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ÍÒÓ �ÕÏI�

ÇÀÏÐÎÂÀÄÆÅÍÍß ÃIÁÐÈÄÍÎÃÎ IÍÒÅÃÐÀËÜÍÎÃÎ ÏÅÐÅÒÂÎÐÅÍÍß
ÒÈÏÓ ÅÉËÅÐÀ-ÁÅÑÑÅËß-ËÅÆÀÍÄÐÀ ÍÀ ÑÅÃÌÅÍÒI [0, R3] ÏÎËßÐÍÎ�

ÎÑI

Ìåòîäîì äåëüòà-ïîäiáíî¨ ïîñëiäîâíîñòi (ÿäðî Äiðiõëå) íà ñåãìåíòi [0, R3] ïîëÿðíî¨ îñi
ç äâîìà òî÷êàìè ñïðÿæåííÿ çàïðîâàäæåíî ãiáðèäíå iíòåãðàëüíå ïåðåòâîðåííÿ òèïó Åéëåðà-
Áåññåëÿ-Ëåæàíäðà.

By a method delta - similar sequence (kernel of Dirikhle) on a segment [0, R3] arctic ax with
two points of interface hybrid integral transformation is inculcated as Eylera- Besselya - Lezhandra.

Âñòóï
Âèâ÷åííÿ ôiçèêî-òåõíi÷íèõ õàðàêòåðè-

ñòèê êîìïîçèòíèõ ìàòåðiàëiâ, ÿêi çíàõîäÿ-
òüñÿ â ðiçíèõ óìîâàõ åêñïëóàòàöi¨, ìàòåìà-
òè÷íî ïðèâîäèòü äî çàäà÷i iíòåãðóâàííÿ ñå-
ïàðàòíî¨ ñèñòåìè äèôåðåíöiàëüíèõ ðiâíÿíü
äðóãîãî ïîðÿäêó íà êóñêîâî-îäíîðiäíîìó ií-
òåðâàëi. Îäíèì iç åôåêòèâíèõ ìåòîäiâ îäåð-
æàííÿ iíòåãðàëüíîãî çîáðàæåííÿ ðîçâ'ÿçêiâ
òàêèõ çàäà÷ ¹ ìåòîä ãiáðèäíèõ iíòåãðàëüíèõ
ïåðåòâîðåíü (ÃIÏ), çàïî÷àòêîâàíèõ â ðîáî-
òi [1]. Îñíîâè òåîði¨ ÃIÏ çàêëàäåíî â ðîáîòi
[2]. Äàíà ñòàòòÿ ïðèñâÿ÷åíà çàïðîâàäæåííþ
îäíîãî iç òèïiâ ÃIÏ.
Ìåòà ñòàòòi
Ïîáóäóâàòè ãiáðèäíå iíòåãðàëüíå ïåðå-

òâîðåííÿ òèïó Åéëåðà - Áåññåëÿ - Ëåæàíäðà
Îñíîâíi ðåçóëüòàòè
Çàïðîâàäèìî ìåòîäîì äåëüòà - ïî-

äiáíî¨ ïîñëiäîâíîñòi iíòåãðàëüíå ïåðå-
òâîðåííÿ, ïîðîäæåíå íà ìíîæèíi I2 =
{r : r ∈ (0, R0)

∪
(R1, R2)

∪
(R2, R3);R3 <∞}

ãiáðèäíèì äèôåðåíöiàëüíèì îïåðàòîðîì
(ÃÄÎ)

M
(µ)
ν,(α) = θ(r)θ(R1 − r)a21B

∗
α1
+

+θ(r −R1)θ(R2 − r)a22Bν,α2+
+θ(r −R2)θ(R3 − r)a23Λ(µ)

(1)

θ(x)− îäèíè÷íà ôóíêöiÿ Ãåâiñàéäà [3], aj >
0, j = 1, 3.

Ó ðiâíîñòi (1) áåðóòü ó÷àñòü äèôåðåí-
öiàëüíi îïåðàòîðè Åéëåðà B∗

α1
[4], Áåññå-

ëÿ Bν,α2 [5] òà Ëåæàíäðà Λ(µ) [6]: B∗
α1

=

r2 d2

dr2
+ (2α1 + 1)r d

dr
+ α2

1, Bν,α2
=

d2

dr2
+

2α2 + 1

r

d

dr
− ν2 − α2

2

r2
, Λ(µ) = d2

dr2
+ cth r d

dr
+

1
4
+ 1

2

(
µ2
1

1−ch r
+

µ2
2

1+ch r

)
, 2αj +1 > 0, ν ≥ α2 ≥

−1/2, µ1 ≥ µ2 ≥ 0, (α) = (α1, α2),(µ) =
(µ1, µ2).

Îçíà÷åííÿ. Çà îáëàñòü âèçíà÷åííÿ ÃÄÎ
M

(µ)
ν,(α) ïðèéìåìî ìíîæèíóG âåêòîð-ôóíêöié

g(r) = {g1(r), g2(r), g3(r)} ç òàêèìè âëàñòè-
âîñòÿìè:

1) âåêòîð-ôóíêöiÿ f(r) ={
B∗

α1
[g1(r)];Bν,α2

[g2(r)]; Λ(µ)[g3(r)]
}

íåïå-
ðåðâíà íà ìíîæèíi I2 ;

2) ôóíêöi¨ gj(r) çàäîâîëüíÿþòü êðàéîâi
óìîâè

lim
r→0

[rγg1(r)] = 0,(
α3
22d/dr + β3

22

)
g3(r) |r=R3 = 0 (2)

3) ôóíêöi¨ gj(r) çàäîâîëüíÿþòü óìîâè
ñïðÿæåííÿ[(

αk
j1

d
dr

+ βk
j1

)
gk(r)− (3)

−
(
αk
j2

d
dr

+ βk
j2

)
gk+1(r)

]∣∣
r=Rk

= 0, j, k = 1, 2

Ââàæà¹ìî, ùî âèêîíàíi óìîâè íà êîåôiöi-
¹íòè: αk

jm ≥ 0, βk
jm ≥ 0, α3

22 + β3
22 ̸= 0,

c1kc2k > 0, cjk = αk
2jβ

k
1j − αk

1jβ
k
2j.

Âèçíà÷èìî ÷èñëà

σ1 =
1

a21
, σ2 =

c21
c11

R2α1+1
1

R2α2+1
1

1

a22
,

σ3 =
c21
c11

c22
c12

R2α1+1
1

R2α2+1
1

R2α2+1
2

shR2

1

a23
,
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âàãîâó ôóíêöiþ

σ(r) = θ(r)θ(R1 − r)σ1r
2α1−1 + θ(r −R1)×

×θ(R2 − r)σ2r
2α2+1 + θ(r −R2)θ(R3 − r)σ3shr

i ñêàëÿðíèé äîáóòîê u ∈ G, v ∈ G

(u, v) =
R3∫
0

u(r)v(r)σ(r)dr ≡

≡
R1∫
0

u1(r)v1(r)σ1r
2α1−1dr+

+

R2∫
R1

u2(r)v2(r)σ2r
2α2+1dr+

+

R3∫
R2

u3(r)v3(r)σ3shrdr

(4)

Äëÿ u ∈ G òà v ∈ G iç óìîâ ñïðÿæåííÿ
(3) âèïëèâà¹ áàçîâà òîòîæíiñòü(

uk(r)
dvk
dr

− vk(r)
duk
dr

) ∣∣∣
r=Rk

=
c2k
c1k

(uk+1×

×(r)
dvk+1

dr
−vk+1(r)

duk+1

dr
)
∣∣∣
r=Rk

, k = 1, 2 (5)

Íàÿâíiñòü áàçîâî¨ òîòîæíîñòi (5) ç âè-
êîðèñòàííÿì âëàñòèâîñòåé ôóíêöié iç G òà
ñòðóêòóðè σ1, σ2, σ3 äàþòü ìîæëèâiñòü ïåðå-
êîíàòèñÿ â ñïðàâåäëèâîñòi ðiâíîñòi

(M
(µ)
ν,(α)[u], v) = (u,M

(µ)
ν,(α)[v]) (6)

Ðiâíiñòü (6) îçíà÷à¹, ùî ÃÄÎ M
(µ)
ν,(α) ñà-

ìîñïðÿæåíèé. Îòæå, éîãî ñïåêòð äiéñíèé.
Îñêiëüêè ÃÄÎM

(µ)
ν,(α) ìà¹ íà ìíîæèíi I2 îäíó

îñîáëèâó òî÷êó r = 0, òî éîãî ñïåêòð íåïå-
ðåðâíèé. Ìîæíà ââàæàòè, ùî ñïåêòðàëüíé
ïàðàìåòð β ∈ (0,∞) i éîìó âiäïîâiäà¹ ñïå-
êòðàëüíà âåêòîð-ôóíêöiÿ

V
(µ)
ν,(α)(r, β) =

3∑
j=1

θ(r −Rj)θ(Rj − r)×

×V (µ)
ν,(α);j(r, β), R0 = 0

Ôóíêöi¨ V (µ)
ν,(α);j(r, β) çíàéäåìî ÿê ðîçâ'ÿ-

çîê ñåïàðàòíî¨ ñèñòåìè äèôåðåíöiàëüíèõ
ðiâíÿíü Åéëåðà, Áåññåëÿ òà Ëåæàíäðà

(B∗
α1

+ b21)V
(µ)
ν,(α);1(r, β) = 0, r ∈ (0, R1),

(Bν,α2
+ b22)V

(µ)
ν,(α);2(r, β) = 0, r ∈ (R1, R2), (7)

(Λ(µ) + b23)V
(µ)
ν,(α);3(r, β) = 0, r ∈ (R2, R3),

çà îäíîðiäíèìè êðàéîâèìè óìîâàìè (2) òà
îäíîðiäíèìè óìîâàìè ñïðÿæåííÿ (3), bj =
(β2 + k2j )

1/2, k2j ≥ 0, j = 1, 3.
Ôóíäàìåíòàëüíó ñèñòåìó ðîçâ'ÿçêiâ äëÿ

äèôåðåíöiàëüíîãî ðiâíÿííÿ Åéëåðà (B∗
α1

+
b21)v = 0 óòâîðþþòü ôóíêöi¨ v1 =
r−α1 cos(b1 ln r) òà v2 = r−α1 sin(b1 ln r) [4];
ôóíäàìåíòàëüíó ñèñòåìó ðîçâ'ÿçêiâ äëÿ äè-
ôåðåíöiàëüíîãî ðiâíÿííÿ Áåññåëÿ (Bν,α2

+

b22)v = 0 óòâîðþþòü ôóíêöi¨ Áåññåëÿ ïåð-
øîãî ðîäó v1 = Jν,α2

(b2r) òà 2-ãî ðîäó
v2 = Nν,α2

(b2r) [5]; ôóíäàìåíòàëüíó ñèñòå-
ìó ðîçâ'ÿçêiâ äëÿ äèôåðåíöiàëüíîãî ðiâíÿí-
íÿ Ëåæàíäðà (Λ(µ)+b

2
3)v = 0 óòâîðþþòü óçà-

ãàëüíåíi ïðè¹äíàíi ôóíêöi¨ Ëåæàíäðà v1 =

A
(µ)
−1/2+ib3

(chr) òà v2 = B
(µ)
−1/2+ib3

(chr) [6].
Ïðèïóñòèìî, ùî

V
(µ)
ν,(α);1(r, β) = A1r

−α1 cos(b1 ln r)+

+B1r
−α1 sin(b1 ln r), r ∈ (0, R1).

(8)

V
(µ)
ν,(α);2(r, β) = A2Jν,α2

(b2r) +B2Nν,α2
(b2r),

r ∈ (R1, R2),

V
(µ)
ν,(α);3(r, β) = A3A

(µ)
−1/2+ib3

(chr)+

+B3B
(µ)
−1/2+ib3

(chr), r ∈ (R2, R3).

Óìîâè ñïðÿæåííÿ (3) òà êðàéîâà óìîâà
â òî÷öi r = R3 äëÿ âèçíà÷åííÿ âåëè÷èí
Aj, Bj(j = 1, 3) äàþòü àëãåáðà¨÷íó ñèñòåìó
iç ï'ÿòè ðiâíÿíü:

Y 11
α1;j1

(b1, R1)A1 + Y 12
α1;j1

(b1, R1)B1−
−u11ν,α2;j2

(b2R1)A2−
−u12ν,α2;j2

(b2R1)B2 = 0, j = 1, 2.
u21ν,α2;j1

(b2R2)A2 + u22ν,α2;j1
(b2R2)B2−

−Y (µ);21
−1/2+ib3;j2

(chR2)A3−
−Y (µ);22

−1/2+ib3;j2
(chR2)B3 = 0

(9)

Y
(µ);31
−1/2+ib3;22

(chR3)B3+Y
(µ);32
−1/2+ib3;22

(chR3)B3 = 0

Â ñèñòåìi (9) ïðèéíÿòi ïîçíà÷åííÿ:

Y m1
α1;j1

(b1, Rm) = [(βm
j1−α1R

−1
m αm

j1) cos(b1 lnRm)−

−b1(β)R−1
m αm

j1) sin(b1 lnRm)]R
−α1
m ,m = 0, 1;
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Y m2
α1;j1

(b1, Rm) = [(βm
j1 − α1R

−1
m αm

j1) sin(b1 lnRm)+
+αm

j1b1R
−1
m cos(b1 lnRm)]R

−α1
m ,

um1
ν,α2;jk

(b2Rm) = (ν−α2

Rm
αm
jk + βm

jk)Jν,α2(b2Rm)−
−αm

jkRmb
2
2Jν+1,α2+1(b2Rm),

um2
ν,α2;jk

(b2Rm) = (ν−α2

Rm
αm
jk + βm

jk)Nν,α2(b2Rm)−
−αm

jkRmb
2
2Nν+1,α2+1(b2Rm),m = 1, 2;

Y
(µ);m1
−1/2+ib3;j2

(chRm) =

=

(
αm
j2

d

dr
+ βm

j2

)
A

(µ)
−1/2+ib3

(chr)|r=Rm ,

Y
(µ);m2
−1/2+ib3;j2

(chRm) =

=

(
αm
j2

d

dr
+ βm

j2

)
B

(µ)
−1/2+ib3

(chr)|r=Rm ,m = 2, 3

Âiçüìåìî A3 = −A0Y
(µ);32
−1/2+ib3;22

(chR3), B3 =

A0Y
(µ);31
−1/2+ib3;22

(chR3), äå A0 ïiäëÿãà¹ âèáîðó,
i ðîçãëÿíåìî àëãåáðà¨÷íó ñèñòåìó ñòîñîâíî
A2, B2 :

u21ν,α2;j1
(b2R2)A2 + u22ν,α2;j1

(b2R2)B2 =

= −A0[Y
(µ);21
−1/2+ib3;j2

(chR2)Y
(µ);32
−1/2+ib3;22

(chR2)−
−Y (µ);22

−1/2+ib3;j2
(chR2)Y

(µ);31
−1/2+ib3;22

(chR3)] ≡
≡ −A0δ

(µ)
−1/2+ib3;j

(chR2, chR3)

(10)
Âèçíà÷íèê àëãåáðà¨÷íî¨ ñèñòåìè (10)

qν,α2(β) = u21ν,α2;11
(b2R2)u

22
ν,α2;21

(b2R2)−
−u21ν,α2;21

(b2R2)u
22
ν,α2;11

(b2R2) =
2
π

c12
b
2α2
2 R

2α2+1
2

̸= 0

Ñèñòåìà (10) çãiäíî ïðàâèë Êðàìåðà [7]
ìà¹ ¹äèíèé ðîçâ'ÿçîê:

A2 = −A0[qν,α2(β)]
−1[δ

(µ)
−1/2+ib3;1

(chR2, chR3)×
×u22ν,α2;21

(b2R2)−
−δ(µ)−1/2+ib3;2

(chR2, chR3)u
22
ν,α2;11

(b2R2)]

B2 = A0[qν,α2(β)]
−1[δ

(µ)
−1/2+ib3;1

(chR2, chR3)×
×u21ν,α2;21

(b2R2)−
−δ(µ)−1/2+ib3;2

(chR2, chR3)u
21
ν,α2;11

(b2R2)]

(11)
Ðîçãëÿíåìî àëãåáðà¨÷íó ñèñòåìó ñòîñîâ-

íî A1, B1 :

Y 11
α1;j1

(b1, R1)A1 + Y 12
α1;j1

(b1, R1)B1 =

= A0[qν,α2(β)]
−1a

(µ)
ν,α2;j

(β), j = 1, 2
(12)

Â ñèñòåìi (12) ïðèéíÿòi ïîçíà÷åííÿ

δν,α2;jk(b2R1, b2R2) = u11ν,α2;j2
(b2R1)×

×u22ν,α2;k1
(b2R2)−

−u12ν,α2;j2
(b2R1)u

21
ν,α2;k1

(b2R2), j, k = 1, 2;

a
(µ)
ν,α2;j

(β) = δ
(µ)
−1/2+ib3;2

(chR2, chR3)×
×δν,α2;j1(b2R1, b2R2)−

−δ(µ)−1/2+ib3;1
(chR2, chR3)δν,α2;j2(b2R1, b2R2),

Âèçíà÷íèê àëãåáðà¨÷íî¨ ñèñòåìè (12)

qα1(β) = Y 11
α1;11

(b1, R1)Y
12
α1;21

(b1, R1)−
−Y 11

α1;21
(b1, R1)Y

12
α1;11

(b1, R1) =
c11b1(β)

R
2α1+1
1

̸= 0

Ïðè A0 = qν,α2(β)qα1(β) iç ñèñòåìè (12)
ìà¹ìî:

A1 = ω
(µ)
ν,(α);2(β), B1 = −ω(µ)

ν,(α);1(β),

ω
(µ)
ν,(α);j(β) = a

(µ)
ν,α2;1

(β)Y 1j
α1;21

(b1, R1)−
−a(µ)ν,α2;2

(β)Y 1j
α1;11

(b1, R1), j = 1, 2;
(13)

Ïiäñòàâèâøè âèçíà÷åíi çà ôîðìóëàìè
(11) A2 òà B2 é çà ôîðìóëàìè (13) A3 òà
B3 â ðiâíîñòi (8), îäåðæó¹ìî ôóíêöi¨:

V
(µ)
ν,(α);1(r, β) = ω

(µ)
ν,(α);2(β)r

−α1 cos(b1 ln r)−
−ω(µ)

ν,(α);1(β)r
−α1 sin(b1 ln r),

V
(µ)
ν,(α);2(r, β) = qα1 [δ

(µ)
−1/2+ib3;1

(chR2, chR3)×
×ψ2

ν,α2;21
(b2R2, b2r)− δ

(µ)
−1/2+ib3;2

(chR2, chR3)×
×ψ2

ν,α2;11
(b2R2, b2r)];

ψ2
ν,α2;j1

= u21ν,α2;j1
(b2R2)Nν,α2

(b2r)−
−u22ν,α2;j1

(b2R2)Jν,α2
(b2r);

V
(µ)
ν,(α);3(r, β) = qν,α2(β)qα1(β)×

×[Y
(µ);31
−1/2+ib3;22

(chR3)B
(µ)
−1/2+ib3

(chr)−
−Y (µ);32

−1/2+ib3;22
(chR3)A

(µ)
−1/2+ib3

(chr)].

(14)

Íàÿâíiñòü ñïåêòðàëüíî¨ ôóíêöi¨
V

(µ)
ν,(α)(r, β), âàãîâî¨ ôóíêöi¨ σ(r) òà

ñïåêòðàëüíî¨ ùiëüíîñòi Ω
(µ)
ν,(α)(β) =

β[b1(β)]
−1([ω

(µ)
ν,(α);1(β)]

2 + [ω
(µ)
ν,(α);2(β)]

2)−1

äà¹ ìîæëèâiñòü âèçíà÷èòè ïðÿìå H
(µ)
ν,(α) é

îáåðíåíå H
−(µ)
ν,(α) ãiáðèäíå iíòåãðàëüíå ïåðå-

òâîðåííÿ, ïîðîäæåíå íà ìíîæèíi I2 ÃÄÎ
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M
(µ)
ν,(α) [2]:

H
(µ)
ν,(α)[g(r)] =

R3∫
0

g(r)V
(µ)
ν,(α)(r, β)σ(r)dr ≡ g̃(β),

(15)

H
−(µ)
ν,(α) [g̃(β)] =

2

π

∞∫
0

g̃(β)V
(µ)
ν,(α)(r, β)×

×Ω
(µ)
ν,(α)(β)dβ ≡ g(r) (16)

g(r) � áóäü-ÿêà ôóíêöiÿ iç G � îáëàñòi âè-
çíà÷åííÿ ÃÄÎ.

Ìàòåìàòè÷íèì îáãðóíòóâàííÿì ïðàâèë
(15),(16) ¹ òâåðäæåííÿ.
Òåîðåìà (ïðî iíòåãðàëüíå çîáðàæåííÿ).

ßêùî âåêòîð-ôóíêöiÿ

f(r) = [θ(r)θ(R1 − r)rα1−1/2+
+rα2+1/2θ(r −R1)θ(R2 − r)+

+θ(r −R2)θ(R3 − r)
√
shr]g(r)

íåïåðåðâíà, àáñîëþòíî ñóìîâíà é ìà¹ îáìå-
æåíó âàðiàöiþ íà ìíîæèíi (0, R3), òî äëÿ
áóäü-ÿêîãî r ∈ I2 ñïðàâäæó¹òüñÿ iíòå-
ãðàëüíå çîáðàæåííÿ

g(r) = 2
π

∞∫
0

V
(µ)
ν,(α)(r, β)

R3∫
0

g(ρ)V
(µ)
ν,(α)(ρ, β)×

σ(ρ)dρ× Ω
(µ)
ν,(α)(β)dβ

(17)

Äîâåäåííÿ. Ôóíêöi¨ V
(µ)
ν,(α);1(r, λ)

òà V
(µ)
ν,(α);1(r, β), äå λ ̸= β ∈

(0,∞),çàäîâîëüíÿþòü âiäïîâiäíî äèôå-
ðåíöiàëüíi ðiâíÿííÿ Åéëåðà:

[a21B
∗
α1

+ (λ2 + k21)]V
(µ)
ν,(α);1(r, λ) = 0,

[a21B
∗
α1

+ (β2 + k21)]V
(µ)
ν,(α);1(r, β) = 0,

Ïîìíîæèìî ïåðøå ç öèõ ðiâíÿíü
íà r2α1−1V

(µ)
ν,(α);1(r, β), à äðóãå � íà

r2α1−1V
(µ)
ν,(α);1(r, λ) é âiäíiìåìî âiä ïåðøî-

ãî äðóãå:

V
(µ)
ν,(α);1(r, λ)V

(µ)
ν,(α);1(r, β)r

2α1−1 =
a21

β2 − λ2
×

× d

dr
[r2α1+1(V

(µ)
ν,(α);1(r, β)

dV
(µ)
ν,(α);1(r, λ)

dr
−

V
(µ)
ν,(α);1(r, λ)

dV
(µ)
ν,(α);1(r, β)

dr
]. (18)

Ôóíêöi¨ V (µ)
ν,(α);2(r, λ) òà V

(µ)
ν,(α);2(r, β), äå λ ̸=

β ∈ (0,∞),çàäîâîëüíÿþòü âiäïîâiäíî äèôå-
ðåíöiàëüíi ðiâíÿííÿ Áåññåëÿ:

[a22Bν,α2
+ (λ2 + k22)]V

(µ)
ν,(α);2(r, λ) = 0,

[a22Bν,α2
+ (β2 + k22)]V

(µ)
ν,(α);2(r, β) = 0,

Ïîìíîæèìî ïåðøå ç öèõ ðiâíÿíü
íà r2α2+1V

(µ)
ν,(α);2(r, β), à äðóãå - íà

r2α2+1V
(µ)
ν,(α);2(r, λ) é âiäíiìåìî âiä ïåðøî-

ãî äðóãå:

V
(µ)
ν,(α);2(r, λ)V

(µ)
ν,(α);2(r, β)r

2α2+1 =
a22

β2 − λ2
×

× d

dr
[r2α2+1(V

(µ)
ν,(α);2(r, β)

dV
(µ)
ν,(α);2(r, λ)

dr
−

−V (µ)
ν,(α);2(r, λ)

dV
(µ)
ν,(α);2(r, β)

dr
] (19)

Ôóíêöi¨ V (µ)
ν,(α);3(r, λ) òà V

(µ)
ν,(α);3(r, β), äå λ ̸=

β ∈ (0,∞) çàäîâîëüíÿþòü âiäïîâiäíî äèôå-
ðåíöiàëüíi ðiâíÿííÿ Ëåæàíäðà:

[a23Λ(µ) + (λ2 + k23)]V
(µ)
ν,(α);3(r, λ) = 0,

[a23Λ(µ) + (β2 + k23)]V
(µ)
ν,(α);3(r, β) = 0,

Ïîìíîæèìî ïåðøå ç öèõ ðiâíÿíü íà
shrV

(µ)
ν,(α);3(r, β), à äðóãå - íà shrV

(µ)
ν,(α);3(r, λ)

é âiäíiìåìî âiä ïåðøîãî äðóãå:

V
(µ)
ν,(α);3(r, λ)V

(µ)
ν,(α);3(r, β)shr =

a23
β2 − λ2

×

× d

dr
[shr(V

(µ)
ν,(α);3(r, β)

dV
(µ)
ν,(α);3(r, λ)

dr
−

−V (µ)
ν,(α);3(r, λ)

dV
(µ)
ν,(α);3

(r,β)

dr
] (20)

Ïîìíîæèìî ðiâíiñòü (18) íà σ1dr é ïðî-
iíòåãðó¹ìî ïî r âiä r = ε > 0 äî r = R1;
ïîìíîæèìî ðiâíiñòü (19) íà σ2dr é ïðîiíòå-
ãðó¹ìî ïî r âiä r = R1 äî r = R2; ïîìíîæè-
ìî ðiâíiñòü (20) íà σ3dr é ïðîiíòåãðó¹ìî ïî
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r âiä r = R2 äî r = R3. ßêùî îäåðæàíi ðå-
çóëüòàòè äîäàòè, òî â ñèëó êðàéîâî¨ óìîâè
â òî÷öi r = R3., áàçîâî¨ òîòîæíîñòi â òî÷êàõ
r = R1 òà r = R2 i âèðàçiâ σ1, σ2, σ3 áóäåìî
ìàòè ðiâíiñòü:

R3∫
ε

V
(µ)
ν,(α)(r, λ)V

(µ)
ν,(α)(r, β)σ(r)dr = − ε2α1+1

β2 − λ2
×

×[V
(µ)
ν,(α);1(ε, β)V

(µ)/
ν,(α);1(ε, λ)−

−V (µ)
ν,(α);1(ε, λ)V

(µ)/
ν,(α);1(ε, β)] (21)

Äëÿ äîâiëüíèõ äîäàòíèõ ñ òà d(c < d) i äî-
âiëüíî¨ ñêií÷åííî¨ ôóíêöi¨ ψ(λ), âèçíà÷åíî¨
íà ñåãìåíòi [c, d], çíàéäåìî âåëè÷èíó ïîäâié-
íîãî íåâëàñíîãî iíòåãðàëà

J =
2

π

R3∫
0

d∫
c

ψ(λ)V
(µ)
ν,(α)(r, λ)Ω

(µ)
ν,(α)(λ)dλ×

×V (µ)
ν,(α)(r, β)σ(r)dr =

= lim
ε→0

2

π

R3∫
ε

d∫
c

ψ(λ)V
(µ)
ν,(α)(r, λ)Ω

(µ)
ν,(α)(λ)dλ×

×V (µ)
ν,(α)(r, β)σ(r)dr =

= lim
ε→0

2

π

d∫
c

(

R3∫
ε

V
(µ)
ν,(α)(r, λ)V

(µ)
ν,(α)(r, β)σ(r)dr)×

×ψ(λ)Ω(µ)
ν,(α)(λ)dλ (22)

Â ñèëó ðiâíîñòi (21) ïîäâiéíèé iíòåãðàë
(22) íàáóâà¹ âèãëÿäó:

J = lim
ε→0

2
π

d∫
c

ψ(λ)Ω
(µ)
ν,(α)

ε2α1+1

β2−λ2 [V
(µ)
ν,(α)(ε, β)×

×V (µ)/
ν,(α);1(ε, λ)− V

(µ)
ν,(α)(ε, λ)V

(µ)/
ν,(α);1(ε, β)]dλ

(23)
Ââåäåìî äî ðîçãëÿäó ôóíêöi¨:

G
(µ)
ν,(α);1(λ, β) = ω

(µ)
ν,(α);2(λ)ω

(µ)
ν,(α);2(β)−

−ω(µ)
ν,(α);1(λ)ω

(µ)
ν,(α);1(β)

G
(µ)
ν,(α);2(λ, β) = ω

(µ)
ν,(α);1(β)ω

(µ)
ν,(α);2(λ)−

−ω(µ)
ν,(α);1(λ)ω

(µ)
ν,(α);2(β)

G
(µ)
ν,(α);3(λ, β) = ω

(µ)
ν,(α);1(β)ω

(µ)
ν,(α);2(λ)+

+ω
(µ)
ν,(α);1(λ)ω

(µ)
ν,(α);2(β)

G
(µ)
ν,(α);4(λ, β) = ω

(µ)
ν,(α);1(λ)ω

(µ)
ν,(α);1(β)+

+ω
(µ)
ν,(α);2(λ)ω

(µ)
ν,(α);2(β).

Áåçïîñåðåäíüî çíàõîäèìî, ùî

V
(µ)
ν,(α);1(ε, β)V

(µ)/
ν,(α);1(ε, λ)− V

(µ)
ν,(α);1(ε, λ)×

×V (µ)/
ν,(α);1(ε, β) =

1

2ε2α1+1
[G

(µ)
ν,(α);1(λ, β)z

−×

× sin(
+
z ln ε) +G

(µ)
ν,(α);2(λ, β)z

+ cos(
−
z ln ε)+

+G
(µ)
ν,(α);3(λ, β)z

− cos(z+ ln ε)+G
(µ)
ν,(α);4(λ, β)z

+×

× sin(z− ln ε)] (24)

Íåâëàñíèé iíòåãðàë (23) ïåðåïèøåìî â
òàêîìó âèãëÿäi:

J = − lim
ε→0

1
π

d∫
c

1
a21
ψ(λ)Ω

(µ)
ν,(α)(λ)[G

(µ)
ν,(α);1(λ, β)×

× sin(
+
z ln ε)

b1(β) + b1(λ)
+
G

(µ)
ν,(α);2(λ, β)

b1(β)− b1(λ)
cos(

−
z ln ε)+

+G
(µ)
ν,(α);3(λ, β)

cos(
+
z ln ε)

b1(β) + b1(λ)
+ (25)

+G
(µ)
ν,(α);4(λ, β)

sin[(b1(β)− b1(λ)) ln ε]

b1(β)− b1(λ)
]dλ.

Ïîêëàäåìî A = [− ln ε] = ln(ε−1). Òîäi
ïðè ε → 0 âåëè÷èíà A → ∞. Iíòåãðàë J
çîáðàçèìî ó âèãëÿäi ÷îòèðüîõ äîäàíêiâ:

I = lim
A→∞

1

πa21

d∫
c

ψ(λ)Ω
(µ)
ν,(α)(λ)

G
(µ)
ν,(α);1(λ, β)

b1(β) + b1(λ)
×

× sin[(b1(β) + b1(λ))A]dλ+

lim
A→∞

1

πa21

d∫
c

ψ(λ)Ω
(µ)
ν,(α)(λ)×

×
G

(µ)
ν,(α);2(λ, β)

b1(β)− b1(λ)
cos[(b1(β)− b1(λ))A]dλ+

+ lim
A→∞

1

πa21

d∫
c

ψ(λ)Ω
(µ)
ν,(α)(λ)

G
(µ)
ν,(α);3(λ, β)

b1(β) + b1(λ)
×
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× cos[(b1(β) + b1(λ))A]dλ+

+ lim
A→∞

d∫
c

a−2
1 ψ(λ)Ω

(µ)
ν,(α)(λ)G

(µ)
ν,(α);4(λ, β)×

× 1

π

sin[(b1(β)− b1(λ))A]

b1(β)− b1(λ)
dλ ≡

≡ I1 + I2 + I3 + I4. (26)

Â ñèëó ëåìè Ðiìàíà [8]

lim
A→∞

Im = 0,m = 1, 3 (27)

Â ñèëó ëåìè Äiðiõëå [8]

lim
A→∞

I4 =

{
ψ(β), ÿêùî λ = β ∈ [c, d]
0, ÿêùî λ = β∈[c, d]

(28)
Îòæå, âíàñëiäîê ðiâíîñòåé (27), (28)

îäåðæó¹ìî, ùî

J = 1
π

R3∫
0

d∫
c

ψ(λ)V
(µ)
ν,(α)(r, λ)Ω

(µ)
ν,(α)(λ)dλ×

×V (µ)
ν,(α)(r, β)σ(r)dr = ψ(β),

(29)
ÿêùî β = λ ∈ [c, d]. ßêùî æ λ = β∈[c, d], òî
J = 0.

ßêùî ôóíêöiÿ ψ(λ) íåïåðåðâíà, àáñîëþ-
òíî ñóìîâíà é ìà¹ îáìåæåíó âàðiàöiþ íà
ìíîæèíi (0,∞), òî íåâëàñíèé ïîäâiéíèé ií-
òåãðàë

J = 2
π

R3∫
0

∞∫
0

ψ(λ)V
(µ)
ν,(α)(r, λ)Ω

(µ)
ν,(α)(λ)dλ×

×V (µ)
ν,(α)(r, β)σ(r)dr = ψ(β),

(30)
ÿêùî λ = β ∈ [0,∞]. ßêùî λ = β∈[0,∞], òî
J = 0.

Ïðèïóñòèìî, ùî ôóíêöiÿ

g(r) =
2

π

∞∫
0

ψ(β)V
(µ)
ν,(α)(r, β)Ω

(µ)
ν,(α)(β)dβ (31)

Ïîìíîæèìî ðiâíiñòü (31) íà âèðàç
σ(r)V

(µ)
ν,(α)(r, λ)dr, äå λ− äîâiëüíå äîäàòíå

÷èñëî, é ïðîiíòåãðó¹ìî ïî r âiä r = 0 äî
r = R3. Â ñèëó ðiâíîñòi (30) ìà¹ìî:

R3∫
0

g(r)V
(µ)
ν,(α)(r, λ)σ(r)dr = ψ(λ).

Ïiäñòàâèâøè ôóíêöiþ

ψ(β) =

R3∫
0

g(ρ)V
(µ)
ν,(α)(ρ, β)σ(ρ)dρ

â ðiâíiñòü (31), ïðèõîäèìî äî iíòåãðàëüíîãî
çîáðàæåííÿ (17). Äîâåäåííÿ òåîðåìè çàâåð-
øåíî.

Çàóâàæåííÿ: ßêùî âåêòîð-ôóíêöiÿ g(r)
êóñêîâî-íåïåðåðâíà, òî çëiâà â ðiâíîñòi (17)

çàìiñòü g(r) áóäå
1

2
[g(r + 0) + g(r − 0)].

Ïîáóäîâà àëãåáðè ÃÄÎ M
(µ)
ν,(α) çäiéñíþ¹-

òüñÿ íà îñíîâi îñíîâíî¨ òîòîæíîñòi ÃIÏ ÃÄÎ
M

(µ)
ν,(α), âèçíà÷åíîãî ðiâíiñòþ (1).
Òåîðåìà 2 (ïðî îñíîâíó òîòî-

æíiñòü). ßêùî âåêòîð-ôóíêöiÿ f(r) =
{B∗

α1
[g1(r)];Bν,α2 [g2(r)]; Λ(µ)[g3(r)]} íåïå-

ðåðâíà íà ìíîæèíi I2, à ôóíêöi¨ gj(r)
çàäîâîëüíÿþòü êðàéîâi óìîâè

lim
r→0

[r2α1+1(dg1
dr
V

(µ)
ν,(α);1(r, β)− g1(r)

dV
(µ)
ν,(α);1

dr
)] = 0,

(α3
22d/dr + β3

22)g3(r)|r=R3
= gR

(32)
òà óìîâè ñïðÿæåííÿ

[(αk
j1d/dr + βk

j1)gk(r)− (αk
j2d/dr + βk

j2)×
×gk+1(r)]|r=Rk

= ωjk; j, k = 1, 2,
(33)

òî ñïðàâäæó¹òüñÿ îñíîâíà òîòîæíiñòü
ÃIÏ ÃÄÎ M

(µ)
ν,(α):

H
(µ)
ν,(α)[M

(µ)
ν,(α)[g(r)]] = −β2g̃(β)−

−
3∑

j=1

k2j g̃j(β) + σ3a
2
3shR3V

(µ)
ν,(α);3(R3, β)×

×(α3
22)

−1gR +
2∑

k=1

hk[Z
(µ),k
ν,(α);12(β)ω2k−

−Z(µ),k
ν,(α);22(β)ω1k]. (34)

Ó ðiâíîñòi (34) ïðèéíÿòi ïîçíà÷åííÿ:

g̃1(β) =
R1∫
0

g1(r)V
(µ)
ν,(α);1(r, β)r

2α1−1σ1dr, g̃2(β) =

=
R2∫
R1

g2(r)V
(µ)
ν,(α);2(r, β)r

2α2+1σ2dr,
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g̃3(β) =
R3∫
R2

g3(r)V
(µ)
ν,(α);3(r, β)σ3shrdr, h1(β) =

= a21σ1R
2α1+1
1 c−1

11 , h2(β) = a22σ2R
2α2+1
2 c−1

12 ,

Z
(µ),k
ν,(α);i2(β) = (αk

i1d/dr + βk
i1)V

(µ)
ν,(α);k+1(r, β)

∣∣∣
r=Rk

.

Äîâåäåííÿ. Çãiäíî ïðàâèëà (15)

R ≡ H
(µ)
ν,(α)[M

(µ)
ν,(α)[g(r)]] =

=

R3∫
0

M
(µ)
ν,(α)[g(r)]V

(µ)
ν,(α)(r, β)σ(r)dr =

=
R1∫
0

(a21B
∗
α1
[g1(r)])V

(µ)
ν,(α);1(r, β)σ1r

2α1−1dr+

+
R2∫
R1

(a22Bν,α2
[g2(r)])V

(µ)
ν,(α);2(r, β)σ2r

2α2+1dr+

+

R3∫
R2

(a23Λ(µ)[g3(r)])V
(µ)
ν,(α);3(r, β)σ3shrdr (35)

Ïðîiíòåãðó¹ìî ïiä çíàêàìè iíòåãðàëiâ
äâà ðàçè ÷àñòèíàìè:

R =

R1∫
0

g1(r)(a
2
1B

∗
α1
[V

(µ)
ν,(α);1(r, β)])σ1r

2α1−1dr+

+

R2∫
R1

g2(r)(a
2
2Bν,α2 [V

(µ)
ν,(α);2(r, β)])σ2r

2α2+1dr+

+

R3∫
R2

g3(r)(a
2
3Λ(µ)[V

(µ)
ν,(α);3(r, β)])σ3shrdr+

+a21σ1[r
2α1+1(

dg1
dr

V
(µ)
ν,(α);1(r, β)−

−g1(r)
dV

(µ)
ν,(α);1

dr
)]
∣∣∣R1

0
+a22σ2[r

2α2+1(
dg2
dr

V
(µ)
ν,(α);2(r, β)−

(36)

−g2(r)
dV

(µ)
ν,(α);2

dr
)]
∣∣∣R2

R1

+ a23σ3×

×[shr(g′3(r)V
(µ)
ν,(α);3(r, β)− g3(r)V

(µ)
ν,(α);3)]

∣∣∣R3

R2

Ñêîðèñòà¹ìîñü áàçîâîþ òîòîæíiñòþ äëÿ
âèïàäêó, êîëè óìîâè ñïðÿæåííÿ íåîäíîði-
äíi:

[V
(µ)
ν,(α);k(r, β)

dgk
dr

− gk(r)
d

dr
V

(µ)
ν,(α);k] |r=Rk

=

=
c2k
c1k

[V
(µ)
ν,(α);k+1(r, β)

dgk+1

dr
−

−gk+1(r)
d

dr
V

(µ)
ν,(α);k+1]

∣∣∣
r=Rk

+

+
1

c1k
[Z

(µ);k
ν,(α);12(β)ω2k − Z

(µ);k
ν,(α);22(β)ω1k] (37)

Â ñèëó ñòðóêòóðè σ1, σ2, σ3 òà ðiâíîñòi
(37) ïðè k = 1, 2 ìà¹ìî â òî÷êàõ r = R1

òà r = R2 :

a21σ1R
2α1+1
1 (

dg1
dr

V
(µ)
ν,(α);1 − g1

dV
(µ)
ν,(α);1

dr
)
∣∣∣
r=R1

−

−a22σ2R
2α2+1
1 (

dg2
dr

V
(µ)
ν,(α);2 − g2

dV
(µ)
ν,(α);2

dr
)
∣∣∣
r=R1

=

= (a21σ1R
2α1+1
1

c21
c11

− a22σ2R
2α2+1
1 )×

×(g′2(R1)V
(µ)
ν,(α);2(R1, β)− g2(R1)×

×V (µ) ′
ν,(α);2(R1, β)) + h1(Z

(µ);1
ν,(α);12(β)ω21−

−Z(µ);1
ν,(α);22(β)ω11) = (R2α1+1

1

c21
c11

−

−c21
c11

R2α1+1
1

R2α2+1
1

R2α2+1
1 )×

×(g′2(R1)V
(µ)
ν,(α);2(R1, β)−g2(R1)V

(µ),′
ν,(α);2(R1, β))+

+h1(Z
(µ);1
ν,(α);12(β)ω21 − Z

(µ);1
ν,(α);22(β)ω11) =

= 0× (g′2V
(µ)
ν,(α);2(r, β)− g2(r)V

(µ)/
ν,(α);2(r, β)) |r=R1+

+h1(Z
(µ);1
ν,(α);12(β)ω21 − Z

(µ);1
ν,(α);22(β)ω11) =

= h1(Z
(µ);1
ν,(α);12(β)ω21 − Z

(µ);1
ν,(α);22(β)ω11);

a22σ2R
2α2+1
2 (g′2(R2)V

(µ)
ν,(α);2(R2, β)− g2(R2)×

×V (µ)/
ν,(α);2(R2, β))− a23σ3shR2(g

′
3(R2)×

×V (µ)
ν,(α);3(R2, β)− g3(R2)V

(µ)/
ν,(α);3(R2, β)) =

(a22σ2R
2α2+1
2

c22
c12

−a23σ3shR2)(g
′
3(R2)V

(µ)
ν,(α);3(R2, β)−

−g3(R2)V
(µ)/
ν,(α);3(R2, β)) + a22σ2R

2α2+1
2 c−1

12 ×
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×(Z
(µ);2
ν,(α);12(β)ω22 − Z

(µ);2
ν,(α);22(β)ω12) =

= (
c21
c11

c22
c12

R2α1+1
1

R2α2+1
1

R2α2+1
2 −

−c21
c11

c22
c12

R2α1+1
1

R2α2+1
1

R2α2+1
2

shR2

shR2)×

×(g′3(R2)V
(µ)
ν,(α);3(R2, β)− g3(R2)V

(µ)/
ν,(α);3(R2, β))

+h2(Z
(µ);2
ν,(α);12(β)ω22 − Z

(µ);2
ν,(α);22(β)ω12) =

= 0×(g′3(R2)V
(µ)
ν,(α);3(R2, β)−g3(R2)V

(µ)/
ν,(α);3(R2, β))+

+h2(Z
(µ);2
ν,(α);12(β)ω22 − Z

(µ);2
ν,(α);22(β)ω12) =

= h2(Z
(µ);2
ν,(α);12(β)ω22 − Z

(µ);2
ν,(α);22(β)ω12); (39)

Ïðè α3
22 ̸= 0 îäåðæó¹ìî:

a23σ3shR3(g
′
3(R3)V

(µ)
ν,(α);3(R2, β)−

−g3(R3)V
(µ)/
ν,(α);3(R3, β)) =

= a23σ3shR3[
1

α3
22

(α3
22g

′(R3) + β3
22g(R3))×

×V (µ)
ν,(α);3(R3, β)−

β3
22

α3
22

g(R3)V
(µ)
ν,(α);3(R3, β)−

−g3(R3)V
(µ)/
ν,(α);3(R3, β)] = a23σ3shR3(α

3
22)

−1×

×V (µ)
ν,(α);3(R3, β)[(α

3
22

d

dr
+ β3

22)g3(r)] |r=R3−

−a23σ3shR3(α
3
22)

−1g(R3)[(α
3
22

d

dr
+ β3

22)×

×V (µ)
ν,(α);3(R3, β) |r=R3 ] = a23σ3shR3(α

3
22)

−1×

×V (µ)
ν,(α);3(R3, β)gR+[−a23σ3shR3(α

3
22)

−1g(R3)]×0 =

a23σ3shR3(α
3
22)

−1V
(µ)
ν,(α);3(R3, β)gR (40)

Â ñèëó äèôåðåíöiàëüíèõ òîòîæíîñòåé

(a21B
∗
α1

+ b22)V
(µ)
ν,(α);1(r, β) ≡ 0,

(a22Bν,α2
+ b22)V

(µ)
ν,(α);2(r, β) = 0,

(a23Λ(µ) + b23)V
(µ)
ν,(α);3(r, β) = 0,

ìà¹ìî ðiâíîñòi

a21B
∗
α1
[V

(µ)
ν,(α);1(r, β)] = −(β2 + k21)V

(µ)
ν,(α);1(r, β);

a22Bν,α2
[V

(µ)
ν,(α);2(r, β)] = −(β2 + k22)V

(µ)
ν,(α);2(r, β);

a23Λ(µ)[V
(µ)
ν,(α);3(r, β)] = −(β2 + k23)V

(µ)
ν,(α);3(r, β);

(41)
ßêùî òåïåð â (36) ïiäñòàâèòè (38)-(41) òà

ðîç'¹äíàòè iíòåãðàëè íà ñóìó äâîõ äîäàíêiâ,
òî ìàòèìåìî îñíîâíó òîòîæíiñòü (34).

Ëîãi÷íó ñõåìó çàñòîñóâàííÿ çàïðîâàäæå-
íîãî ôîðìóëàìè (15), (16) ÃIÏ ïîêàæåìî íà
îäíié iç òèïîâèõ çàäà÷ ìàòåìàòè÷íî¨ ôiçè-
êè.
Çàäà÷à òåïëîïðîâiäíîñòi. Ïîáóäóâàòè

îáìåæåíèé â îáëàñòi

D = {(t, r) : t ∈ (0,∞); r ∈ I2}

ðîçâ'ÿçîê ñåïàðàòíî¨ ñèñòåìè äèôåðåíöiàëü-
íèõ ðiâíÿíü ïàðàáîëi÷íîãî òèïó [9]

∂u1
∂t

+ γ21u1 − a21B
∗
α1
[u1] = f1(t, r), r ∈ (0, R1),

∂u2
∂t

+γ22u2−a22Bν,α2
[u2] = f2(t, r), r ∈ (R1, R2),

(42)
∂u3
∂t

+ γ23u3− a23Λ(µ)[u3] = f3(t, r), r ∈ (R2, R3)

çà ïî÷àòêîâèìè óìîâàìè

uj(t, r)|t=0 = gj(r), r ∈ (Rj−1, Rj), R0 = 0,
(43)

j = 1, 3, óìîâàìè ñïðÿæåííÿ

[(αk
j1

d
dr

+ βk
j1)uk(t, r)− (αk

j2
d
dr
+

+βk
j2)uk+1(t, r)]|r=Rk

= ωjk(t), j, k = 1, 2
,

(44)
òà êðàéîâèìè óìîâàìè

lim
r→0

∂u1
∂r

= 0,(
α3
22d/dr + β3

22

)
u3(t, r) |r=R3 = gR(t) (45)

Ðîçâ'ÿçàííÿ. Çàïèøåìî ñèñòåìó (42) é
ïî÷àòêîâi óìîâè (43) â ìàòðè÷íié ôîðìi:

(
∂

∂t
+ γ21 − a21B

∗
α1
)u1(t, r)

(
∂

∂t
+ γ22 − a22Bν,α2

)u2(t, r)

(
∂

∂t
+ γ23 − a23Λ(µ))u3(t, r)

 =

 f1(t, r)
f2(t, r)
f3(t, r)

 ,
 u1(t, r)
u2(t, r)
u3(t, r)

 ∣∣∣∣∣∣=t=0

 g1(r)
g2(r)
g3(r)


(46)
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Iíòåãðàëüíèé îïåðàòîð H(µ)
ν,(α) çãiäíî ïðà-

âèëà (15) çîáðàçèìî ó âèãëÿäi îïåðàòîðíî¨
ìàòðèöi-ðÿäêà:

H
(µ)
ν,(α)[...] = [

R1∫
0

...V
(µ)
ν,(α);1(r, β)σ1r

2α1−1dr

R2∫
R1

. . . V
(µ)
ν,(α);2(r, β)σ2r

2α2+1dr

R3∫
R2

. . . V
(µ)
ν,(α);3(r, β)σ3shrdr]

(47)

Çàñòîñó¹ìî îïåðàòîðíó ìàòðèöþ-ðÿäîê
(47) äî çàäà÷i (46) çà ïðàâèëîì ìíîæåííÿ
ìàòðèöü. Â ñèëó òîòîæíîñòi (34) îòðèìà¹ìî
çàäà÷ó Êîøi [4]:

3∑
j=1

( d
dt
+ γ2j + k2j + β2)ũj(t, β) = f̃(t, β)+

+
2∑

k=1

hk(Z
(µ);k
ν,(α);12(β)ω2k(t)− Z

(µ);k
ν,(α);22(β)ω12(t))+

+a23σ3(α
3
22)

−1shR3V
(µ)
ν,(α);3(R3, β)gR(t) ≡ F̃ (t, β)

(48)

ũ(t, β) |t=0 =
3∑

j=1

ũj(t, β) |t=0 = g̃(β) ≡
3∑

j=1

g̃j(β)

(49)

Ïðèïóñòèìî, ùî max{γ21 ; γ22 ; γ23} = γ23 . Ïî-
êëàäåìî âñþäè k21 = γ23 − γ21 ≥ 0, k22 =
γ23 − γ22 ≥ 0, k23 = 0.

Çàäà÷à Êîøi (48), (49) íàáóâà¹ âèãëÿäó:

(
d

dt
+β2+γ23)ũ(t, β) = F̃ (t, β), ũ(t, β) |t=0 = g̃(β)

(50)

Ðîçâ'ÿçêîì çàäà÷i Êîøi (50) ¹ ôóíêöiÿ

ũ(t, β) = e−(β2+γ2
3)tg̃(β)+

+

t∫
0

e−(β2+γ2
3)(t−τ)F̃ (τ, β)dτ (51)

Iíòåãðàëüíèé îïåðàòîð H−(µ)
ν,(α) çãiäíî ïðà-

âèëà (16) ÿê îáåðíåíèé äî (47) çîáðàçèìî ó

âèãëÿäi îïåðàòîðíî¨ ìàòðèöi-ñòîâïöÿ:

H
−(µ)
ν,(α) [...] =


2
π

∞∫
0

...V
(µ)
ν,(α);1(r, β)Ω

(µ)
ν,(α)(β)dβ

2
π

∞∫
0

...V
(µ)
ν,(α);2(r, β)Ω

(µ)
ν,(α)(β)dβ

2
π

∞∫
0

...V
(µ)
ν,(α);3(r, β)Ω

(µ)
ν,(α)(β)dβ


(52)

Çàñòîñó¹ìî îïåðàòîðíó ìàòðèöþ-
ñòîâïåöü (52) çà ïðàâèëîì ìíîæåííÿ
ìàòðèöü äî ìàòðèöi-åëåìåíòà [ũ(t, β)], äå
ôóíêöiÿ ũ(t, β) âèçíà÷åíà ôîðìóëîþ (51).
Ïiñëÿ íèçêè åëåìåíòàðíèõ ïåðåòâîðåíü
ìà¹ìî ¹äèíèé ðîçâ'ÿçîê ïàðàáîëi÷íî¨ çàäà÷i
(42) � (45):

uj(t, r) =
2

π

∞∫
0

ũ(t, β)V
(µ)
ν,(α);j(r, β)Ω

(µ)
ν,(α)(β)dβ =

=
3∑

m=1

t∫
0

Rm∫
Rm−1

H
(µ)
ν,(α);jm(t− τ, r, ρ)[fj(τ, ρ)+

+δ+(τ)gj(ρ)]φm(ρ)σmdρdτ+

+

t∫
0

W
(µ)
ν,(α);3j(t− τ, r)gR(τ)dτ+

+
2∑

k=1

hk

t∫
0

[R
(µ)kj
ν,(α);12(t− τ, r)ω2k(τ)−

−R(µ)kj
ν,(α);22(t− τ, r)ω1k(τ)]dτ, φ1(r) =

= r2α1−1, φ2(r) = r2α2+1, φ3(r) = shr, j = 1, 3,
(53)

δ+(τ)− äåëüòà -ôóíêöiÿ, çîñåðåäæåíà â òî-
÷öi τ = 0 + [3].

Ó ðiâíîñòÿõ (53) áåðóòü ó÷àñòü ãîëîâíi
ðîçâ'ÿçêè äàíî¨ ïàðàáîëi÷íî¨ çàäà÷i:

1) ôóíêöi¨ âïëèâó

H
(µ)
ν,(α);jk(t, r, ρ) =

2
π

∞∫
0

e−(β2+γ2
3)tV

(µ)
ν,(α);j(r, β)×

×V (µ)
ν,(α);k(ρ, β)Ω

(µ)
ν,(α)(β)dβ; j = 1, 3,

(54)
ïîðîäæåíi íåîäíîðiäíiñòþ ñèñòåìè (ïî÷à-
òêîâèõ óìîâ);
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2) ôóíêöi¨ Ãðiíà

W
(µ)
ν,(α);3j(t, r) =

2
π

∞∫
0

e−(β2+γ2
3)tV

(µ)
ν,(α);j(r, β)×

×V (µ)
ν,(α);3(R3, β)Ω

(µ)
ν,(α)(β)dβσ3a

2
3(α

3
22)

−1shR3,

(55)
ïîðîäæåíi êðàéîâîþ óìîâîþ â òî÷öi r = R3;

3) ôóíêöi¨ Ãðiíà

R
(µ),kj
ν,(α);i2(t, r) =

2
π

∞∫
0

e−(β2+γ2
3)tV

(µ)
ν,(α);j(r, β)×

×Z(µ),kj
ν,(α);i2(β)Ω

(µ)
ν,(α)(β)dβ,

(56)
i = 1, 2 k = 1, 2, j = 1, 3,
ïîðîäæåíi íåîäíîðiäíiñòþ óìîâ ñïðÿæåííÿ.

Çà íàâåäåíîþ ëîãi÷íîþ ñõåìîþ ðîçâ'ÿ-
çàííÿ çàäà÷i òåïëîïðîâiäíîñòi îäåðæóþòüñÿ
iíòåãðàëüíi çîáðàæåííÿ ðîçâ'ÿçêiâ âiäïîâiä-
íèõ çàäà÷ ñòàòèêè òà äèíàìiêè.
Âèñíîâêè
Â äàíié ðîáîòi çàïðîâàäæåíî ïîëiïàðàìå-

òðè÷íó ñiì'þ ãiáðèäíèõ iíòåãðàëüíèõ ïåðå-
òâîðåíü òèïó Åéëåðà - Áåññåëÿ - Ëåæàíäðà
íà ñåãìåíòi [0, R3] ïîëÿðíî¨ îñi ç äâîìà òî-
÷êàìè ñïðÿæåííÿ. Ëîãi÷íà ñõåìà çàñòîñóâà-
ííÿ çàïðîâàäæåíîãî ÃIÏ ïîêàçàíà íà òèïî-
âié çàäà÷i òåïëîïðîâiäíîñòi. Îäåðæàíå ÃIÏ
ïîïîâíþ¹ ñiì'þ ãiáðèäíèõ iíòåãðàëüíèõ ïå-
ðåòâîðåíü.
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