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ÏÐÎ ÔÓÍÄÀÌÅÍÒÀËÜÍÈÉ ÐÎÇÂ'ßÇÎÊ ÇÀÄÀ×I ÊÎØI ÄËß
ÄÅßÊÈÕ ÏÀÐÀÁÎËI×ÍÈÕ ÐIÂÍßÍÜ ÇI ÇÐÎÑÒÀÞ×ÈÌÈ
ÊÎÅÔIÖI�ÍÒÀÌÈ ÒÀ ÄÅßÊI ÉÎÃÎ ÇÀÑÒÎÑÓÂÀÍÍß

Íàâåäåíî ðåçóëüòàòè äîñëiäæåííÿ ôóíäàìåíòàëüíîãî ðîçâ'ÿçêó, êîðåêòíî¨ ðîçâ'ÿçíîñòi
çàäà÷i Êîøi òà iíòåãðàëüíîãî çîáðàæåííÿ ðîçâ'ÿçêiâ äëÿ ïàðàáîëi÷íèõ ðiâíÿíü äðóãîãî ïî-
ðÿäêó, â ÿêèõ êîåôiöi¹íòè ïðè ïåðøèõ ïîõiäíèõ çà ïðîñòîðîâèìè çìiííèìè ëiíiéíî çà öèìè
çìiííèìè çðîñòàþòü íà íåñêií÷åííîñòi, à iíøi êîåôiöi¹íòè ¹ ñòàëèìè.

We study second order parabolic equations, which have coe�cients of �rst derivatives with
respect to spatial variables are growing at in�nity as linear functions and other coe�cients are
constants. Results of investigation for the fundamental solution, correct solvability of the Cauchy
problem and integral representations for such equations are presented.

Ó òåîði¨ âèïàäêîâèõ ïðîöåñiâ i ñòàòèñòè-
÷íié ðàäiîòåõíiöi [1�3] âèíèêàþòü ïàðàáî-
ëi÷íi ðiâíÿííÿ äðóãîãî ïîðÿäêó, â ÿêèõ êîå-
ôiöi¹íòè ïðè ïîõiäíèõ ïåðøîãî ïîðÿäêó çà
ïðîñòîðîâèìè çìiííèìè ¹ ëiíiéíèìè ôóíêöi-
ÿìè öèõ çìiííèõ, à iíøi êîåôiöi¹íòè ¹ ñòàëè-
ìè. Òàêi ðiâíÿííÿ ¹ ðiâíîìiðíî ïàðàáîëi÷íè-
ìè çà I.Ã. Ïåòðîâñüêèì ðiâíÿííÿìè çi çìií-
íèìè íåîáìåæåíî çðîñòàþ÷èìè íà íåñêií-
÷åííîñòi êîåôiöi¹íòàìè. Ó öié ñòàòòi ðîçãëÿ-
äàþòüñÿ äåÿêi ç óêàçàíèõ ðiâíÿíü. Äëÿ íèõ
çíàõîäèòüñÿ ÿâíà ôîðìóëà äëÿ ôóíäàìåí-
òàëüíîãî ðîçâ'ÿçêó çàäà÷i Êîøi (ÔÐÇÊ), çà
äîïîìîãîþ ÿêî¨ îòðèìó¹òüñÿ ïîâíà iíôîðìà-
öiÿ ïðî ÔÐÇÊ. Öÿ iíôîðìàöiÿ âèêîðèñòîâó-
¹òüñÿ äëÿ âñòàíîâëåííÿ òî÷íèõ ðåçóëüòàòiâ
ïðî êîðåêòíó ðîçâ'ÿçíiñòü òà iíòåãðàëüíå çî-
áðàæåííÿ ðîçâ'ÿçêiâ çàäà÷i Êîøi, ïî÷àòêîâi
äàíi â ÿêié ¹ åëåìåíòàìè ïðîñòîðiâ Ca, Lap
(p ∈ [1,∞]) òàMa åêñïîíåíöiàëüíî çðîñòàþ-
÷èõ íà íåñêií÷åííîñòi âiäïîâiäíî íåïåðåðâ-
íèõ ôóíêöié, âèìiðíèõ ôóíêöié òà óçàãàëü-
íåíèõ áîðåëüîâèõ ìið.

Çàóâàæèìî, ùî ïîäiáíi ðåçóëüòàòè íàâå-
äåíî â [4] äëÿ äåÿêèõ ÷àñòèííèõ âèïàäêiâ
ðîçãëÿíóòèõ òóò ðiâíÿíü i â [5�7] äëÿ ðiâ-
íÿíü, ùî ìiñòÿòü îïåðàòîð Áåññåëÿ çà äîäà-
òêîâîþ ïðîñòîðîâîþ çìiííîþ.
1. Ïîçíà÷åííÿ òà îçíà÷åííÿ. Ðîçãëÿ-

äàòèìåìî ðiâíÿííÿ âèãëÿäó

(Lu)(t, x) :=

:=

(
∂t−

n∑
j,l=1

ajl∂xj∂xl−
n∑
j=1

aj∂xj−a0

)
u(t, x)−

−b
n∑
j=1

∂xj(xju(t, x)) = 0, t > 0, x ∈ Rn, (1)

i ñïðÿæåíå äî íüîãî ðiâíÿííÿ

(L∗v)(τ, ξ) :=

:=

(
−∂τ−

n∑
j,l=1

ajl∂ξj∂ξl+
n∑
j=1

aj∂ξj−a0

)
v(τ, ξ)+

+b
n∑
j=1

ξj ∂ξjv(τ, ξ) = 0, τ < 0, x ∈ Rn, (2)

äå n � çàäàíå íàòóðàëüíå ÷èñëî, ajl, aj, a0
i b � çàäàíi äiéñíi ÷èñëà, ajl = alj, {j, l} ⊂
{1, . . . , n}, i âèêîíó¹òüñÿ óìîâà ïàðàáîëi÷-
íîñòi

∃ δ > 0 ∀ σ ∈ Rn :
n∑

j,l=1

ajlσjσl ≥ δ|σ|2. (3)

Ïîçíà÷èìî ÷åðåç A ìàòðèöþ (ajl)
n
j,l=1.

Óìîâó (3) ìîæíà ïåðåïèñàòè ó âèãëÿäi

∃ δ > 0 ∀ σ ∈ Rn : (Aσ, σ) ≥ δ|σ|2. (4)
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äå (·, ·)� ñêàëÿðíèé äîáóòîê ó ïðîñòîði Rn.
Óìîâà (4) ãàðàíòó¹ iñíóâàííÿ îáåðíåíî¨

ìàòðèöi A−1 := (ajl)nj,l=1 òà ñòàëî¨ δ0 > 0 òà-
êî¨, ùî

∀σ ∈ Rn : (A−1σ, σ) ≥ δ0|σ|2. (5)

Îçíà÷åííÿ 1. ÔÐÇÊ äëÿ ðiâíÿííÿ (1)
íàçèâà¹òüñÿ ôóíêöiÿ G(t − τ, x, ξ), t > τ ,
{x, ξ} ⊂ Rn, ÿêà ¹ ðîçâ'ÿçêîì ó ñåíñi òåîði¨
óçàãàëüíåíèõ ôóíêöié çàäà÷i

LG(t− τ, x, ξ) = 0, t > τ,

G(t− τ, x, ξ) |t=τ+= δξ(x), x ∈ Rn,

äå τ � äîâiëüíå ÷èñëî ç R i ξ � áóäü-ÿêà òî÷-
êà ç Rn, à δξ � äåëüòà-ôóíêöiÿ Äiðàêà, ùî
çîñåðåäæåíà â òî÷öi ξ.
Çàóâàæåííÿ 1. Ðiâíÿííÿ (2), ñïðÿæåíå

äî ïàðàáîëi÷íîãî ðiâíÿííÿ (1), ¹ îáåðíåíî
ïàðàáîëi÷íèì, òîáòî ïåðåòâîðþ¹òüñÿ â ïàðà-
áîëi÷íå, ÿêùî çàìiñòü −τ çàïðîâàäèòè íîâó
íåçàëåæíó çìiííó τ ′.

Îçíà÷åííÿ ÔÐÇÊ äëÿ ñïðÿæåíîãî ðiâ-
íÿííÿ (2) âèãëÿäà¹ òàê.
Îçíà÷åííÿ 2. ÔÐÇÊ äëÿ ðiâíÿííÿ (2)

íàçèâà¹òüñÿ ôóíêöiÿ G∗(τ − t, ξ, x), τ < t,
{ξ, x} ⊂ Rn, ÿêà ¹ ðîçâ'ÿçêîì ó ñåíñi òåîði¨
óçàãàëüíåíèõ ôóíêöié çàäà÷i

L∗G∗(τ − t, ξ, x) = 0, τ < t,

G∗(τ − t, ξ, x) |τ=t−= δx(ξ), ξ ∈ Rn,

äëÿ äîâiëüíèõ t ∈ R i x ∈ Rn.
Çàóâàæåííÿ 2. Îñêiëüêè êîåôiöi¹íòè

ðiâíÿíü (1) i (2) íå çàëåæàòü âiä ÷àñîâèõ
çìiííèõ t i τ âiäïîâiäíî, òî ÔÐÇÊ äëÿ öèõ
ðiâíÿíü çàëåæàòü, ÿê öå âèäíî ç îçíà÷åíü 1 i
2, âiä ðiçíèöü îñíîâíî¨ ÷àñîâî¨ çìiííî¨ i âiä-
ïîâiäíî¨ ¨é ïàðàìåòðè÷íî¨ çìiííî¨. Òîìó äëÿ
çíàõîäæåííÿ ÔÐÇÊ G äîñèòü áðàòè τ = 0,
à äëÿ G∗ � âiäïîâiäíî t = 0.

Äàëi âèêîðèñòîâóâàòèìåìî ïðÿìå òà
îáåðíåíå ïåðåòâîðåííÿ Ôóð'¹ ó òàêîìó âèã-
ëÿäi:

Fx→σ[f ] :=

∫
Rn

exp{−i(x, σ)}f(x) dx,

σ ∈ Rn, (6)

F−1
σ→x[f ] := (2π)−n

∫
Rn

exp{i(x, σ)}f(σ) dσ,

x ∈ Rn. (7)

2. Çíàõîäæåííÿ ÔÐÇÊ. Ðîçãëÿíåìî
çàäà÷ó Êîøi

(Lu)(t, x) = 0, t > 0, x ∈ Rn, (8)

u(t, x) |t=0+= φ(x), x ∈ Rn, (9)

â ÿêié φ ¹ äîñèòü �õîðîøîþ� ôóíêöi¹þ,
çîêðåìà, äëÿ íå¨ iñíó¹ ïåðåòâîðåííÿ Ôóð'¹

ψ(σ) := Fx→σ[φ]. (10)

Øóêàþ÷è ðîçâ'ÿçîê çàäà÷i (8), (9) ó âèã-
ëÿäi

u(t, x) = F−1
σ→x[v(t, σ)], t > 0, x ∈ Rn, (11)

i âèêîðèñòîâóþ÷è âëàñòèâîñòi îáåðíåíîãî
ïåðåòâîðåííÿ Ôóð'¹, îäåðæèìî äëÿ íåâiäî-
ìî¨ ôóíêöi¨ v çàäà÷ó Êîøi

∂tv(t, σ) + b
n∑
j=1

σj∂σjv(t, σ) =

=

(
−

n∑
j,l=1

ajlσjσl + i
n∑
j=1

ajσj + a0

)
v(t, σ),

t > 0, σ ∈ Rn, (12)

v(t, σ) |t=0= ψ(σ), σ ∈ Rn. (13)

Çàäà÷ó (12), (13) ðîçâ'ÿæåìî ìåòîäîì õà-
ðàêòåðèñòèê, çãiäíî ç ÿêèì âiäïîâiäíà éî-
ìó ñèñòåìà çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâ-
íÿíü ìà¹ âèãëÿä

dt

1
=
dσ1
bσ1

= ... =
dσn
bσn

=

=
dv

(−
n∑

j,l=1

ajlσjσl + i
n∑
j=1

ajσj + a0)v
. (14)

Çíàéäåìî n + 1 íåçàëåæíèõ ïåðøèõ iíòå-

ãðàëiâ öi¹¨ ñèñòåìè. Ç ðiâíÿíü
dσj
bσj

= dt,

j ∈ {1, . . . , n}, ìà¹ìî

σj = Cje
bt, j ∈ {1, ..., n}, (15)
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à ç ðiâíÿííÿ

dv

(−
n∑

j,l=1

ajlσjσl + i
n∑
j=1

ajσj + a0)v
= dt

îäåðæó¹ìî

v = C0 exp

{
−

n∑
j,l=1

ajl

t∫
0

σj(τ)σl(τ) dτ+

+i
n∑
j=1

aj

t∫
0

σj(τ) dτ + a0t

}
. (16)

Ç (15) i (16) âèïëèâà¹, ùî íåçàëåæíèìè ïåð-
øèìè iíòåãðàëàìè ñèñòåìè (14) ¹

v exp

{ n∑
j,l=1

ajl

t∫
0

σj(τ)σl(τ) dτ−

−i
n∑
j=1

aj

t∫
0

σj(τ) dτ − a0t

}
= C0. (17)

σj e
−bt = Cj, j ∈ {1, ..., n}. (18)

Íåõàé σ̄ i v̄ � çíà÷åííÿ ïðè t = 0 âiäïî-
âiäíî σ i v. Òîäi ç (15) i (16) ìà¹ìî

σ̄j = Cj, j ∈ {1, ..., n}, v̄ = C0,

àëå çãiäíî ç (13) v̄ = ψ, òîìó

C0 = ψ(σ̄) = ψ(C̄),

äå C̄ := (C1, ..., Cn). Íà ïiäñòàâi (17) i (18)
îäåðæó¹ìî

v(t, σ) = exp

{
−

n∑
j,l=1

ajl

t∫
0

CjCle
2bτ dτ+

+i
n∑
j=1

aj

t∫
0

Cje
bτ dτ + a0t

}
ψ(C̄) =

= exp

{
−

n∑
j,l=1

ajlCjCl
1

2b
(e2bt − 1)+

+i
n∑
j=1

ajCj
1

b
(ebt − 1) + a0t

}
ψ(C̄) =

= exp

{
−

n∑
j,l=1

ajl
2b

(1 − e−2bt)σjσl+

+i
n∑
j=1

aj
b

(1 − e−bt)σj + a0t

}
×

×ψ(e−btσ1, . . . e
−btσn), t > 0, σ ∈ Rn.

Òîäi çà äîïîìîãîþ (11) i (7) ìà¹ìî

u(t, x) = (2π)−n
∫
Rn

exp

{
i(x, σ)−

−
n∑

j,l=1

ajl
2b

(1 − e−2bt)σjσl+

+i
n∑
j=1

aj
b

(1−e−bt)σj+a0t
}
ψ(e−btσ1, . . . e

−btσn) dσ,

t > 0, x ∈ Rn.

Çðîáèìî çàìiíó çìiííèõ iíòåãðóâàííÿ çà
ôîðìóëàìè

e−btσj = ηj, j ∈ {1, . . . , n},

i âðàõóâàâøè, ùî dσ = enbtdη, äå η := (η1,
. . . , ηn), îäåðæèìî ðiâíiñòü

u(t, x) = (2π)−ne(a0+nb)t
∫
Rn

exp

{
i

n∑
j=1

ebtxjηj−

−
n∑

j,l=1

ajl
2b

(e2bt − 1)ηjηl + i
n∑
j=1

aj
b

(ebt − 1)ηj

}
×

×ψ(η) dη, t > 0, η ∈ Rn.

Ñêîðèñòàâøèñü ôîðìóëàìè (6), (10) òà
çìiíèâøè ïîðÿäîê iíòåãðóâàííÿ, ïðèéäåìî
äî ôîðìóëè

u(t, x) =

∫
Rn

G(t, x, ξ)φ(ξ) dξ, t > 0, x ∈ Rn,

â ÿêié

G(t, x, ξ) := (2π)−ne(a0+nb)t×

×
∫
Rn

exp

{
i

n∑
j=1

(ebtxj − ξj)ηj−
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−
n∑

j,l=1

ajl
2b

(e2bt−1)ηjηl+i
n∑
j=1

aj
b

(ebt−1)ηj

}
dη,

t > 0, {x, ξ} ⊂ Rn. (19)

Ïåðåïèøåìî ôîðìóëó (19) ó âèãëÿäi

G(t, x, ξ) := (2π)−ne(a0+nb)t×

×
∫
Rn

exp{i(ebtx+ a⃗p(t) − ξ, η) − (q(t)Aη, η)}×

×dη, t > 0, {x, ξ} ⊂ Rn, (20)

äå a⃗ := (a1, . . . , an),

p(t) :=

{
1

b
(ebt − 1), b ̸= 0,

t, b = 0,

q(t) :=

{
1

2b
(e2bt − 1), b ̸= 0,

t, b = 0.
(21)

Iíòåãðàë iç (20) ìîæíà îá÷èñëèòè çà äîïî-
ìîãîþ òàêî¨ ôîðìóëè ç [8, c. 172]:∫

Rn

exp{i(y, η) − (Bη, η)} dη =
πn/2√
detB

×

× exp{−1

4
(y,B−1y)}, y ∈ Rn, (22)

äå ìàòðèöÿ B òàêà, ùî âiäïîâiäíî êâàäðà-
òè÷íà ôîðìà (Bη, η), η ∈ Rn, ¹ äiéñíîþ òà
äîäàòíî âèçíà÷åíîþ. Ñêîðèñòà¹ìîñü ôîðìó-
ëîþ (22) äëÿ âèïàäêó, êîëè y = ebtx+ a⃗p(t)−
−ξ, B = q(t)A, òîäi B−1 = 1

q(t)
A−1, detB =

= (q(t))n detA i∫
Rn

exp{i(ebtx+ a⃗p(t)−ξ, η)− (q(t)Aη, η)} dη =

= (π)n/2(q(t))−n/2(detA)−1/2 exp

{
− 1

4q(t)
×

×
n∑

j,l=1

ajl(ebtxj+ajp(t)−ξj)(ebtxl+alp(t)−ξl)
}
.

(23)
Ç ðiâíîñòåé (20) i (23) âèïëèâà¹ ôîðìóëà

G(t, x, ξ) = (4πq(t))−n/2(detA)−1/2×

× exp

{
(a0 + nb)t− 1

4q(t)

n∑
j,l=1

ajl(ebtxj+

+ajp(t) − ξj)(e
btxl + alp(t) − ξl)

}
,

t > 0, {x, ξ} ⊂ Rn. (24)

Âèêîðèñòîâóþ÷è ôîðìóëè (20) i (24), íå-
âàæêî ïåðåêîíàòèñÿ ó ïðàâèëüíîñòi òàêèõ
òâåðäæåíü:

1) ôóíêöiÿ G(t − τ, x, ξ), 0 ≤ τ < t,
{x, ξ} ⊂ Rn, ÿê ôóíêöiÿ t i x ¹ ðîçâ'ÿçêîì
ðiâíÿííÿ (1), à ÿê ôóíêöiÿ τ i ξ � ðîçâ'ÿç-
êîì ñïðÿæåíîãî ðiâíÿííÿ (2);

2)∫
Rn

G(t, x, ξ) dξ = e(a0+nb)t, t > 0, x ∈ Rn,

(25)∫
Rn

G(t, x, ξ) dx = ea0t, t > 0, ξ ∈ Rn; (26)

3) äëÿ áóäü-ÿêèõ ìóëüòèiíäåêñiâ {α, β} ⊂
⊂ Zn+ ñïðàâäæóþòüñÿ îöiíêè

|∂αx∂
β
ξG(t, x, ξ)| ≤ Cαβ(q(t))−(n+|α|+|β|)/2×

×eλ
b
|α|Eb

c(t, x, ξ), t > 0, {x, ξ} ⊂ Rn, (27)

â ÿêèõ Cαβ i c � äîäàòíi ñòàëi,

λb|α| := (a0 + (n+ |α|)b)t+
δ0
4
|⃗a|2 r(t)),

r(t) :=
p2(t)

q(t)
=


2(ebt − 1)

b(ebt + 1)
, b ̸= 0,

t, b = 0,

Eb
c(t, x, ξ) := exp{−c |e

btx− ξ|2

q(t)
}, (28)

äå ôóíêöi¨ p i q îçíà÷åíi â (21), δ0 � ñòàëà ç
íåðiâíîñòi (5).

Çóïèíèìîñÿ òiëüêè íà îáãðóíòóâàííi
òâåðäæåííÿ 3). Íà ïiäñòàâi íåðiâíîñòi (5)
ìà¹ìî
n∑

j,l=1

ajl(ebtxj +ajp(t)−ξj)(ebtxl+alp(t)−ξl) ≥

≥ δ0|ebtx+ a⃗p(t) − ξ|2, t > 0, x ∈ Rn. (29)
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Äàëi âèêîðèñòà¹ìî âiäîìó íåðiâíiñòü

|y + z|2 ≥ 1

2
|y|2 − |z|2, {y, z} ⊂ Rn,

âçÿâøè â íié y = ebtx − ξ i z = a⃗p(t), òà
îäåðæèìî

n∑
j,l=1

ajl(ebtxj +ajp(t)−ξj)(ebtxl+alp(t)−ξl) ≥

≥ δ0
2
|ebtx− ξ|2 − δ0|⃗a|2(p(t))2,

t > 0, x ∈ Rn. (30)

Îöiíêà (27) äëÿ α = 0 i β = 0 âèïëèâà¹
áåçïîñåðåäíüî ç (24) i (30). Ñïðàâäi, ìà¹ìî

|G(t, x, ξ)| ≤ (4π)−n/2(detA)−1/2(q(t))−n/2×

× exp

{
(a0 + nb)t− δ0

8q(t)
|ebtx− ξ|2+

+
δ0|⃗a|2(p(t))2

4q(t)

}
= C00(q(t))

−n/2×

× exp

{
(a0 + nb)t+

δ0
4
|⃗a|2Eb

δ0/8
(t, x, ξ)

}
≤

≤ C00(q(t))
−n/2eλ

b
0Eb

c(t, x, ξ),

t > 0, {x, ξ} ⊂ Rn,

äå 0 < c < δ0/8.
Îöiíêè (27) ó çàãàëüíîìó âèïàäêó âèïëè-

âàþòü iç îäåðæàíèõ ïðè äèôåðåíöiþâàííi
(24) âèðàçiâ, îöiíîê (29) i (30) òà òàêîãî
òâåðäæåííÿ:

∀ r > 0 ∃Cr > 0 ∀ z ∈ Rn :

|z|r exp{−c∗|z|2} ≤ Cr exp{−c|z|2},

äå c � ôiêñîâàíà ñòàëà ç ïðîìiæêó (0, c∗).
Çà äîïîìîãîþ òâåðäæåíü 2) i 3) çâè÷àé-

íèì ñïîñîáîì ìîæíà äîâåñòè, ùî äëÿ áóäü-
ÿêî¨ íåïåðåðâíî¨ òà îáìåæåíî¨ â Rn ôóíêöi¨
φ iíòåãðàëè

u(t, x; τ) :=

∫
Rn

G(t− τ, x, ξ)φ(ξ) dξ,

t > τ, x ∈ Rn,

i

v(τ, ξ; t) :=

∫
Rn

G(t− τ, x, ξ)φ(x) dx,

τ < t, ξ ∈ Rn,

çàäîâîëüíÿþòü âiäïîâiäíî óìîâè

lim
t→τ+

u(t, x; τ) = φ(x), x ∈ Rn, (31)

i
lim
t→τ−

v(τ, ξ; t) = φ(ξ), ξ ∈ Rn. (32)

Íà ïiäñòàâi òâåðäæåííÿ 1) òà ñïiââiäíî-
øåíü (31) i (32) ìîæíà ñòâåðäæóâàòè, ùî
ôóíêöiÿ G(t − τ, x, ξ), t > τ , {x, ξ} ⊂ Rn,
¹ ÔÐÇÊ äëÿ ðiâíÿííÿ (1), à ôóíêöiÿ

G∗(τ − t, ξ, x) := G(t− τ, x, ξ),

τ < t, {ξ, x} ⊂ Rn,

¹ ÔÐÇÊ äëÿ ðiâíÿííÿ (2).
3. Âëàñòèâîñòi ÔÐÇÊ. Iç ðåçóëüòàòiâ

ï.2 âèïëèâà¹, ùî ôîðìóëîþ (24) âèçíà÷à-
¹òüñÿ ÔÐÇÊ äëÿ ðiâíÿííÿ (1), ÿêèé âîëî-
äi¹ âëàñòèâiñòþ íîðìàëüíîñòi òà îöiíêàìè
(27). Íàâåäåìî iíøi âëàñòèâîñòi ÔÐÇÊ, ÿêi
âñòàíîâëþþòüñÿ äîáðå âiäîìèìè ñïîñîáàìè,
ùî ãðóíòóþòüñÿ íà âèêîðèñòàííi âiäïîâiä-
íî¨ ôîðìóëè Ãðiíà�Îñòðîãðàäñüêîãî (äèâ.,
íàïðèêëàä, [4, 5]).
Âëàñòèâiñòü 1. ÔÐÇÊ äëÿ ðiâíÿííÿ (1)

¹äèíèé.
Âëàñòèâiñòü 2. � ïðàâèëüíîþ ôîðìóëà

çãîðòêè

G(t−τ, x, ξ) =

∫
Rn

G(t−γ, x, y)G(γ−τ, y, ξ) dy,

τ < γ < t, {x, ξ} ⊂ Rn.

Ùîá ñôîðìóëþâàòè âëàñòèâiñòü 3, ðiâ-
íÿííÿ (1) ïåðåïèøåìî ó âèãëÿäi

(Lu)(t, x) =

(
∂t−

n∑
j,l=1

ajl∂xj∂xl−
n∑
j=1

bj(x)∂xj−

−b0

)
u(t, x) = 0, t > 0, x ∈ Rn, (33)
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äå bj(x) := aj + bxj, j ∈ {1, . . . , n}, b0 :=
a0 + nb.

Ó òåîði¨ äèôóçiéíèõ âèïàäêîâèõ ïðîöåñiâ
ðiâíÿííÿ (33) ¹ ðiâíÿííÿì Ôîêêåðà�Ïëàíêà-
Êîëìîãîðîâà âiäïîâiäíîãî äèôóçiéíîãî ïðî-
öåñó. Öåé ïðîöåñ õàðàêòåðèçó¹òüñÿ ìàòðè-
öåþ äèôóçi¨ A := (ajl)

n
j,l=1, âåêòîðîì ïåðåíî-

ñó b(x) := (b1(x), . . . , bn(x)), x ∈ Rn, i êîåôi-
öi¹íòîì îáðèâó (êîåôiöi¹íòîì iíòåíñèâíîñòi
ëiíiéíèõ äæåðåë) b0. ÔÐÇÊ G äëÿ ðiâíÿí-
íÿ (33) òðàêòó¹òüñÿ ÿê ãóñòèíà ïåðåõiäíèõ
éìîâiðíîñòåé äèôóçiéíîãî ïðîöåñó.

Ó íàñòóïíié âëàñòèâîñòi íàâîäÿòüñÿ çî-
áðàæåííÿ åëåìåíòiâ ìàòðèöi äèôóçi¨ A, êî-
îðäèíàò âåêòîðà ïåðåíîñó b(x), x ∈ Rn, i êîå-
ôiöi¹íòà îáðèâó b0 ÷åðåç ãóñòèíó ïåðåõiäíèõ
iìîâiðíîñòåé G.
Âëàñòèâiñòü 3. Ñïðàâäæóþòüñÿ òàêi

ðiâíîñòi

ajl =
1

2
lim
t→0

(
1

t

∫
Rn

G(t, 0, z)zjzl dz

)
,

{j, l} ⊂ {1, . . . , n};

bj(x) = lim
t→0

(
1

t

∫
Rn

G(t, 0, z)zj dz

)
+ bxj,

j ∈ {1, . . . , n};

b0 = lim
t→0

(
1

t

(∫
Rn

G(t, 0, z) dz − 1

))
.

4. Êîðåêòíà ðîçâ'ÿçíiñòü çàäà÷i Êî-
øi. Çàñòîñó¹ìî ðåçóëüòàòè ïðî ÔÐÇÊ äî
âñòàíîâëåííÿ êîðåêòíî¨ ðîçâ'ÿçíîñòi òà ií-
òåãðàëüíîãî çîáðàæåííÿ ðîçâ'ÿçêiâ çàäà÷i
Êîøi äëÿ ðiâíÿííÿ (1) ó ïðîñòîðàõ øâèä-
êîçðîñòàþ÷èõ ïðè |x| → ∞ ôóíêöié.

Ñôîðìóëüîâàíi äàëi òåîðåìè òà ¨õ íàñ-
ëiäêè ¹ ðåçóëüòàòàìè ðåàëiçàöi¨ äëÿ ðiâíÿí-
íÿ (1) êîíñòðóêöi¨ Åéäåëüìàíà�Iâàñèøåíà,
îïèñàíî¨ i ðåàëiçîâàíî¨ äëÿ ïàðàáîëi÷íèõ
ðiâíÿíü ç îáìåæåíèìè êîåôiöi¹íòàìè [9].
Öÿ êîíñòðóêöiÿ äà¹ ìîæëèâiñòü îòðèìóâà-
òè òî÷íi ðåçóëüòàòè ïðî êîðåêòíó ðîçâ'ÿç-
íiñòü çàäà÷i Êîøi òà çîáðàæåííÿ âèçíà÷å-
íèõ ó âiäêðèòîìó øàði Π(0,T ] := (0, T ] × Rn

ðîçâ'ÿçêiâ ÷åðåç ¨õ ãðàíè÷íi çíà÷åííÿ íà ïî-
÷àòêîâié ãiïåðïëîùèíi {t = 0}. Çãiäíî ç öi-
¹þ êîíñòðóêöi¹þ åâîëþöiÿ ïî ÷àñó t ðîçâ'ÿç-
êiâ õàðàêòåðèçó¹òüñÿ ¨õ íàëåæíiñòþ äî ñi-
ìåéñòâà áàíàõîâèõ ïðîñòîðiâ, çàëåæíèõ âiä
t.

Ó øàði Π(0,T ] ñêií÷åííî¨ òîâùèíè T > 0
ðîçãëÿíåìî çàäà÷ó Êîøi äëÿ ðiâíÿííÿ (1),
òîáòî çàäà÷ó

(Lu)(t, x) = 0, (t, x) ∈ Π(0,T ], (34)

u(t, x) |t=0+= φ(x), x ∈ Rn. (35)

ßêùî ââàæàòè, ùî ôóíêöiÿ φ ç óìîâè
(35) çàäîâîëüíÿ¹ íåðiâíiñòü

|φ(x)| ≤ C exp{a|x|2}, x ∈ Rn, (36)

äå a ≥ 0, i çà òàêîþ ïî÷àòêîâîþ ôóíêöi¹þ
ïîáóäóâàòè ðîçâ'ÿçîê çàäà÷i (34), (35) ç äî-
ïîìîãîþ ôîðìóëè

u(t, x) =

∫
Rn

G(t, x, ξ)φ(ξ)dξ, (t, x) ∈ Π(0,T ],

(37)
òî öåé ðîçâ'ÿçîê, óçàãàëi êàæó÷è, âîëîäi¹
îöiíêîþ

|u(t, x)| ≤ C exp{k(t, a) |x|2}, (t, x) ∈ Π(0,T ].

Âèêîðèñòîâóþ÷è ôîðìóëó (37) òà îöiíêè
(27) i (36), îòðèìà¹ìî, ùî äëÿ çíàõîäæåííÿ
ôóíêöi¨ k òðåáà îöiíèòè çâåðõó ôóíêöiþ

f(ξ) := −c0(q(t))−1 |ebtx−ξ|2+a|ξ|2, ξ ∈ Rn,

ïðè ôiêñîâàíèõ (t, x) ∈ Π(0,T ], a ≥ 0 i c0 ∈
(0, c), äå ñòàëà c ç îöiíîê (27) i q(t) âèçíà÷à-
¹òüñÿ ôîðìóëîþ (21). Îñêiëüêè

f(ξ) ≤ −c0(q(t))−1 (ebt|x| − |ξ|)2 + a|ξ|2,

òî äîñèòü çíàéòè ìàêñèìóì ôóíêöi¨

f0(r) := −c0(q(t))−1 (ebt|x| − r)2 + ar2,

r ≥ 0. Öåé ìàêñèìóì, ÿê ëåãêî ïåðåêîíà-
òèñü, äîðiâíþ¹

c0ae
2bt

c0 − aq(t)
|x|2,
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ÿêùî a ≥ 0 âèáðàòè òàê, ùîá q(T ) <
c0
a
.

Îòæå, ñïðàâäæó¹òüñÿ îöiíêà

−c0(q(t))−1 |ebtx− ξ|2 + a|ξ|2 ≤

≤ c0ae
2bt

c0 − aq(t)
|x|2 = k(t, a)|x|2 ≤

≤ k̂(t, a)|x|2, t ∈ (0, T ], {x, ξ} ⊂ Rn, (38)

äå ôóíêöi¨ k i k̂ âèçíà÷åíi ôîðìóëàìè

k(t, a) :=
c0ae

2bt

c0 − aq(t)
, k̂(t, a) :=

c0ae
2|b|t

c0 − aq(t)
,

t ∈ [0, T ].

Çàóâàæèìî, ùî k(0, a) = k̂(0, a) = a,
k(t, a) = k̂(t, a), t ∈ [0, T ], ÿêùî b > 0, i
k(t, a) < k̂(t, a), t ∈ (0, T ], ïðè b < 0; ôóíêöiÿ
k̂ ìîíîòîííî çðîñòà¹ âiä çíà÷åííÿ k̂(0, a) äî
çíà÷åííÿ k̂(T, a); ôóíêöiÿ k ìà¹ íàïiâãðóïî-
âó âëàñòèâiñòü

k(t− τ, k(τ, a)) = k(t, a), 0 ≤ τ ≤ t ≤ T.
(39)

Ââåäåìî âàãîâi ôóíêöi¨

Ψν(t, x) := exp{ν k(t, a)|x|2},

Ψ̂ν(t, x) := exp{ν k̂(t, a)|x|2},
(t, x) ∈ Π[0, T ], ν ∈ R. (40)

Ïîâåäiíêà ïðè |x| → ∞ ôóíêöié ç îçíà÷åíèõ
íèæ÷å ïðîñòîðiâ îïèñóâàòèìåòüñÿ ôóíêöiÿ-
ìè Ψν i Ψ̂ν ç ν ∈ {−1, 1}.

Çàóâàæèìî, ùî íà ïiäñòàâi (38), (39), (40)
òà îçíà÷åííÿ (28) ôóíêöi¨ Eb

c0
ñïðàâäæóþ-

òüñÿ òàêi íåðiâíîñòi:

Ψ̂−1(t, x) ≤ Ψ−1(t, x) ≤ Ψ1(t, x) ≤ Ψ̂1(t, x),

(t, x) ∈ Π[0,T ]; (41)

Eb
c0

(t− τ, x, ξ)Ψ1(τ, ξ) ≤ Ψ1(t, x) ≤ Ψ̂1(t, x),

0 ≤ τ < t ≤ T, {x, ξ} ⊂ Rn.

Âèêîðèñòîâóâàòèìåìî äëÿ ôóíêöié u :
Π[0,T ] → C ïðè êîæíîìó t ∈ [0, T ] òàêi âàãîâi
íîðìè:

||u(t, ·)||k(t,a)0 := sup
x∈Rn

(
|u(t, x)|Ψ−1(t, x)

)
,

||u(t, ·)||k(t,a)p := ||u(t, ·)Ψ−1(t, ·)||Lp(Rn),

||u(t, ·)||k̂(t,a)p := ||u(t, ·)Ψ̂−1(t, ·)||Lp(Rn),
p ∈ [1,∞].

Çàóâàæèìî, ùî ç (41) âèïëèâà¹ íåðiâíiñòü

||u(t, ·)||k̂(t,a)p ≤ ||u(t, ·)||k(t,a)p ,

t ∈ [0, T ], p ∈ [1,∞].

Ïîçíà÷èìî ÷åðåç Ck(t,a) i Ca ïðîñòîðè íå-
ïåðåðâíèõ ôóíêöié φ : Rn → C, äëÿ ÿêèõ
¹ ñêií÷åííèìè âiäïîâiäíî íîðìè ||φ(·)||k(t,a)0 i

||φ(·)||a0 := ||φ(·)||k(0,a)0 , òà ÷åðåç Lk(t,a)p , Lk̂(t,a)p i
Lap � ïðîñòîðè âèìiðíèõ çà Ëåáåãîì ôóíêöié
φ : Rn → C çi ñêií÷åííèìè âiäïîâiäíî íîð-

ìàìè ||φ(·)||k(t,a)p , ||φ(·)||k̂(t,a)p i ||φ(·)||a0. Ãîâî-
ðèòèìåìî, ùî ôóíêöiÿ u : Π(0,T ] → C íàëå-

æèòü äî ïðîñòîðiâ Ck(·,a) i Lk(·,a)p , ÿêùî âiä-
ïîâiäíî u(t, ·) ∈ Ck(t,a) i u(t, ·) ∈ L

k(t,a)
p äëÿ

êîæíîãî t ∈ (0, T ].
Íåõàé B � σ-àëãåáðà áîðåëüîâèõ ìíîæèí

ïðîñòîðó RRn, aM � ñóêóïíiñòü óñiõ çëi÷åí-
íî àäèòèâíèõ ôóíêöié ν : B → C (óçàãàëü-
íåíèõ áîðåëüîâèõ ìið), ÿêi ìàþòü ñêií÷åí-
íó ïîâíó âàðiàöiþ |ν|. ×åðåç Ma ïîçíà÷èìî
ñóêóïíiñòü óñiõ áîðåëüîâèõ ìið µ : B → C
òàêèõ, ùî ôóíêöiÿ

ν(A) =

∫
A

Ψ−1(0, x) d µ(x), A ∈ B,

íàëåæèòü äî ïðîñòîðó M . Ïðè öüîìó äëÿ
äîâiëüíî¨ µ ∈Ma

∥µ∥ap :=

∫
A

Ψ−1(0, x) d |µ|(x) <∞,

äå |µ| � ïîâíà âàðiàöiÿ µ.
Âèêîðèñòîâóâàòèìåìî ùå òàêi ïðîñòîðè:
W1 � ïðîñòið óñiõ âèìiðíèõ çà Ëåáåãîì

ôóíêöié η : Rn → C, äëÿ ÿêèõ ñêií÷åííîþ ¹
íîðìà

∥η∥W1 := ∥η(·)Ψ̂1(T, ·)∥L1(Rn);

W0 � ïðîñòið óñiõ íåïåðåðâíèõ ôóíêöié
η : Rn → C òàêèõ, ùî

Ψ̂1(T, x) |η(x)| −−−−→
|x|→∞

0.
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ÔÐÇÊ äëÿ ðiâíÿííÿ (34) ïîðîäæó¹ iíòåã-
ðàë Ïóàññîíà ôóíêöi¨ φ

(Pφ)(t, x) :=

∫
Rn

G(t, x, ξ)φ(ξ)dξ,

(t, x) ∈ Π(0,T ], (42)

òà iíòåãðàë Ïóàññîíà óçàãàëüíåíî¨ ìiðè µ

(P0µ)(t, x) :=

∫
Rn

G(t, x, ξ) dµ(x),

(t, x) ∈ Π(0,T ]. (43)

Îñíîâíèìè ðåçóëüòàòàìè ¹ íàñòóïíi òåî-
ðåìè.
Òåîðåìà 1. ßêùî â çàäà÷i (34), (35) φ ∈

∈ Ca, òî ôîðìóëîþ

u(t, x) = (Pφ)(t, x), (t, x) ∈ Π(0,T ], (44)

âèçíà÷à¹òüñÿ ¹äèíèé ðîçâ'ÿçîê çàäà÷i Êî-
øi (34), (35), ÿêèé íàëåæèòü äî ïðîñòîðó
Ck(·,a) i äëÿ ÿêîãî ñïðàâäæó¹òüñÿ îöiíêà

∥u(t, ·)∥k(t,a)0 ≤ C∥φ(·)∥a0, t ∈ (0, T ],

òà äëÿ äîâiëüíîãî êîìïàêòà K ⊂ Rn

u(t, x) −−→
t→0

φ(x) ðiâíîìiðíî ùîäî x ∈ K.

Òåîðåìà 2. � ïðàâèëüíèìè òàêi òâåðä-
æåííÿ:

1) äëÿ äîâiëüíî¨ ôóíêöi¨ φ ∈ Lap ôîðìó-
ëà (44) âèçíà÷à¹ ¹äèíèé ðîçâ'ÿçîê ðiâíÿííÿ
(34), ÿêèé íàëåæèòü äî ïðîñòîðó L

k(·,a)
p i

äëÿ ÿêîãî ñïðàâäæó¹òüñÿ îöiíêà

∥u(t, ·)∥k(t,a)p ≤ C ∥φ(·)∥ap, t ∈ (0, T ],

ïðè p ∈ [1,∞) � ðiâíiñòü

lim
t→0

∥u(t, x) − φ(x)∥k̂(t,a)p = 0, (45)

à ïðè p = ∞ � ñïiââiäíîøåííÿ

lim
t→0

∫
Rn

η(x)u(t, x)dx =

∫
Rn

η(x)φ(x)dx (46)

äëÿ áóäü-ÿêî¨ ôóíêöi¨ η ∈ W1;
2) äëÿ áóäü-ÿêî¨ óçàãàëüíåíî¨ ìiðè µ ∈

Ma ôîðìóëîþ

u(t, x) = (P0µ)(t, x), (t, x) ∈ Π(0,T ], (47)

âèçíà÷à¹òüñÿ ¹äèíèé ðîçâ'ÿçîê ðiâíÿííÿ
(34), ÿêèé íàëåæèòü äî ïðîñòîðó L

k(·,a)
1 i

äëÿ ÿêîãî ñïðàâäæó¹òüñÿ îöiíêà

∥u(t, ·)∥k(t,a)1 ≤ C∥µ∥a, t ∈ (0, T ],

i ñïiââiäíîøåííÿ

lim
t→0

∫
Rn

η(x)u(t, x)dx =

∫
Rn

η(x) dµ(x) (48)

äëÿ äîâiëüíî¨ ôóíêöi¨ η ∈ W0.
Íàñòóïíà òåîðåìà ¹ â ïåâíîìó ñåíñi îáåð-

íåíîþ äî òåîðåìè 2.
Òåîðåìà 3. Íåõàé u � ðîçâ'ÿçîê ðiâíÿí-

íÿ (34) â Π(0,T ], äëÿ ÿêîãî ñïðàâäæó¹òüñÿ
íåðiâíiñòü

∥u(t, ·)∥k(t,a)p ≤ C, t ∈ (0, T ], (49p)

ç äåÿêèìè ñòàëèìè C > 0 i p ∈ [1,∞]. Òîäi
ïðè p ∈ (1,∞] iñíó¹ ¹äèíà ôóíêöiÿ φ ∈ Lap, a
ïðè p = 1 � ¹äèíà óçàãàëüíåíà ìiðà µ ∈ Ma

òàêi, ùî ðîçâ'ÿçîê u çîáðàæó¹òüñÿ âiäïî-
âiäíî ó âèãëÿäi (44) i (47).
Íàñëiäîê 1. Ç òåîðåì 2 i 3 âèïëèâàþòü

òàêi òâåðäæåííÿ:
1) ïðîñòîðè Lap i Ma ¹ ìíîæèíàìè ïî-

÷àòêîâèõ çíà÷åíü ðîçâ'ÿêiâ ðiâíÿííÿ (34)
òîäi é òiëüêè òîäi, êîëè öi ðîçâ'ÿçêè çà-
äîâîëüíÿþòü óìîâó (49p) ïðè p ∈ (1,∞] i
ïðè p = 1 âiäïîâiäíî;

2) äëÿ çîáðàæåííÿ ðîçâ'ÿêiâ ðiâíÿííÿ
(34) ó âèãëÿäi (44) ÷è (47) ç φ ∈ Lap i µ ∈Ma

íåîáõiäíî é äîñèòü, ùîá âèêîíóâàëàñü óìî-
âà (49p);

3) ðîçâ'ÿçêè ðiâíÿíÿ (34), äëÿ ÿêèõ âèêî-
íó¹òüñÿ óìîâà (49p) çàäîâîëüíÿþòü ïî÷à-
òêîâi óìîâè ïðè t = 0 â ñåíñi (45), (46) i
(48).
Íàñëiäîê 2. Íåõàé Up � êëàñ óñiõ

ðîçâ'ÿçêiâ ðiâíÿííÿ (34), ÿêi íàëåæàòü äî
ïðîñòîðó Lk(·,a)p i äëÿ ÿêèõ âèêîíó¹òüñÿ óìî-
âà (49p). Ç òåîðåì 2 i 3 òà íàñëiäêó 1 âèïëè-
âà¹, ùî êëàñè Up, p ∈ (1,∞], i U1 ¹ ìíîæè-
íàìè çíà÷åíü îïåðàòîðiâ P i P0, âèçíà÷åíèõ
ôîðìóëàìè (42) i (43) íà âiäïîâiäíî ïðîñòî-
ðàõ Lap M

a, ïðè÷îìó öi îïåðàòîðè âñòàíîâ-
ëþþòü âiäïîâiäíî ãîìåîìîðôiçìè Lap ↔ Up
i Ma ↔ U1.
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Äîâåäåííÿ òåîðåì 1 � 3 ¹ äîñèòü ãðîìiçä-
êèì. Âîíè áàçóþòüñÿ íà äåòàëüíîìó âèâ÷åí-
íi âëàñòèâîñòåé iíòåãðàëiâ Ïóàññîíà (42) i
(43) òà âèêîðèñòîâóþòü ìåòîäèêó, ðîçðîáëå-
íó â [6, 7, 9].
5. Ïðî äåÿêi iíøi çàñòîñóâàííÿ

ÔÐÇÊ. ßê âèäíî iç ï.2, ÔÐÇÊ äëÿ ðiâíÿí-
íÿ (1) âèçíà÷åíèé ôîðìóëîþ (24) òà éîãî
îöiíêè (27) ñïðàâäæóþòüñÿ äëÿ âñiõ t > 0.
Öå äîçâîëÿ¹ ïîäiáíî äî [10, 11] äîñëiäæó-
âàòè âëàñòèâîñòi ðîçâ'ÿçêiâ ðiâíÿííÿ (1) íà
íåîáìåæåíèõ ÷àñîâèõ iíòåðâàëàõ, çîêðåìà
âñòàíîâëþâàòè êîðåêòíó ðîçâ'ÿçíiñòü òà ií-
òåãðàëüíå çîáðàæåííÿ ðîçâ'ÿçêiâ çàäà÷i Êî-
øi íà ÷àñîâîìó iíòåðâàëi (0,∞) i çàäà÷i áåç
ïî÷àòêîâèõ óìîâ íà iíòåðâàëi (−∞, T ], T ∈
∈ R, à òàêîæ äîâîäèòè òåîðåìè ïðî ñòiéêiñòü
íóëüîâîãî ðîçâ'ÿçêó çàäà÷i Êîøi òà òåîðåìè
òèïó Ëióâiëëÿ.
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