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ÏÅÐÅÒÂÎÐÅÍÈÌÈ ÀÐÃÓÌÅÍÒÀÌÈ

Ðîçãëÿíóòî ïî÷àòêîâó çàäà÷ó äëÿ ðiâíÿííÿ êîëèâàííÿ ñòðóíè ïiä äi¹þ çáóðåííÿ,
ÿêå îïèñó¹òüñÿ áàãàòî÷àñòîòíîþ ñèñòåìîþ äèôåðåíöiàëüíèõ ðiâíÿíü ç ëiíiéíî ïåðåòâîðåíèìè
àðãóìåíòàìè. Îá ðóíòîâàíî äëÿ öi¹¨ çàäà÷i ìåòîä óñåðåäíåííÿ çà øâèäêèìè çìiííèìè.

The object of this paper is an initial problem for �uctuation of string under perturbati-
on equation which is described by multi-frequency di�erential equation system with linearly
transformed arguments. Averaging method by rapid changes for this problem is grounded. .

1. Âñòóï. Ñèñòåìè äèôåðåíöiàëüíèõ ðiâ-
íÿíü iç çâè÷àéíèìè i ÷àñòèííèìè ïîõiäíè-
ìè ¹ ìàòåìàòè÷íèìè ìîäåëÿìè â çàäà÷àõ
óïðàâëiííÿ êîëèâàííÿìè, â ÿêèõ îäèí iç îá'-
¹êòiâ îïèñó¹òüñÿ õâèëüîâèì ðiâíÿííÿì, à ií-
øèé � äèôåðåíöiàëüíèì ðiâíÿííÿì çi çâè-
÷àéíèìè ïîõiäíèìè [1], ñòðóííîãî ãåíåðàòî-
ðà i ïiäñèëþâà÷à iç çàïiçíåííÿì [2], ïðè êå-
ðóâàííi äèíàìi÷íîþ ñèñòåìîþ ïiä äi¹þ âèñî-
êî÷àñòîòíèõ çáóðåíü [3], â çàäà÷àõ õiìi¨ [4]
òà iíøèõ.

Ó äàíié ðîáîòi ðîçãëÿäà¹òüñÿ çàäà÷à êî-
ëèâàííÿ íåñêií÷åííî¨ ñòðóíè ïiä äi¹þ çáóðå-
ííÿ, âèêëèêàíîãî êîëèâíèì ïðîöåñîì, ÿêèé
îïèñó¹òüñÿ áàãàòî÷àñòîòíîþ ñèñòåìîþ äè-
ôåðåíöiàëüíèõ ðiâíÿíü iç çàïiçíåííÿì. Çà-
ïiçíåííÿ çàäà¹òüñÿ çà äîïîìîãîþ ëiíiéíî ïå-
ðåòâîðåíèõ àðãóìåíòiâ λντ, τ ≥ 0, λν ∈ (0, 1)
â ïîâiëüíèõ çìiííèõ i θντ, θν ∈ (0, 1) â øâèä-
êèõ çìiííèõ áàãàòî÷àñòîòíî¨ ñèñòåìè. Òàêà
çàäà÷à ç ïîñòiéíèì çàïiçíåííÿì äîñëiäæóâà-
ëàñü â ðîáîòi [5], ñèñòåìè ç ëiíiéíî ïåðåòâî-
ðåíèì àðãóìåíòîì � â [6].

Áàãàòî÷àñòîòíi ñèñòåìè äèôåðåíöiàëü-
íèõ ðiâíÿíü âèãëÿäó

da

dτ
= A(τ, a, φ, ε),

dφ

dτ
=
ω(τ, a)

ε
+B(τ, a, φ, ε),

äå a ∈ D, D - îáìåæåíà îáëàñòü â Rn,
φ ∈ Tm,m ≥ r, Tm �m-âèìiðíèé òîð, ε > 0 �
ìàëèé ïàðàìåòð, ç ïî÷àòêîâèìè i êðàéîâèìè

óìîâàìè äîñëiäæåíi â ïðàöÿõ À. Ì. Ñàìîé-
ëåíêà i Ð. I. Ïåòðèøèíà, çîêðåìà, â ìîíî-
ãðàôi¨ [7]. Ãðóíòóþ÷èñü íà îöiíêàõ âiäïîâiä-
íèõ îñöèëÿöiéíèõ iíòåãðàëiâ ó öèõ ïðàöÿõ
îáãðóíòîâàíî ìåòîä óñåðåäíåííÿ çà øâèäêè-
ìè çìiííèìè íà ñêií÷åííîìó i íåñêií÷åííî-
ìó iíòåðâàëàõ.

Àíàëîãi÷íi çàäà÷i äëÿ îäíî- i áàãàòî÷à-
ñòîòíèõ ñèñòåì iç çàïiçíåííÿì âèâ÷àëèñü ó
ïðàöÿõ À. Ì. Ñàìîéëåíêà i ß. É. Áiãóíà [8],
ß. É. Áiãóíà [9], I. Ì. Äàíèëþêà [10] òà ií.
2. Ïîñòàíîâêà çàäà÷i. Ðîçãëÿíåìî ñèñ-

òåìó äèôåðåíöiàëüíèõ ðiâíÿíü âèãëÿäó

∂2u

∂τ 2
= c2

∂2u

∂x2
+ b(x, τ)u+ f(x, τ, aΛ, φΘ, ε),

(1)
da

dτ
= A(τ, aΛ, φΘ, ε),

dφ

dτ
=
ω(τ)

ε
+B(τ, aΛ, φΘ, ε), (2)

äå τ ∈ [0, L], ε ∈ (0, ε0], ε0 ≪ 1, a ∈ D ⊂
Rn, φ ∈ Tm,m ≥ 1,Λ = (λ1, .., λr), 0 < λ1 <
... < λr ≤ 1, aΛ(τ) = (a(λ1τ), ..., a(λrτ)); Θ =
(θ1, .., θs), 0 < θ1 < ... < θs ≤ 1, φΘ(s) =
(φ(θ1τ), ..., φ(θsτ)). Ôóíêöiÿ f i âåêòîð-
ôóíêöi¨ A, B 2π-ïåðiîäè÷íi çà êîæíîþ ç
êîìïîíåíò âåêòîðíî¨ çìiííî¨ φΘ. Çìiííi aν
íàçèâàþòüñÿ ïîâiëüíèìè, φν - øâèäêèìè.

Çàäàíî ïî÷àòêîâi óìîâè:

u(x, 0) = v(x),
∂u(x, 0)

∂t
= w(x), x ∈ R;

Íàóêîâèé âiñíèê ×åðíiâåöüêîãî íàö. óí-òó. Ìàòåìàòèêà. 2012. � Ò. 2, � 2-3. 19



a(0, ε) = y, φ(0, ε) = ψ, y ∈ D1 ⊂ D,ψ ∈ Rm.
(3)

Çàóâàæèìî, ùî ïî÷àòêîâà ìíîæèíà äëÿ
çìiííèõ a i φ ¹ îäíîòî÷êîâîþ.

Âiäïîâiäíà (1), (2) óñåðåäíåíà ñèñòåìà
ðiâíÿíü íàáóâà¹ âèãëÿäó

∂2ū

∂τ 2
= c2

∂2ū

∂x2
+ b(x, τ)ū+ f0(x, τ, āΛ), (4)

dā

dτ
= A0(τ, āΛ),

dφ̄

dτ
=
ω(τ)

ε
+B0(τ, āΛ), (5)

äå

F0(x, τ, aΛ) =
1

(2π)ms

∫ 2π

0

F (x, τ, aΛ, φΘ, 0)dφΘ,

F = (f,A,B).
Óñåðåäíåíà ñèñòåìà ðiâíÿíü (4), (5) çàëè-

øà¹òüñÿ ñèñòåìîþ iç çàïiçíåííÿì, àëå âîíà
iñòîòíî ïðîñòiøà, íiæ (1),(2), îñêiëüêè ðiâ-
íÿííÿ äëÿ ū i ā íå çàëåæàòü âiä øâèäêèõ
çìiííèõ φ̄Θ, à òàêîæ òîìó, ùî çíàõîäæåííÿ
φ̄ çâîäèòüñÿ äî çàäà÷i iíòåãðóâàííÿ, ÿêùî âi-
äîìî ā(τ).

Çàäà÷à ïîëÿãà¹ â äîâåäåíi iñíóâàííÿ
ðîçâ'ÿçêó ñèñòåìè ðiâíÿíü (1), (2) ç ïî÷à-
òêîâèìè óìîâàìè (3) é îöiíöi âiäõèëåííÿ
ðîçâ'ÿçêiâ çàäà÷ (1)-(3), (4)-(6) ïðè (x, τ, ε) ∈
R × [0, L] × (0, ε0], ÿêùî ε0 � äîñèòü ìàëå i
ïî÷àòêîâi óìîâè çáiãàþòüñÿ.
3. Óìîâà ðåçîíàíñó ÷àñòîò. Äëÿ ñè-

ñòåìè ðiâíÿíü áåç çàïiçíåííÿ ç m ïîâiëüíî
çìiííèìè ÷àñòîòàìè ω1(τ), . . . , ωm(τ) óìîâà
ðåçîíàíñó â òî÷öi τ íàáóâà¹ âèãëÿäó

(k, ω(τ)) := k1ω1(τ) + ...+ kmωm(τ) = 0. (6)

Óçàãàëüíåííÿì íà âèïàäîê îäíîãî ëiíiéíî
ïåðåòâîðåíîãî àðãóìåíòó â øâèäêèõ çìií-
íèõ ¹ óìîâè âèãëÿäó [9]

(k, ω(τ)) + θ(l, ω(θτ)) = 0, ||k|| + ||l|| ̸= 0.

Âiäïîâiäíà óìîâà äëÿ ñèñòåìè ðiâíÿíü
(2)-(3) òàêà:

γl(τ) :=
s∑

ν=1

θν(l
(ν), ω(θντ)) = 0, (7)

l(ν) ∈ Zm, ||l|| =
s∑

ν=1

||l(ν)||.

Âðàõóâàííÿ â óìîâi (7) çàïiçíåííÿ â
øâèäêèõ çìiííèõ ¹ ïðèíöèïîâèì, ùî ìîæíà
ïðîñëiäêóâàòè íà òàêîìó ïðèêëàäi.

∂2u

∂τ 2
=
∂2u

∂x2
+ cos(kφ1 + lφ2,θ)

dφ1

dτ
=

1 + 2τ

ε
,
dφ2

dτ
=

1 + τ

ε
, φ1(0) = φ2(0) = 0.

ßêùî 2k = l = 2, θ = 0.5, òî â ñèñòåìi ¹
ðåçîíàíñ ïðè τ = 0, îñêiëüêè γ12(τ) = 0.5τ .
Ïðè öüîìó

u(x, 1, ε) − ū(x, 1) =

= 2

√
ε

3

∫ √
3

2
√
ε

0

cosz2dz = O(
√
ε),

ùî âèïëèâà¹ ç îöiíêè iíòåãðàëà Ôðåíåëÿ
[11]. ßêùî æ 8k = −l = 8, θ = 0.5, òî
γ1,−1(τ) = −3 i ðåçîíàíñ â ñèñòåìi âiäñóòíié.
Òîäi

u(x, 1, ε) − ū(x, 1) =
4ε

3
sin

3

4ε
= O(ε).

Ó êîæíîìó ç öèõ âèïàäêiâ óìîâà ðåçîíàí-
ñó (7) íå âèêîíó¹òüñÿ. Ïðè îá ðóíòóâàííi
ìåòîäó óñåðåäíåííÿ âàæëèâîþ ¹ óìîâà �íå-
çàñòðÿãàííÿ� ñèñòåìè â ìàëîìó îêîëi ðåçî-
íàíñó. Äîñòàòíüîþ óìîâîþ âèõîäó ñèñòåìè
iç îêîëó ðåçîíàíñó γkl(τ) = 0 ¹ âèêîíàííÿ
íåðiâíîñòi

V (τ) ̸= 0, τ ∈ [0, L], (8)

äå V (τ) � âèçíà÷íèê Âðîíñüêîãî ïîðÿä-
êó ms, ïîáóäîâàíèé çà ñèñòåìîþ ôóíêöié
ω(θ1τ), . . . , ω(θsτ). Íàïðèêëàä, äëÿ îäíî÷àñ-
òîòíî¨ ñèñòåìè ç îäíèì ëiíiéíî ïåðåòâîðå-
íèì àðãóìåíòîì

V (τ) =

∣∣∣∣∣ ω(τ) ω(z)
dω(τ)

dτ
θ
dω(z)

dz

∣∣∣∣∣ , z = θτ, θ ∈ (0, 1).

ßêùî m = 1 i s = 2, òî

V (τ) =

∣∣∣∣∣∣∣∣∣∣
ω(z1) ω(z2) ω(z3)

θ1
dω(z1)

dz1
θ2
dω(z2)

dz2
θ3
dω(z3)

dz3

θ21
d2ω(z1)

dz21
θ22
d2ω(z2)

dz22
θ23
d2ω(z3)

dz23

∣∣∣∣∣∣∣∣∣∣
,
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zν = θντ , 0 < θ1 < θ2 < θ3 ≤ 1.
3. Îá ðóíòóâàííÿ ìåòîäó óñåðåäíåí-

íÿ. Ïîêàæåìî, ùî ïðè âèêîíàííi óìîâè (8),
àíàëîãi÷íî¨ óìîâi âèõîäó ç ðåçîíàíñó äëÿ áà-
ãàòî÷àñòîòíèõ ñèñòåì ñèñòåì áåç çàïiçíåííÿ
[7] i óìîâi À â ïðàöi [12], ìîæíà îòðèìàòè
îöiíêó âiäõèëåííÿ ðîçâ'ÿçêiâ, ïîðÿäîê ÿêî¨
α = (ms)−1.
Òåîðåìà. Íåõàé âèêîíóþòüñÿ óìîâè:
1) ôóíêöi¨ ων ∈ Csm−1[0, L], ν = 1, . . . ,m,

i ñïðàâäæó¹òüñÿ íåðiâíiñòü (8);
2) äëÿ êîæíîãî ε ∈ (0, ε0] âåêòîð-

ôóíêöiÿ F ∈ C1
τ,aΛ

(G, σ), G = R × [0, L] ×
Ds × (0, ε0];

3)||F (x, τ, aΛ, φΘ, ε) − F (x, τ, aΛ, φΘ, 0)|| ≤
σ2ε

α1, α1 ≥ α;
4) â îáëàñòi G1 = R× [0, L]×Ds äëÿ êîå-

ôiöi¹íòiâ Ôóð'¹ âåêòîð-ôóíêöi¨ F ïðè ε = 0
âèêîíó¹òüñÿ íåðiâíiñòü∑

l ̸=0

[ s∑
ν=1

θν ||l(ν)|| sup
G1

||Fl(τ, aΛ)||+

+
1

||l||Θ
(sup
G1

||∂Fl(τ, aΛ)

∂τ
||+

+
r∑

ν=1

λν sup
G1

||∂Fl(τ, aΛ)

∂a(ν)
||)
]
≤ σ3,

äå ∥l∥Θ =
s∑

ν=1

θν∥l(ν)∥;

5) v ∈ C2(R), w ∈ C1(R);
6)|b(x, τ)| ≤ b0, ïðè x ∈ R i τ ≥ 0;
7) iñíó¹ ¹äèíèé ðîçâ'ÿçîê ñèñòåìè ðiâ-

íÿíü (4), (5) ç ïî÷àòêîâèìè óìîâàìè
(3), ïðè÷îìó êîìïîíåíòà ðîçâ'ÿçêó ā =
ā(τ), ā(0) = y ∈ D1 ⊂ D, ëåæèòü â D ðà-
çîì iç äåÿêèì îêîëîì.

Òîäi äëÿ äîñèòü ìàëîãî ε0 > 0 iñíó¹ ¹äè-
íèé ðîçâ'ÿçîê çàäà÷i (2)-(4) òàêèé, ùî äëÿ
âñiõ (x, τ, ε) ∈ R× [0, L]×(0, ε0] âèêîíó¹òüñÿ
íåðiâíiñòü

||a(τ, ε) − ā(τ)||+

+||φ(τ, ε) − φ̄(τ, ε)||+

+|u(x, τ, ε) − ū(x, τ)| ≤ c1ε
α, (9)

äå c1 > 0 i íå çàëåæèòü âiä ε.

Äîâåäåííÿ. Íà ïiäñòàâi ôîðìóëè Äà-
ëàìáåðà iç ðiâíÿíü (1) i (4) îäåðæèìî

u(x, τ, ε) − ū(x, τ) =

=
1

2c

τ∫
0

x+c(τ−t)∫
x−c(τ−t)

[
b(z, t)(u(z, t, ε) − ū(z, t))+

+f(z, t, aΛ, φΘ, ε) − f(z, t, āΛ, φ̄Θ, 0)
]
dzdt+

+
1

2c

τ∫
0

x+c(τ−t)∫
x−c(τ−t)

[f(z, t, āΛ(t, ε), φ̄Θ(t, ε), 0)−

−f0(z, t, āΛ(t, ε))]dzdt.

Ïðè âèêîíàííi óìîâ 1-3 i 7 òåîðåìè â ðî-
áîòi [13] âñòàíîâëåíà îöiíêà

∥a(τ, ε) − ā(τ)∥ + ∥φ(τ, ε) − φ̄(τ, ε)∥ ≤ c2ε
α

(10)
êîëè τ ∈ [0, L] i ε ∈ (0, ε0] i ïî÷àòêîâi óìîâè
äëÿ ñèñòåì (2) i (5) çáiãàþòüñÿ.

Ïîçíà÷èìî ÷åðåç ∆(τ, ε) ìàêñèìóì ìî-
äóëÿ ôóíêöi¨ u(z, τ, ε) − ū(z, τ) íà âiäðiçêó
x− c(L− τ) ≤ z ≤ x+ c(L− τ) ïðè ôiêñîâà-
íèõ x ∈ R, τ ∈ [0, L] i ε ∈ (0, ε0].

Íà ïiäñòàâi îöiíêè (11) i óìîâ 2 i 3 îäåð-
æèìî

∆(τ, ε) ≤ 1

2
L2(2c2σ1 + σ2)ε

α+

+b0

τ∫
0

(τ − t)∆(t, ε)dt+

+
1

2c

∑
l ̸=0

∣∣∣ τ∫
0

dt

x+c(τ−t)∫
x−c(τ−t)

fl(z, t, aΛ(t, ε), 0)×

× exp
[
i

s∑
ν=1

(l(ν), φν(θνt, ε))
]
dz
∣∣∣.

Îñòàííié äîäàíîê ìîæíà çàïèñàòè íàñòó-
ïíèì ÷èíîì

1

2c

∑
l ̸=0

∣∣∣ τ∫
0

gl(x, τ, t, ε) exp
[ i
ε

t∫
0

γl(t1)dt1

]
dt
∣∣∣,

Íàóêîâèé âiñíèê ×åðíiâåöüêîãî íàö. óí-òó. Ìàòåìàòèêà. 2012. � Ò. 2, � 2-3. 21



äå

gl(x, τ, t, ε) =

x+c(τ−t)∫
x−c(τ−t)

fl(z, t, aΛ(t, ε), 0)×

× exp
[
i(l, φΘ) − exp

( i
ε

t∫
0

γl(t1)dt1

)]
dz.

Äëÿ ôóíêöi¨ gl òà ¨¨ ïîõiäíî¨ íåñêëàäíî
îäåðæàòè îöiíêè:

|gl(x, τ, t, ε)| ≤ 2x(τ − t) sup
G1

|fl| ≤

≤ 2cL sup
G1

|fl|,∣∣∣∂gl(x, τ, t, ε)
∂t

∣∣∣ ≤
≤ 2c(1 + σ1L)∥l∥Θ sup

G1

|fl|+

+2cL(1 +σ1)

(
sup
G1

∣∣∣∂fl
∂t

∣∣∣+ r∑
ν=1

λν sup
G1

∣∣∣ ∂fl
∂aλν

∣∣∣).
Äëÿ îñöèëÿöiéíîãî iíòåãðàëà

Il(x, τ, ε) =

τ∫
0

f(x, t, ε) exp
[ i
ε

t∫
0

γl(t1)dt1

]
dt

ïðè âèêîíàííi óìîâ 1 i 2 òåîðåìè ñïðàâäæó-
¹òüñÿ îöiíêà [13, 14]

∥Il(x, τ, ε)∥ ≤ c3ε
α

[(
1+

1

∥l∥Θ

)
sup
G1

∥f(x, t, ε)∥+

+
1

∥l∥Θ
sup
G1

∥∥∥∂f(x, t, ε)

∂t

∥∥∥], (11)

äå c3 > 0 i íå çàëåæèòü âiä ε.
Íà ïiäñòàâi îöiíêè îñöèëÿöiéíîãî iíòå-

ãðàëà (11) äëÿ ∆(τ, ε) ìà¹ìî iíòåãðàëüíó íå-
ðiâíiñòü

∆(τ, ε) ≤ 1

2
(2c2σ1 + σ2)ε

α+

+
c3ε

α

2c

∑
l ̸=0

[(
(2 + σ1)L+ 1

)
∥l∥Θ sup

G1

∥fl∥+

+
(1 + σ2)L

∥l∥Θ
(sup
G1

|∂fl
∂t

| +
r∑

ν=1

λν sup
G1

| ∂fl
∂a(ν)

|)

]
+

+b0

τ∫
0

(τ − t)∆(τ, ε)dt ≤

≤ c4ε
α + b0

τ∫
0

(τ − t)∆(t, ε)dt,

äå

c4 =

[
L2(2c2σ1+σ2)+

c3σ3
c

(1+(2+σ1+σ2)L)

]
/2.

Iç íåðiâíîñòi Ãðîíóîëà âèïëèâà¹, ùî

∆(τ, ε) ≤ c4ε
α exp

[
b0

τ∫
0

(τ − t)dt
]
≤ c1ε

α,

äå c1 = c4 exp(b0L
2). Îäåðæàíà íåðiâíiñòü

âèêîíó¹òüñÿ äëÿ âñiõ x ∈ R, τ ∈ [0, L] i
ε ∈ (0, ε0], äå ε0 âèçíà÷à¹òüñÿ ïðè äîâåäåííi
îöiíîê (10) i (11).

ßê ïðèêëàä ðîçãëÿíåìî ñèñòåìó ðiâíÿíü
ç m ÷àñòîòàìè (m ≥ 3)

∂2u

∂τ 2
=
∂2u

∂x2
+ cos[φ1 + · · · + φm−

−p(φ1,θ + · · · + φm,θ)],

da

dτ
= cos[φ1 + · · ·+φm− p(φ1,θ + · · ·+φm,θ)];

dφ1

dτ
=

1

ε
, φ1(0) = 0,

dφν
dτ

=
1

ε
(1 − τ ν−1 + τ ν − τm+ν−2 + τm+ν−1),

φν(0) = 0, ν = 2, . . . ,m− 1;

dφm
dτ

=
1

ε
(1−τm−1−τ 2n−2+aτ 2m−1), φm(0) = 0,

äå θ ∈ (0, 1), pθ = 1, a = 2m(1 − θ2m−1)−1.
Ïðè τ = 0 ¹ ðåçîíàíñ ÷àñòîò, îñêiëüêè

γl(τ) = 2mτ 2m−1. Âèçíà÷íèê Âðîíñüêîãî

V (τ) = 2m2(1 − θm−1)m−1θ
m(m−1)

2

2m−1∏
ν=2

ν! ̸= 0,

óìîâè òåîðåìè âèêîíàíi i

u(x, τ, ε) − ū(x, τ) =
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= τ

τ∫
0

cos
t2m

ε
dt−

τ∫
0

t cos
t2m

ε
dt.

Ñêîðèñòàâøèñü àñèìïòîòèêîþ óçàãàëüíå-
íîãî iíòåãðàëà Ôðåíåëÿ [11, c.154] ïðè τ = 1
i x ∈ R îäåðæèìî

u(x, 1, ε) − ū(x, 1) =
2m
√
ε

2m

[
Γ(

1

2m
) cos(

π

4m
)−

− 2m
√
εΓ(

1

m
) cos(

π

2m
) + ε sin

1

ε
+O(ε2)

]
=

= O( 2m
√
ε)

ïðè ε→ 0. Òóò Γ � ãàììà-ôóíêöiÿ.
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