of an vibroexciter, kg —
stiffness coefficient and ukg — coefficient of viscous resistance of shock

absorbers, k(x)= kq+ ko x+Kk3 x? — tiffness coefficient and uk (x), where
K (x)=ky+ k5 x+Kks x2 , — resistance coefficient of the elastic ties connecti ng

frame and working organ, Fg = kq X+ ko X2+ ks x> — its elastic characteristic,
Ky, ko, kg — parameters of the elastic tiesand k1, k5, k3, — of dissipation, p —
coefficient of inelastic resistance of absorbers and elastic ties,
P(t)=my r w? coswt — constraini ng force of inertial vibroexciter.
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As generalized coordinates we take Xy , — displacement of the frame and X, , —
displacement of the working organ.

Using Lagrange equations [3] we get the equations of the motion

[y %4+ Ko Xq - Kq (Xo = X1 )~ ko (xp = X1 )? — kg (¥ - % )3+
+ iko X - H(k'1+ ko (%o = xq )+ k3 (%o - Xl)z)(XZ - %)= My w? cosot,
My o + Ky (X — X1 )+ ko (xo = Xq )% + ka (%o - x¢)* +

+ lke+ Ko (% = x0)+ Ky (50 = 30 )2 %2 = 34)= .

Then subtracting one of them from the other one, denoting x= Xy — X1,
turning to the variable 7 = wyt, where w1 — the first natural frequency of a
vibromachine and introducing non-dimensional variables &1 = X1 /4, & = x/A4,

where 4 =102 m we represent mathematical model of the vibromachine in the
form

(42 d d d
521+b10 §1+b11 §+b12§ g b13§2 "
dr dz dz
+Kkig &1 + K1 E+ ko £2 +kyg E3 = P cosy, )
<
d2 dE d d d
f rbyg —L +bpyy 2 S 4 b22§ 5 bzsé:2 <,
dr dz dz
+Kop £ +Kop & + Kop £2 + kg £3 = P, cosy,
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Values of the physical parameters of the vibromachine are my = 50 kg,

m =700kg, my =550kg, kg =0.12-10% N/m,  k; =5.5-10% N/m,
r=0.088 m, u=0.0008 s, kg =kg, k1 =kq and the working frequency of the
engine w =100 rad/s. We suppose below the possibility of changing 7, ko,
k3, k5, k3 only.

Method of investigation

The steady motions of the machine we find by the harmonic balance
method [4]. According to it solutions of the system (1) we find in the form of
finite complex expansions

§1(T)= g CI(‘]].) einnr, §(T)= g Cneinn”[, (2)
n=-N n=-N

where N is anumber of harmonics taken into consideration. It is supposed that

N
the trigonometric view of the solutions of (1) is ¥ Aj cos(jnz - g ), where

]=0
the amplitude Aj =2 /cjc_j and initid phase ¢j€[-7,7), e
Cj +C_j Cj +C_j .
@j = arccos and @j =—arccos if

2 /Cj C_j

2./cjc_j
(Sc_j =0 A %c_; <0) v Jc_j <O

After substituting (2) into (1) and equating coefficients of equal powers of
e' "1 one may get the algebraic system of equations with respect to ¢,
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(k10 +|010i77n—772 n2)c( + (kg +bginn)e, +

+ E CjCn—j (ki +bpin(n-j))+
J__

) ) P1/2, n==+=1
L3y CijCn—j—m(k13+b13”7(n—J—m))={o |
j=—Nm=-N , ==l
) : (1) : 2 2 (3)
(kg +boginn)cy™ +(kop +boginn-n=n=)c, +
N
+ ¥ Cjcn_j(ka +bypin(n-j))+
j=—N
P/2, n==x1

+ CiCmCn_i—m(Kogz +bxzin(n-j-m))= :
J-ENm-E— j CmCn—j-m(ko3 +bgin(n-j ) {O,n;exl

where n,n-j,n- j-m&[-N,N]. Dimension of this system equals
2(2N +1). Then consequently changing one of the parameters of the system

(1) and solving the system (3) one may find bifurcation diagrams of the
system, in particular, the amplitude- (AFC) and phase-frequency
characteristics (PFC). Computations are fulfilled for five harmonic
components in (2) were taken into account, i.e. N =5. The corresponding
software are worked out as the toolbox of the program MATLAB and
described in [9].

Results

Here we considered the frequency zone located between the natural ones
(see Figure 2) and studied the pure resonances of lower order. The rectangular
symbol in figure shows the present working frequency of the machine. One may
mention that this is the frequency of antiresonance, — very small oscillations of
the frame and quite sufficient motions of the working organ.

The main practical results are the following.

Using correlation pw =|py|wy +|p2|w, [6], where p,py,py € Z inthis
zone with the help of our software we succeeded to find only the resonances of
3:1, 2:1 and 1:3. For linear dissipation (k5 = k3 =0) the corresponding
bifurcation diagrams (AFC and PFC) are shown in Figures 3-5 for ki3 / kj1=1,
k1o / ky1=0.
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Figure 2 — AFC for different values of the degree of nonlinearity of the elastic
characteristics

By our opinion the superharmonic resonance 2:1 (see Figure 4) is the
most interesting among it for practical purposes, it is rather intensive and gives
an opportunity to form biharmonic oscillations which are necessary for practice.
Really, one may compare, for example, motions that are recommended for
concentration tables [1] and oscillations generated in superharmonic zone for
n =20 (see Figure 6). The relative value of the second harmonic Ay / A in
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Figure 3 — Superharmonic resonance of order 3: 1
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Figure 4 — Superharmonic resonance of order 2: 1
displacement of the working organ forms approximately 12 =15 % and skew of
it approximately equals 2¢, — @1 =0.087 (see Figure 4). But one of the

essential faults of superharmonic resonances of even order is the existence of
two opposite regimes (see regimes 1 and 2 in Figure 6), that may create certain
difficulties when you start the engine.
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Figure 5 — Subharmonic resonance of order 1: 3
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Trying to strengthen one of the superharmonic regimes we introduce
asymmetry into elastic ties, this attempt is demonstrated in Figure 7. From the
view of the PFC it may be stated that two opposite regimes continue to exist, but
the practical results of this measure hardly may be interpreted surely without
getting their basins of attraction.

It is also necessary to mention that the discovered resonance is quite
stable to level of dissipation in the system. This fact is demonstrated in Figure 8
where the bifurcation diagrams (the amplitude and phase frequency response)
are given for asymmetric elastic ties and nonlinear resistance. It is interesting
that in this case the view of PFC aready shows the existence of a single
polyharmonic regime for 7 =17, for example. But, truly saying, some certain
changes also take place in the amplitude-phase correlations (see diagrams of
accelerations in Figure 8). Thus, shift phase of the second harmonic with respect
to the first one equals already 2¢» — @1 = 0.257.
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Figure 6 — Diagrams of diébl acements (@) and accelerations (b)Tof vibromachine
for superharmonic resonance 2: 1 and 7 = 20, k3 /ky1=1, k12 / kq1=0

(see Figure 4)
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Figure 7 — Superharmonic resonance 2 : 1 for linear dissipation and
ki3 / ki1=1, kg2 / ky1=-0.5
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Figure 8 — Superharmonic resonance 2 : 1 for nonlinear dissipation
(ko =ko, k3 =kg) and kq3/ky1=1, kyp / kyj1=-0.5
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It is also important to notice that the resonance 2: 1 in this vibrating machine
may be realized without essential changes in its construction and for the same
angle velocity of the engine w =100 rad/s by choosing only the parameters of

the main elastic ties. Caculations which were performed on the base of
correlations (1) and expression for the first natural frequency

2
> @’ kit k21—\/(k10—k21) +4k11k2o
w1 = 772 = 2

show that for getting the value of non-dimensional frequency # =17 the
stiffness of the linear part of the man elastic ties must be taken

ky =0.36-10% N/m instead of itsinitial value equal k; = 5.5-10% N/m.

Conclusion

So, the carried out investigations demonstrate the principal possibility of
forming practically significant polyharmonic oscillations of the working organ
of the vibrating machines by use of nonlinear elastic ties and realization of the
superharmonic resonance of the second order. These oscillations exist for broad
range of the parameters and quite stable to the level of dissipation. But one
needs to keep in mind that the frame of the machine is also pulled into these
motions and as a result quality of foundation insulation has become worse.

To the number of advantages of such way of forming polyharmonic
vibrations one may include the presence only one harmonic exciter and the
necessity to make just small changes in the machine construction. But some
problems connected with the design of such ties still remain.

The limited capacity of the engine is also one of the interesting and
important factors which can make adjustments upon the process of forming
polyharmonic vibrations and, by this reason, must be taken into account too.
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B.H. benosoxackuii, M.IO. Cyxopykos, C.JI. Bykun
JIoHEeUKN HallMOHAJIbHBIM TEXHUYECKUM YHUBEPCUTET

K Bompocy o ¢opvupoBaHunm OUrapMOHMYECKHX KoOJIe0aHMH B JIBYXMACCHBIX
HeJIMHEeHbIX BUOPALMOHHBIX MAIIMHAX MPHU W1eaJIbHOM FapMOHMY€ECKOM BO30Y K/ICHHUU.
B pabote paccmarpuBaeTcsi IpUHIMIIKAIBHAS CXeMa JIByXMAacCHOM BHOPALMOHHONW MaIlIWHBI
C WJCANbHBIM HMHEPLHUOHHBIM BO30YXICHMEM U KyOMUYECKOW XapaKTEPUCTHKOW YNPYTUX U
JIMCCUNIATUBHBIX CBsi3eil. l3yuaroTcst ee ojHOHAmpaBieHHbIE Kojle0aHHs, KOTOpHIE
OIUCBIBAIOTCSL CUCTEMOM IBYX audepeHInalbHbIX ypaBHEHU BToporo mopsaka. Ilocme
nepexoaa B cucTeMe K Oe3pa3MepHbIM MapaMeTpaM Ul aHaIKu3a CTAl[MOHAPHBIX JBWKCHHUN
BUOPOMAIIIMHBI HCIIONB3YyeTCS KOMIUIEKCHas ¢opMma MeTojga rapMoHHuYeckoro OanaHca. B
pe3yabTaTe 3TOro 3aja4ya HaXOXKICHUS MEePUOAMYECKUX KoJeOaHUil BUOPOMAIIMHBI CBOIUTCS
K PEIICHUIO CUCTEMbI TOJMHOMMAJIBHBIX YPABHEHUH C KOMIUIEKCHBIMU KO3 PHULIMEHTaMU U
OCYILECTBIISICTCS C UCIOIB30BAHUEM OPUTHHAIBHOIO MPOTPaMMHOro odecrieueHus. Pemenne
yKa3aHHON CHUCTEMbl ypaBHEHUH NPH MOCIEI0BATEIHFHOM U3MEHEHUH OJHOTO U3 MapaMeTpoOB
BUOpPOMAIIIMHBI TO3BOJIIET CTPOUTH OH(YpKAIMOHHBIE JUArpaMMbl, BO3MOXXHBIE TOUYKHU
Ooudypkanuu ycTaHaBIMBAIOTCS TyTEM KOHTPOJIUPOBAHUS CMEHBI 3HAKa IKOOMaHa CUCTEMBI, a
aHaTM3 YCTOWYMBOCTM pEUICHHH IO TMEpPBOMY MNPHOIMKEHHIO OCYILECTBIAETCS C
ucnonb3oBanueM Teopun Dnoke-JIsnynosa. C HUCHONB30BaHHEM 3TOrO0 MPOTPAMMHOIO
o0ecreyeHnss aHAIM3UPYIOTCS CTAllMOHapHbIe KojeOaHWs BHOPOMAIIMHBI B YaCTOTHOM
JMana3oHe, PpacHoJOKEHHOM MEXIy €€ COOCTBEHHBIMM dYacToTaMu. Jlisi BBIOpAaHHBIX
napamMeTpoB  BHOpDOMAIMHBI  YCTAHABIMBAETCS  CYIIECTBOBAaHHWE  KOMOWHAIIMOHHBIX
pe3onancoB nopsakoB 3:1, 2:1 u 1:3, npuBOAATCS COOTBETCTBYIOLIME aMIUIUTYIHO- U (hazo-
YaCTOTHBIE XapaKTEPUCTUKU KoJeOmromuxcs wMacc. VX aHanu3 MOKa3bplBaeT, dYTO C
NPAaKTUYECKOM TOYKM 3peHMs, Hauboyiee 3HAYMMBIMHM SIBJISIETCSl CYNEprapMOHHUYECKHE
KosiebaHusl mopsika 2:1, KOTOphIM, Aajiee, M YAEJICHO OCHOBHOE BHMMaHue. OTmeuaercs
BIMSIHAE CTENEHH HEJIMHEHMHOCTH M AaCUMMETPHM YIPYToM XapaKTepPUCTUKH M YPOBHS
IMCCUNAMM HA TOBEJCHHME CHUCTEMbl M YHUCIIO TNEPHUOAMYECKUX pekumoB. [IpuBomsrcs
JMarpaMMbl 3aKOHOB JIBUKCHHH M YCKOPEHHUH KOJEeONIOIUXCS Macc, JEMOHCTpUpPYETCs
BO3MOXKHOCTh (POPMHUPOBAHUS TPAKTHUECKH 3HAUYUMBIX IOJUTAaPMOHHUYEKUX BHUOpaIuii.
OTMmeyaeTcsi BO3SMOKHOCTh BBOJIa paCCMaTPUBAEMOM BUOPOMAIIMHBI B CyNEprapMOHUYECKUIA
PE30HAaHC MyTeM No00pa NapaMeTpoB YIPYTHX CBS3EH.

KiroueBble cioBa: BuOpomammHa, aHTHPe30HAHC, NOJMIapMOHHYecKass BuOpauus,
MeTO/I TApPMOHUYECKOro fajnanca, OnpypkauuoHHAs JUArPaMMa, YHCJIEHHBIH aHaIu3.
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B.M. benoBoacekuit, M.1O. Cyxopykos, C.JI. Bykin
JIOHeIbKH1 HAI[IOHAIBHUI TEXHIYHUH YHIBEpPCUTET

o nutanHa npo ¢gopmyBaHHs OirapMOHIHHMX KOJIMBAaHb B JIBOMACHHX HeJIiHITHMX
BiOpauiiHMX MalIMHAX NPH iJeaJlbHOMY TrapMoOHiliHOMY 30ym:KeHHi. Y poOori
PO3TISAAETHCS IPUHIIMIIOBA CXeMa IBOMACHOI BiOpaIliiiHoi MalvHy 3 11€aTbHUM 1HEpLIHHUM
30y/UKEHHSM 1 KyOI4HOIO XapaKTepUCTUKOIO MIPY>KHUX 1 TUCUITATUBHUX 3B'A3KiB. BuB4aroThCs
il omHOCTIPSIMOBaHI KOJIMBAHHS, SIKI OMMHUCYIOTHCS CHCTEMOIO ABOX MU(DEepeHIaIbHUX PIBHSHB
apyroro mopsaaxy. Ilicias mepexoay B cucteMi 10 Oe3po3MipHHX MapaMeTpiB JUIs aHaNi3y
CTAalllOHAPHUX pYXiB BIOPOMAIIMHU BHUKOPUCTOBYETbCS KOMIUIEKCHa ¢opMa METOAY
rapMoHiiiHoro Oanancy. B pe3ynbpTaTi IpOro 3ajaya 3HAXOPKEHHS MEPIOAMYHHUX KOJIMBAHb
BIOpOMAIIIMHM 3BOJUTHCS IO BUPIIIEHHS CUCTEMH MOJTIHOMIaJbHUX PIBHSIHD 3 KOMIUICKCHUMHU
KoedilieHTaMl 1  3MIMCHIOETbCS 3  BUKOPUCTAHHSAM  OPHUTIHAIBHOTO  MPOrPAMHOIO
3abe3neueHHs. PimeHHS 3a3Hau€HOi CHUCTEMM pPIBHSAHb MPU MOCTIIOBHIM 3MiHI OJHOTO 3
napamMeTpiB BiOpoMamMHu [03BOJsie OyayBaTH OidypkamiiiHi Jiarpamu, MOXIUBI TOUYKU
0idypkallii BCTAHOBIIOIOTHCSA NUISIXOM KOHTPOJIOBAHHS 3MIHHM 3HAaKa sikoOiaHa CHUCTEMH, a
aHaJi3 CTIMKOCTI pillIeHb MO MEPIIOMY HAOIMKEHHIO 3/11HCHIOETHCA 3 BUKOPUCTAHHAM Teopii
@noke-JIsamyHoBa. 3 BHKOPHUCTAHHSAM LBOTO IPOrpaMHOTO 3a0e3NedyeHHs aHai3yHThCs
CTaLllOHAPHI KOJHMBAHHSA BIOPOMAIIMHM B YacCTOTHOMY Jiama3oHi, pO3TalIOBaHOMY MIX ii
BJIACHUMH 4YacToTamu. Jyisi oOpaHuX mapaMeTpiB BiOpOMAIIMHN BCTAHOBIIOETHCS 1CHYBaHHS
KoMOiHaIiiiHuX pe3oHaHciB nopsakis 3:1, 2:1 1 1:3, npuBoaATHCS BIIMOBIIHI aMILTITYAHO- 1
(a30-4aCTOTHI XapaKTEpUCTUKU KOJMBHUX Mac. IX aHaji3 1mokasye, 0 3 HPAKTHYHOI TOUKHU
30py, HAWOLIBII 3HAYMMUMHU € CyNEeprapMoHIdHI KONMMBaHHS mopsaky 2:1, skum, mami, i
NpUJiieHa OCHOBHA YyBara. Bin3HayaeTbCsi BIUIMB CTYINEHS HENIHIMHOCTI Ta acuMeTpii
NpPY>KHOI XapaKTepUCTHKH 1 PiBHSA TUCHIALI] HA MOBEAIHKY CHCTEMHM 1 YHCIIO MEPiOJUYHUX
pexxumiB. I[lpuBoasTbes niarpamMu  3aKOHIB  PyXiB 1 TNPUCKOPEHb KOJUBHHX  Mac,
JEMOHCTPYETbCSI MOXJIUBICTH (OPMYBaHHS NPAKTUYHO 3HAYMMHUX IOJIrapMOHIMHUX
BiOpariii. BinqznauaeTbcst MOXIIMBICTh BBEJICHHS JaHOI BIOpOMAIIMHM B CyleprapMOHINHMIA
PE30HAHC LUIAXOM Mi100py napaMeTpiB NPYyKHUX 3B'S3KiB.

KirouoBi ciaoBa: BiOpomammua, aHTipe3oHaHc, moJgirapmoniiiHa BiOpauisi, Mertox
rapMoHiiiHoro 6aJjancy, Oipypkaniiina giarpama, yuceJbHUH aHAJI3.



