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Äëÿ íàáëèæåíîãî çíàõîäæåííÿ íåàñèìïòîòè÷íèõ êîðåíiâ êâàçiïîëiíîìiâ ëiíiéíèõ
äèôåðåíööiàëüíî-ðiçíèöåâèõ ðiâíÿíü íåéòðàëüíîãî òèïó ç áàãàòüìà âiäõèëåííÿìè àðóãìåíòó
çàïðîïîíîâàíî îá÷èñëþâàëüíó ñõåìó ïiäâèùåíî¨ òî÷íîñòi.

The scheme of higher accuracy of approximated �nding of nonasymptotic roots quasi-
polynomials of linear di�erential-di�erence neutral equations with many derivations argument is
constructed and investigated.

Âñòóï. Ïðè äîñëiäæåííi ñòiéêîñòi,
îñöèëÿöi¨, áiôóðêàöi¨ ðîçâ'ÿçêiâ ëiíiéíèõ
äèôåðåíöiàëüíî-ðiçíèöåâèõ ðiâíÿíü âà-
æëèâó ðîëü âiäiãðà¹ ðîçìiùåííÿ êîðåíiâ
âiäïîâiäíèõ êâàçiïîëiíîìiâ.

Àíàëiç ðîçìiùåííÿ íóëiâ êâàçiïîëiíîìiâ
äîñëiäæóâàâñÿ â ðîáîòàõ [1�3] äëÿ âñòàíîâ-
ëåííÿ óìîâ ñòiéêîñòi ðîçâ'ÿçêiâ âiäïîâiäíèõ
äèôåðåíöiàëüíèõ ðiâíÿíü iç çàïiçíåííÿì.

Ïðè äîñëiäæåííi ñõåì àïðîêñèìàöi¨ ëiíié-
íèõ äèôåðåíöiàëüíî-ðiçíèöåâèõ ðiâíÿíü [4�
6] âèÿâèëîñÿ, ùî íàáëèæåííÿ íåàñèìïòîòè-
÷íèõ êîðåíiâ ¨õ êâàçiïîëiíîìiâ ìîæíà çíàõî-
äèòè çà äîïîìîãîþ õàðàêòåðèñòè÷íèõ ìíî-
ãî÷ëåíiâ âiäïîâiäíèõ àïðîêñèìóþ÷èõ ñèñòåì
çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü. Ó äà-
íié ðîáîòi äîñëiäæó¹òüñÿ çàñòîñóâàííÿ ñõå-
ìè àïðîêñèìàöi¨ ïiäâèùåíî¨ òî÷íîñòi äëÿ
ïîáóäîâè àëãîðèòìó íàáëèæåíîãî çíàõî-
äæåííÿ íåàñèìïòîòè÷íèõ êîðåíiâ êâàçiïîëi-
íîìiâ ëiíiéíèõ äèôåðåíöiàëüíî-ðiçíèöåâèõ
ðiâíÿíü íåéòðàëüíîãî òèïó ç áàãàòüìà âiä-
õèëåííÿìè àðãóìåíòó.
1. Äîïîìiæíi òâåðäæåííÿ
Ðîçãëÿíåìî ëiíiéíå äèôåðåíöiàëüíå ðiâ-

íÿííÿ ç áàãàòüìà âiäõèëåííÿìè àðãóìåíòó
âèãëÿäó

dx(t)

dt
=

n∑
i=0

Aix(t− τi) +
n∑
i=1

Bi
dx(t− τi)

dt
,

(1)
äå Ai, Bi, i = 0, n � ñòàëi, 0 = τ0 < τ1 < τ2 <
... < τn = τ.

Ïðè äîñëiäæåííi ðiâíÿííÿ (1) âàæëèâå
çíà÷åííÿ ìà¹ ðîçìiùåííÿ íóëiâ éîãî õàðà-
êòåðèñòè÷íîãî êâàçiïîëiíîìà

Φ(λ) = λ−
n∑
i=0

Aie
−λτi − λ

n∑
i=1

Bie
−λτi = 0.

(2)
Àïðîêñèìóþ÷à ñèñòåìà çâè÷àéíèõ äèôå-

ðåíöiàëüíèõ ðiâíÿíü ïiäâèùåíî¨ òî÷íîñòi
äëÿ ðiâíÿííÿ (1) ìà¹ âèãëÿä [6]:

dz0(t)

dt
=

n∑
j=0

Ajzlj(t) +
n∑
j=1

Bjzlj+m(t),

dzi(t)

dt
= zi+m(t), (3)

dzi+m(t)

dt
= 2µ2 [zi−1(t) − zi(t)] − 2µzi+m(t),

i = 1, ...,m, µ =
m

τ
, lj = [

mτj
τ

].

Ïîêàæåìî, ùî ïðè m → ∞ êîðåíi õà-
ðàêòåðèñòè÷íîãî ìíîãî÷ëåíà ñèñòåìè (3)
àïðîêñèìóþòü íåàñèìïòîòè÷íi êîðåíi êâàçi-
ïîëiíîìà (2).

Äëÿ çíàõîäæåííÿ àíàëiòè÷íîãî âèãëÿäó
õàðàêòåðèñòè÷íîãî ìíîãî÷ëåíà ñèñòåìè çâè-
÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü (3) ðîç-
ãëÿíåìî ñïî÷àòêó âèïàäîê ðiâíÿííÿ ç äâîìà
âiäõèëåííÿìè àðãóìåíòó.

Âèïèøåìî õàðàêòåðèñòè÷íå ðiâíÿííÿ ñè-
ñòåìè (3) ïðè n = 2, ïîêëàäàþ÷è k = [mτ1

τ2
] :

D2
2m+1(λ) =
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=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

A0 − λ . . . 0 A2 0 . . . B2

0 . . . 0 0 1 . . . 0
. . . . . . . . . . . . . . . . . . . . .
0 . . . 0 −λ 0 . . . 1

2µ2 . . . 0 0 −2µ− λ . . . 0
0 . . . 0 0 0 . . . 0
. . . . . . . . . . . . . . . . . . . . .
0 . . . 2µ2 −2µ2 0 . . . −2µ− λ

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
.

(4)

Ëåìà 1. Äëÿ õàðàêòåðèñòè÷íîãî ðiâíÿ-
ííÿ (4) ñïðàâäæó¹òüñÿ ðiâíiñòü

D2
2m+1(λ) = (A0 − λ)

[
1 +

λτ

m
(1 +

λτ

2m
)

]m
+

+A1

[
1 +

λτ

m
(1 +

λτ

2m
)

]m−k

+ (5)

+A2 +B1λ

[
1 +

λτ

m
(1 +

λτ

2m
)

]m−k

+B2λ = 0.

Äîâåäåííÿ. Çàñòîñó¹ìî ìåòîä ìàòåìà-
òè÷íî¨ iíäóêöi¨. Ïåðåâiðèìî, ùî ïðè m = 2
ðiâíiñòü (5) ìà¹ ìiñöå. Äiéñíî,

D2
5(λ) =

=

∣∣∣∣∣∣∣∣∣∣
A0 − λ A1 A2 B1 B2

0 −λ 0 1 0
0 0 −λ 0 1

2µ2 −2µ2 0 −2µ− λ 0
0 2µ2 −2µ2 0 −2µ− λ

∣∣∣∣∣∣∣∣∣∣
=

= (A0−λ)I20 −A1I
2
1 +A2I

2
2 −B1I

2
3 +B2I

2
4 = 0
(6)

Ðîçêðèâàþ÷è îêðåìî êîæíèé iç âèçíà-
÷íèêiâ I20 , I

2
1 , I

2
2 , I

2
3 , I

2
4 , ìà¹ìî

I20 = [λ(2µ+ λ) + 2µ2]
2
,

I21 = −2µ2[λ(2µ+ λ) + 2µ2],

I22 = (2µ2)
2
,

I23 = −2µ2[λ(2µ+ λ) + 2µ2]λ,

I24 = (2µ2)
2
λ.

Ïiäñòàâëÿþ÷è çíà÷åííÿ I20 , I
2
1 , I

2
2 , I

2
3 , I

2
4 ó

ðiâíiñòü (6) i âðàõîâóþ÷è , ùî µ = m
τ
, ïåðå-

êîíó¹ìîñü, ùî ðiâíiñòü (5) ïðè m = 2 ïðà-
âèëüíà.

Ïðèïóñòèìî, ùî äëÿ äåÿêîãî m − 1 ðiâ-
íiñòü (6) âiðíà, òîáòî

D2
2m−1(λ) = (A0 − λ)

[
1 +

λτ

m
(1 +

λτ

2m
)

]m−1

+

+A1

[
1 +

λτ

m
(1 +

λτ

2m
)

]m−k−1

+ (7)

+A2+B1λ

[
1 +

λτ

m
(1 +

λτ

2m
)

]m−k−1

+B2λ = 0.

Ïîêàæåìî, ùî âîíà ìà¹ ìiñöå i äëÿ m.
Âèçíà÷íèê ó ñïiââiäíîøåííi (4) ðîçêðè-

âà¹ìî çà ïåðøèì ðÿäêîì. Ìà¹ìî

D2
2m+1(λ) = (A0 − λ)Im0 + (−1)k+2A1I

m
1 +

+(−1)m+2A2I
m
2 + (−1)k+m+2B1I

m
3 +

+(−1)2m+2B2I
m
4 = 0.

Äëÿ âèçíà÷íèêiâ Im0 , I
m
1 , I

m
2 Im3 , I

m
4 ìî-

æíà îäåðæàòè ðåêóðåíòíi ñïiââiäíîøåííÿ

Im0 = [λ(2µ+ λ) + 2µ2]Im−1
0 ,

Im1 = (−1)k+22µ2[λ(2µ+ λ) + 2µ2]Im−1
1 ,

Im2 = (−1)m+22µ2Im−1
2 ,

Im3 = (−1)m+k+22µ2[λ(2µ+ λ) + 2µ2]λIm−1
3 ,

Im4 = (−1)2m+22µ2λIm−1
4 .

(8)
Iç ðåêóðåíòíèõ ñïiââiäíîøåíü (8) áåçïî-

ñåðåäíüî çíàõîäèìî:

Im0 = [λ(2µ+ λ) + 2µ2]m,

Im1 = (−1)k+2(2µ2)k[λ(2µ+ λ) + 2µ2]m−k,

Im2 = (−1)m+2(2µ2)m,

Im3 = (−1)m+k+2(2µ2)k[λ(2µ+ λ) + 2µ2]m−kλ,

Im4 = (−1)2m+2(2µ2)mλ.
(9)

Âèêîðèñòîâóþ÷è iíäóêòèâíå ïðèïóùåííÿ
(7), ñïiââiäíîøåííÿ (9) i ïîçíà÷åííÿ µ = m

τ
,

îäåðæó¹ìî ðiâíiñòü

D2
2m+1(λ) = (A0 − λ)

[
1 +

λτ

m
(1 +

λτ

2m
)

]m
+

+A1

[
1 +

λτ

m
(1 +

λτ

2m
)

]m−k

+ A2+

+B1λ

[
1 +

λτ

m
(1 +

λτ

2m
)

]m−k

+B2λ = 0.

Ëåìà 1 äîâåäåíà.
Ðîçãëÿíåìî òåïåð õàðàêòåðèñòè÷íå ðiâ-

íÿííÿ ñèñòåìè (3) ïðè äîâiëüíîìó n ∈ N.
Ëåìà 2. Äëÿ õàðàêòåðèñòè÷íîãî ðiâíÿ-

ííÿ ñèñòåìè (3) ñïðàâäæó¹òüñÿ ðiâíiñòü

Dn
2m+1(λ) = (A0 − λ)

[
1 +

λτ

m

(
1 +

λτ

2m

)]m
+
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+
n−1∑
i=1

Ai

[
1 +

λτ

m

(
1 +

λτ

2m

)]m−li
+ (10)

+An +
n−1∑
i=1

λBi

[
1 +

λτ

m

(
1 +

λτ

2m

)]m−li
+

+λBn = 0.

Äîâåäåííÿ ëåìè 2 íåñêëàäíî îäåðæàòè,
âèêîðèñòîâóþ÷è ìåòîä ìàòåìàòè÷íî¨ iíäó-
êöi¨ i òåõíiêó äîâåäåííÿ ëåìè 1.
2. Íàáëèæåííÿ íåàñèìïòîòè÷íèõ

êîðåíiâ êâàçiïîëiíîìà
Ëåìà 3. Äëÿ ôiêñîâàíèõ λ ∈ Z ïîñëiäîâ-

íiñòü ôóíêöié

Hm(λ) =
Dn

2m+1(λ)

(1 + λτ
m

(1 + λτ
2m

))m
,m ∈ N, (11)

çáiãà¹òüñÿ ïðè m → ∞ äî êâàçiïîëiíîìà
(2).
Äîâåäåííÿ. Ðîçãëÿíå ôiêñîâàíå λ ∈ Z.

Òîäi λ ̸= −m
τ
± m

τ
i çà ìîæëèâèì âèíÿòêîì

îäíîãî çíà÷åííÿ m. Îòæå, ôóíêöiÿ Hm(λ)
âèçíà÷åíà äëÿ âñiõ m ∈ N çà ìîæëèâèì
âèíÿòêîì îäíîãî m ∈ N.

Âðàõîâóþ÷è ðiâíiñòü (11), ìà¹ìî

Hm(λ) = (A0 − λ)+

+
n−1∑
i=1

Ai

[
1 +

λτ

m

(
1 +

λτ

2m

)]−li
+

+An

[
1 +

λτ

m

(
1 +

λτ

2m

)]−m
+

+
n−1∑
i=1

λBi

[
1 +

λτ

m

(
1 +

λτ

2m

)]−li
+

+λBn

[
1 +

λτ

m

(
1 +

λτ

2m

)]−m
= 0. (12)

Íà ïiäñòàâi âiäîìèõ ãðàíèöü

lim
m→∞

(1 +
λτ

m
+
λ2τ 2

2m2
)−m = e−λτ ,

lim
m→∞

(1 +
λτ

m
+
λ2τ 2

2m2
)
−τim
τ = e−λτi

òà îçíà÷åííÿ ÷èñëà li îäåðæó¹ìî ðiâíiñòü

lim
m→∞

((A0−λ)+
n−1∑
i=1

Ai

[
1 +

λτ

m

(
1 +

λτ

2m

)]−li
+

+An

[
1 +

λτ

m

(
1 +

λτ

2m

)]−m
+

+
n−1∑
i=1

λBi

[
1 +

λτ

m

(
1 +

λτ

2m

)]−li
+

+λBn

[
1 +

λτ

m

(
1 +

λτ

2m

)]−m
) =

= A0 − λ+
n∑
i=1

Aie
−λτi + Ane

−λτ+

+
n−1∑
i=1

λBie
−λτi + λBne

−λτ .

Îòæå, ïåðåõîäÿ÷è â ðiâíîñòi (12) äî ãðà-
íèöi ïðè m → ∞, äëÿ ôiêñîâàíîãî λ ∈ Z,
îäåðæèìî

lim
m→∞

Hm(λ) = λ−
n∑
i=0

Aie
−λτi − λ

n∑
i=1

Bie
−λτi .

Ëåìà 3 äîâåäåíà.
Çàóâàæåííÿ. Îñêiëüêè íóëi ôóíêöié

Dn
2m+1(λ) i Hm(λ), çãiäíî ðiâíîñòi (11), çái-

ãàþòüñÿ, òî êîðåíi õàðàêòåðèñòè÷íîãî ìíî-
ãî÷ëåíà (10) ìîæíà áðàòè â ÿêîñòi íàáëèæå-
íèõ çíà÷åíü íåàñèìïòîòè÷íèõ êîðåíiâ êâàçi-
ïîëiíîìà (2).
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