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Purpose. Development of the calculation technique of gear wheels tooth pair stiffness in one-pair gearing by the finite 
elements method and its application for an estimation of tumbling mills open tooth gearings stiffness.

Technique. The calculation of stress state was carried out by the finite elements method. At the first stage the analyti-
cal model of a gearing was formed. Based on the key geometrical parameters and drawings the three-dimensional geo-
metrical model of the tooth gearing was designed. The physical properties of the constructional materials were set. The 
geometrical model split into finite elements. The boundary conditions that ensure the kinematic stability of model, and the 
condition of contact of working surfaces of teeth were set. An external loading in the form of the torque applied to a seat 
contact surface of a gear wheel was set. The equations of balance were solved. The displacement unit of the contact line 
of the teeth was defined. The stiffness of the tooth pair was calculated.

Findings. The current situation in the field of the tooth gearings stiffness calculation was investigated. The special 
attention was paid to shortcomings of the existing standards with reference to the large-sized tooth gearings. We sowed 
the advantages of the finite elements method use for calculation of the tooth gearing elements strain state. The algorithm 
and a calculation technique of the tooth gearings stiffness by means of the finite elements method was presented. The 
geometrical model and the analytical model were validated. The algorithm of calculation includes creation of a geometri-
cal model of gearing, definition of mechanical properties of constructional materials, splitting of geometrical model into 
finite elements, calculation of displacements and stiffness of gearing. The calculation results of the tumbling mill МШРГУ 
4500х6000 gearing stiffness received by the developed technique, standard technique and results of an experimental de-
termination were compared. There appeared a wide disagreement of the results received by the standard technique and by 
the experiments. It was shown that the developed technique allows for more exact estimation of the stiffness as it takes 
into account the design features of the ring gear.

Originality. The influence of the gear rim design on gearing stiffness was established. The quantitative estimation of 
the stiffness of the open tooth gearing of tumbling mill МШРГУ 4500х6000 was presented.

Practical value. The algorithm of calculation technique for the tumbling mills open tooth gearings stiffness by the 
finite elements method was developed.
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Introduction. Stiffness of toothed wheel gearing is one 
of the key parameters defining nonuniformity of load distri-
bution along the length of contact lines, and, therefore, cal-
culation of tooth gearings on durability [1, 2]. In particular, 
it concerns heavily loaded open tooth gearings of the tum-
bling mills whose capacity of drives reaches 7900 kW and 
more, and the transferred moment makes hundreds of 
thousands of newton by meter [2]. The calculation of tooth 

gearings is standardized [3]. Despite this fact, significant 
difficulties occur when stiffness is calculated. In particular, 
the calculations based on GOST 21354-87 do not consider 
a wheel pliability that leads to a considerable divergence of 
experimental results and calculations. Therefore, the prob-
lem of improvement of a calculation technique for tum-
bling mills tooth gearings stiffness is urgent.

Analysis of the research. Complexity of the determi-
nation of tooth gearings stiffness is that it depends on the 
loading conditions changing over time, and for large-sized 
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gearings in many respects, it is defined by a ring gear de-
sign.

Systematic studying of gearing stiffness began in the 
50‑ies years of the last century. In 1950, W. A. Tuplin of-
fered the first dynamic model of gearing with the concen-
trated weight and a spring of constant equivalent stiffness 
[4]. In 1953 Strauch H. offered a step model of change of 
gearing stiffness upon transition from one-pair gearing to 
two-pair one [4]. A. Seireg, D. R. Houser presented a mod-
el of tooth stiffness as a cantilever beam in 1970 [4]. All 
the models specified considered flexibility of a tooth. Oth-
er elements of gearing were accepted as rigid. Among do-
mestic scientists, it is worth considering K. I. Zablonsky’s 
works. By generalization of experimental data and the 
theory of elasticity, K. I. Zablonsky developed a calculati
on technique of gearing durability which provided the ba-
sis for the native standard GOST 21354-87.

With the development of computer technologies, there 
appeared models considering a nonlinear nature of gear-
ing stiffness changes. In 1986 H. H. Lin, R. Huston [4] de-
veloped a computer program of gearing stiffness changing 
in time; it considered the bending deformations of a tooth 
as a cantilever beam, as well as contact deformations and 
deformations of the tooth basis.

Admitting linear deformation, under the defined load-
ing the body stiffness k, N/mm, is determined as the rela-
tion of force F, N, to the corresponding displacement d, 
mm, by a formula

	 .Fk
d

 	

According to contemporary conceptions [5−9], the 
load distributed along the contact line, causes accumula-
tion of potential energy of elastic deformation U, J, which 
can be written down as follows
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Potential energy of elastic deformation can be expre
ssed as the sum of the contact component Uh, bending 
component UB, shear compression component Us, axial 
compression component UA and component of tooth fillet 
foundation compression Uf

	 U = Uh + UB + Us + UA + Uf.	  (2)

All the components can be calculated with the equa-
tions of the theory of elasticity taking into account geo-
metrical parameters of gearing. However, in most cases an 
exact expression for displacement d cannot be received. 
Depending on whether the contacting teeth are over a cut 
in a disk or over a spoke, stiffness will change from the 
maximum value to the minimum. The value of the maxi-
mum stiffness defines nonuniformity of load distribution 
and, therefore, durability of a gear wheel.

Considering (1) and (2), the general stiffness of tooth 
pair in gearing is defined as
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where kh is contact stiffness, N/mm; kb1 kb2 is bending 
stiffness, N/mm; ks1 ks2 is shear stiffness, N/mm; ka1 ka2 is 
stiffness at axial compression, N/mm; kf 1 kf 2 is stiffness of 
tooth fillet foundation, N/mm; subscripts 1 and 2 denote 
pinion and gear correspondingly.

Contact stiffness in the (3) can be received according 
to the theory of Hertz [4]
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where E is Young’s modulus, Pa; b is tooth width, m; ν is 
Poisson’s ratio. Other components of stiffness have no ex-
act expression and are often determined by using the semi-
empirical formulas, which are the result of generalization 
of experimental data and results of calculation, such as in 
GOST 21354-87 or ISO6336-1. It is known that the stiff-
ness value counted with a traditional technique when tooth 
is presented by the cantilever beam of a complicated form 
considerably differs from measured values [4]. For exam-
ple, in GOST 21354-87 stiffness is a function of equiva-
lent number of teeth zv1, zv2 and their shifts x1, x2, mm, and 
has the following look

	 c = f  (zv1, zv2, x1, x2).	

Unlike GOST 21354-87, current ISO6336-1 standard 
considers such factors as flexibility of a rim and a wheel 
disk with corresponding empirical factor of CR consider-
ing flexibility
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where m is the tooth module, m; bS, sR are the linear sizes 
defined in [3].

The formula for calculation of factor CR has a limited 
scope; it is very approximate and does not consider other 
factors, for example, inequality of stiffness along the tooth 
width.

According to the same standard [3], the finite elements 
method (FEM) gives more accurate values of stiffness due 
to the consideration of deformations of an involute profile 
tooth, deformations of a rim and a disk of a wheel of any 
design, as well as contact deformations [4].

Recently FEM has been more and more widely used 
for the analysis of tooth gearings. For example, using 
FEM Marunić and Gordana showed that the nonuni-
formity of load distribution [8] is observed in rather 
wide ring gears owing to action of edge effect even if 
the actual deviation of contact lines does not exist. Ped-
ersen, Jоrgensen [5] investigated one-pair and multipair 
contact in gears and determined a considerable influ-
ence of a wheel rim thickness on the stiffness of gear-
ing. A bit earlier Vinogradov B. V. and Sladkovs-
ky A. V. [10] investigated a ring gear of a tumbling mill 
and established essential influence of a design of a 
wheel body on mesh stiffness. However, FEM is a very 
knowledge-intensive method. Ensuring convergence of 
the contact problem solutions demands special skills 
and knowledge of a designer and limits the use of the 
method in work practice.
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The objective of present study is	to	develop	a	reliable	
calculation	technique	for	the	maximum	stiffness	of	a	tooth	
pair	at	one-pair	gearing	of	ring	gears	with	the	use	of	FEM	
and	 its	 application	 to	 estimate	 open	 gearing	 stiffness	 of	
tumbling	mills.

Statement of the problems.	Stiffening	of	tooth	gear-
ing	results	in	load	concentration	along	the	length	of	con-
tact	 lines	 due	 to	 errors	 of	 gearing	 and,	 therefore,	 to	 de-
crease	in	durability.	With	relation	to	durability	calculation,	
it	is	very	important	to	have	a	calculation	technique	for	the	
maximum	stiffness	of	a	tooth	pair	in	gearing.	Therefore,	it	
is	necessary:

-	 to	 distinguish	 the	 parameters	 of	 the	 tooth	 gearing	
which	are	essentially	infl	uencing	its	stiffness	and	to	create	
the	block	of	entering	data;

-	to	defi	ne	the	rational	analytical	model	of	a	tooth	gear-
ing;

-	to	defi	ne	the	input	data	for	calculation	of	the	ma	xi-
mum	stiffness	of	a	tooth	gearing;

-	to	confi	rm	adequacy	of	the	model.
Feasibility of the analytical model.	In	present	study	

the	analytical	model	with	complete	contact	of	 teeth	 in	a	
pitch	point	is	investigated	(Fig.	1).

The	model	includes	a	3-dimensional	geometrical	mod-
el	of	a	pinion	and	ring	gear	(Fig.	2)	which	are	carried	out	
according	to	the	drawings	and	data	in	Table	1.	Moreover,	
such	features	of	the	design	as	chamfers,	fi	xing	holes	and	
the	surrounding	teeth	are	excluded	as	being	insignifi	cant.	
The	ring	gear	2	is	a	segment	in	119°	with	fi	xed	support,	
the	pinion	1	is	the	continuous	cylinder	with	one	degree	of	
free	dom.	The	diameter	of	a	landing	surface	3	is	no	more	
than	2/3	of	the	diameter	of	the	pinion.	The	torque	accord-
ing	to	data	in	Table	2	is	attached	to	the	pinion.	The	longi-
tudinal	plane	of	symmetry	of	ring	gear	tooth	4	coincides	
with	 the	 longitudinal	 plane	 of	 symmetry	 of	 a	 ring	 gear	
gusset	5.

Young’s	modulus Е = 2.1		105	MPa,	and	Poisson’s	ra-
tio	ν =	0.28	are	accepted	as	physic-mechanical	properties	
of	 constructional	 materials.	 Boundary	 conditions	 are	 a	
motionless	basis	of	a	rim	gear	2	and	the	cylindrical	hinge	
on	a	landing	surface	of	a	pinion	1.	The	control	of	accuracy	
was	carried	out	on	the	basis	of	the	convergence	analysis	
on	displacements.

In	Fig.	3	the	block	diagram	of	the	problem	solution	is	
shown.	The	algorithm	of	calculation	includes	the	follow-
ing	stages:

Table 1
Basic	geometrical	parameters	of	gearing

Parameters Symbol,	unit
Test	case МШРГУ	4500х6000

Pinion Wheel Pinion Wheel
Number	of	teeth z 32 64 28 252
Tooth	width b,	mm 60 60 800 800
Base	circle	diameter d,	mm 166.667 333.334 700 6300

Gearing	angle a,	° 20 20

Module m,	mm 5 25
Centre	distance aw,	mm 250 3511

Fig. 1. Analytical model:	1 – pinion; 2 – ring gear; aw – 
gearing angle; d1 – pinion dia meter; d2 − ring gear 
diameter; Fn – normal force; O1O2 – centre dis-
tance; P – pitch point; T1 − torque; γ – inclination 
angle

 

Fig. 2. Geometrical model of gearing: 1 − pinion; 2 – 
ring gear; 3 − landing surface of pinion; 4 −gear 
tooth; 5 − gusset
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Table 2
Basic data on loading of tooth gearings

Parameters Symbol, 
unit

Value

Test case МШРГУ 
4500х6000

Pinion rotation 
frequency n1, rev/min 1500 150

Torque T1, kN  m 1.97 159.155

Transmission ratio u 2 9

gearing used in GOST 21354-87 as an example of durabil-
ity calculation is solved as a test case. Further the problem 
for an open tooth gearing of tumbling mill МШРГУ 
4500х6000 is solved.

Basic data are given in Table 1, 2. Besides, to demon-
strate the influence of a rim gear cross-section form on 
mesh stiffness, the problem of solid and T-shaped sec-
tion of rim gear is solved (Fig. 4). The value of bS is ac-
cepted to be 30 and 70 mm for a test case and real gear 
of МШРГУ respectively; the value of sR is accepted to be 
30 and 66 mm for a test case and real gear of МШРГУ 
respectively.

Table 3
Calculated values of mesh stiffness

Case

Maximal Stiffness of a Tooth 
Pair С´, kN/μm·mm

GOST 
21354-87 ISO6336–1 FEM

Test case
Solid gear 17.3 14.5 13.4
Shaped gear – 13.7 8.2

МШРГУ 
4500  6000

Solid gear 17.4 17.6 12.4
Shaped gear – 12.5 6.3

Fig. 3. Block diagram of a calculation technique for 
mesh stiffness

 

Geometrical 
parameters Load

Physico-
mechanical 
properties

Boundary 
conditions

Computational 
grid

FEM processor

Minimal displacement 
along the contact line

Maximal stiffness 
of tooth pair

Fig. 4. Scheme of a rim gear profile: b – gear width; bS – 
thickness of central disc; sR – thickness of rim

 

b

bS

sR

- creation of a three-dimensional model of gearing;
- determination of mechanical characteristics of con-

structional materials;
- determination of boundary conditions;
- creation of a computational grid;
- the solution of a contact problem with the finite ele-

ments method with convergence control;
- calculation of the minimal displacement along the 

contact line on the surface of a rim gear tooth;
- calculation of the maximal stiffness of a tooth pair in 

gearing with a formula

	 ,nFc
b


 

	

where Fn is full normal force, N; δ is the maximum dis-
placement along the contact line in the direction of the line 
of gearing, μm. Normal force is calculated as

	 ,
cos( )

t
n

w

FF 


	

where Ft is tangential force, N; aw is gearing corner, de-
grees.

The calculated values of stiffness for all problems with 
use of standards and the developed technique are given in 
Table 3.

The recommended generator of a computational grid is 
GMSH, the processor and the post-processor – Calculix, 
which are a free software.

Results of calculations and their discussion. The 
problem of determining the maximum stiffness of teeth in 

The data shown in Table 3 testify to satisfactory co-
incidence of calculation stiffness results by the ISO and 
FEM methods for taste case, the difference of values has 
made no more than 8 %. The results of the calculation in 
accordance with the GOST 21354-87 method in all 
range of parameters are over-estimated. The GOST 
21354-87 method does not carry out any technique of 
gear flexibility accommodation due to gear cross-sec-
tion form at all.

The diameter and rim gear width being increased, the 
difference in values of stiffness between the ISO and FEM 
methods becomes considerable. The values of stiffness 
calculated with the ISO technique and FEM technique for 
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a rim gear of tumbling mill МШРГУ 4500х6000 are 4.6-
fold different. Earlier B. V. Vinogradov [2] experimentally 
investigated nonuniformity of load distribution along the 
length of contact lines in a tooth gearing of the mill 
МШРГУ 4500  6000. The received value of the factor of 
load distribution nonuniformity corresponds to stiffness of 
no more than 8 N/μm  mm that is 2.2 times as little as the 
stiffness received in accordance with the GOST 21354-87 
method.

It is possible to explain the divergence of the results in 
the following way. The design of rim gears in gearings of 
heavy machinery has considerable features, and loads on 
teeth are high. The ISO6336-1 standard is developed for 
calculation of tooth gearings of the general machinery and 
does not consider influence of gussets and cuts in the cen-
tral disk of a rim gear. Besides, the ISO6336-1 standard 
does not consider nonuniformity of load distribution and 
stiffness that occur in wide gears even at complete contact 
of teeth [6]. It is possible to consider the listed features 
only by conducting detailed research of the stress and 
strain state of gearing. Therefore, the description of the 
factor CR is rather tentative and cannot be transferred to 
calculation of the heavy-loaded and large-sized tooth 
gearings.

Stiffness of tooth is not equal throughout the length. 
Upon transition of a point of gearing from tooth top to its 
basis, which is directly, related to the angle change γ 
(Fig. 1), stiffness changes. In Fig. 5 the dependence of the 
maximum stiffness of tooth pair in gearing on an angle γ 
corresponding to the tooth pair position over a spoke 
(line 1) and between spokes (line 2) is presented. Fig. 5 
shows that stiffness is maximal, when the point of gearing 
coincides with a gearing pole. The central disk of a rim 
gear contains the cuts intended to facilitate wheel weight. 
At the same time, cuts reduce stiffness of a wheel. There-
fore, upon gearing transition from a spoke to a spoke stiff-
ness of gearing changes periodically. Fig. 5 demonstrates 
that in consequence of transition of tooth pair position 
concerning a gear spoke, stiffness changes by 40 % on av-
erage. Stiffness reaches the greatest value in the position 

of tooth pair over a spoke when the plane of symmetry of 
gear tooth coincides with the longitudinal plane of sym-
metry of a gusset. Therefore, this position of a tooth pair is 
the most dangerous from the point of view of gearing du-
rability.

Conclusions. The technique developed in the present 
work based on FEM has the following advantage. Being 
a method of theory of elasticity, this technique allows 
investigating the stress and strain state of random-shaped 
gear wheels. The use of semi-empirical formulas to de-
fine the relation between loading and stress disappears is 
not required. Correlation of calculated values and values 
obtained by experiments makes the developed technique 
a priority while calculating tumbling mill gearing dura-
bility.
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Мета. Розробка методики розрахунку максималь
ної жорсткості пари зубів при однопарному зачеплен
ні зубчастих коліс методом кінцевих елементів та її 
використання для оцінки жорсткості зачеплення від-
критих зубчастих передач барабанних млинів.

Методика. Розрахунок напружено-деформованого 
стану здійснюється методом кінцевих елементів. На 
першому етапі формується розрахункова схема задачі. 
На базі геометричних параметрів та креслень здій-
снюється побудування тривимірної геометричної мо-
делі зубчастого зачеплення. Задаються фізичні харак-
теристики конструкційних матеріалів. Геометрична 
модель розбивається на кінцеві елементи. Задаються 
граничні умови, що забезпечують кінематичну не
змінність моделі, та умови контакту робочих повер-
хонь зубів. Задається зовнішнє навантаження у вигляді 
крутного моменту, що прикладений до шестерні. Здій-
снюється чисельне розв’язання рівнянь рівноваги. Ви-
значається мінімальне переміщення вздовж контактної 
лінії зубів. Обчислюється жорсткість пари зубів.

Результати. Досліджено сучасний стан питання 
щодо розрахунку жорсткості зубчастих передач. Осо-
бливу увагу приділено недолікам існуючих стандартів 
стосовно великогабаритних зубчастих передач. По
казані переваги методу кінцевих елементів при роз-
рахунку деформованого стану елементів зубчастої 
передачі. Представлені алгоритм і методика розрахун-
ку жорсткості зубчастих передач за допомогою мето-
ду кінцевих елементів, здійснене обґрунтування гео-
метричної моделі та розрахункової схеми. Алгоритм 
розрахунку включає побудову геометричної моделі 
передачі, завдання механічних властивостей кон
струкційних матеріалів, розбиття геометричної моде-
лі на кінцеві елементи, розрахунок переміщень і жор-
сткості зачеплення. Зроблене порівняння результатів 
розрахунку жорсткості зубчастої передачі барабанної 
млини МШРГУ 4500  6000 за розробленою методи-
кою, стандартною методикою та результатів експери-
ментального дослідження. Встановлене значне розхо-
дження результатів стандартної методики та результа-
тів експериментів. Показано, що розроблена методика 
дає більш точну оцінку жорсткості завдяки повнішо-
му врахуванню конструктивних особливостей вінця.

Наукова новизна. Встановлено вплив конструкції 
зубчастого вінця на жорсткість зачеплення та пред-
ставлена кількісна оцінка жорсткості відкритої зубчас-
тої передачі барабанної млини МШРГУ 4500  6000.

Практична значимість. Розроблено алгоритм ме-
тодики розрахунку жорсткості відкритих зубчастих пе
редач барабанних млинів методом кінцевих елементів.

Ключові слова: барабанний млин, зубчаста пере-
дача, жорсткість, метод кінцевих елементів

Цель. Разработка методики расчета жесткости па
ры зубьев при однопарном зацеплении зубчатых колес 
методом конечных элементов и применение ее для 
оценки жесткости зацепления открытых зубчатых пе-

редач барабанных мельниц.
Методика. Расчет напряженно-деформированного 

состояния осуществляется методом конечных элемен-
тов. На первом этапе формируется расчетная схема 
задачи. На основании основных геометрических пара-
метров и чертежей производится построение трехмер-
ной геометрической модели зубчатой передачи. Зада-
ются физические свойства конструкционных материа
лов. Геометрическая модель разбивается на конечные 
элементы. Задаются граничные условия, обеспечива-
ющие кинематическую неизменяемость модели, и ус-
ловия контакта рабочих поверхностей зубьев. Задает-
ся внешняя нагрузка в виде крутящего момента, при-
ложенного к посадочной поверхности шестерни. Про-
изводится численное решение уравнений равновесия. 
Определяется минимальное перемещение вдоль кон-
тактной линии зубьев. Рассчитывается жесткость па
ры зубьев.

Результаты. Исследовано современное состояние 
вопроса о расчете жесткости зубчатых передач. Осо-
бое внимание уделено недостаткам существующих 
стандартов применительно к крупногабаритным зуб-
чатым передачам. Показаны преимущества метода ко-
нечных элементов при расчете деформированного со-
стояния элементов зубчатой передачи. Представлен 
алгоритм и методика расчета жесткости зубчатых пе-
редач с помощью метода конечных элементов, осу-
ществлено обоснование геометрической модели и рас-
четной схемы. Алгоритм расчета включает построе-
ние геометрической модели передачи, задание меха-
нических свойств конструкционных материалов, раз
биение геометрической модели на конечные элемен-
ты, расчет перемещений и жесткости зацепления. 
Произведено сравнение результатов расчета жестко-
сти зубчатой передачи барабанной мельницы МШРГУ 
4500  6000 по разработанной методике, стандартной 
методике и результатов экспериментального исследо-
вания. Установлено значительное расхождение резуль-
татов стандартной методики и результатов экспери-
ментов. Показано, что разработанная методика дает 
более точную оценку жесткости благодаря более пол-
ному учету конструктивных особенностей венца.

Научная новизна. Установлено влияние конструк-
ции зубчатого венца на жесткость зацепления и пред-
ставлена количественная оценка жесткости открытой 
зубчатой передачи барабанной мельницы МШРГУ 
4500  6000.

Практическая значимость. Разработан алгоритм 
методики расчета жесткости открытых зубчатых пе-
редач барабанных мельниц методом конечных эле-
ментов.

Ключевые слова: барабанная мельница, зубчатая 
передача, жесткость, метод конечных элементов
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