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Purpose. Developing a mathematical model for the efficiency and reliability of the pumping unit (PU) of the oil 
pumping station (OPS) on the basis of the per-unit system and the methodology of the system approach which con-
tains the electric, hydraulic and mechanical subsystems and reflects the energy inputs and outputs of the centrifugal 
pump (CP) and synchronous motor (SM).

Methodology. Mathematical models of PU of OPS are developed which are synthesized on the basis of a system 
approach taking into account the impact of their operating modes on reliability and efficiency parameters of the SM 
and CP. This allows determining the optimal operation modes of PU OPS and to develop measures for their imple-
mentation.

Findings. Based on a systematic approach a model which is a unified system of subsystems with different physical 
nature was formed. The mathematical model of efficiency and reliability parameters of SM and CP was formalized as 
polynomials and values of their coefficients were calculated. It was clarified that the extreme values of efficiency and 
reliability are achieved for different  flow rate values.  That requires the use of multi-objective optimization studies.

Originality. Based on the systematic approach, a mathematical model of PU of OPS was formalized which makes 
it possible to take into account the effect of changes of operating mode of PU on performance and reliability param-
eters  of SM and CP. It is clarified that the extreme values of efficiency and reliability parameters of SM and CP are 
achieved for different flow rate values.

Practical value. Mathematical models that allow estimating the impact of changes of flow rate of OPS on the per-
formance and reliability parameters of SM and CP to select the best operating mode without expensive field experi-
ments  are developed.

Keywords: synchronous motor, centrifugal pump, mathematical model, reliability, efficiency, optimization

introduction. For now lowering of power consump-
tion is a global development priority in energy policy in 
Ukraine and in the world. OPS pipelines which are 
equipped with PU are complex energy-intensive facili-
ties, consisting usually of CP driven by SM. The pres-
ent-day world politic and economic situation has result-
ed in the fact that the PUs of OPS often operate in un-
derloaded mode which caused a sharp decline in their 
efficiency and reliability parameters. That is why par-
ticularly important is solving the problem of implemen-
tation of optimal multipurpose control of PU aimed at 
improving those parameters, which in turn requires de-
veloping a complex mathematical model of OPS based 
on a systematic approach. That model should be able to 
show correctly the complex interdependent connections 
between OPS’s subsystems of different physical nature.

analysis of the recent research. The most efficient 
operating mode of CP is determined considering its ef-
ficiency value [1]. However, it was also proposed to take 
into account the reliability of SM behavior [2] for a 

comprehensive analysis of its functioning, which makes 
it possible to reduce the cost of repairs and maintenance. 
In addition, the SM drive of CP is usually chosen so that 
its nominal parameters match optimal parameters of the 
pump [3]. Thus, the non-optimal operating mode of CP 
causes a reduction of efficiency of SM such as impair-
ment of its efficiency and power factor and appearance 
of additional losses in the elements of power supply. Ac-
cording to [3] PU performance parameters such as effi-
ciency of PU and SM can reach maximal values for dif-
ferent flow rates of oil Q different from those shown in 
documents. However, this does not include the impact 
of changes of reliability parameters of the PU. A system-
atic approach for optimizing behavior of PU by the cri-
teria of efficiency and reliability of CP and SM respec-
tively is proposed in [4]. However, their functional de-
pendence on the volume flow rate of PU was not estab-
lished.

Unsolved aspects of the problem. To achieve this goal 
it is necessary to solve the following tasks: to develop a 
mathematical model of reliability and efficiency; to in-
vestigate the impact of operating mode on the effective-
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ness and reliability of SM and CP; to formalize mathe-
matical models of efficiency and reliability in the form of 
third degree polynomials and calculate their numerical 
values for PU “СТД-2500-2 and HM-3600-230”.

Presentation of the main research. The operating 
mode of pipeline depends on oil flow rate transported in 
it. Therefore, the performance and reliability of OPS 
should be determined, depending on oil flow rate QOPS.

OPS of pipelines is a complex system (Fig. 1), con-
sisting of mutually connected electrical and hydraulic 
subsystems, energy exchange between them is conduct-
ed by PU shafts. NSW and NRW are input power capacity 
of stator winding and rotor (excitation) winding of SM 
respectively; NSh is PU shaft horsepower.

According to the law of conservation of energy using 
system of equations (1), let us write the capacity balance 
equations for the i-th PU

 3 S .
H i H iout in

RWi W³N N N N= + +  (1)

Within studied technological area of OPS a consis-
tent combination of three CPs (pumping system “pump 
to pump”) is usually used, which defines equal values of 
flow rate QOPS for them. In this scheme the output hy-
draulic power 

outH iN  of previous flow on CP will be 
equal to the input 1+( )inH iN  of the next CP 

1+= ( )out inH i H iN N , while the hydraulic input power of the 
first PU and output power of the third PU are input 

1 =
in in

OPS
H HN N  and output =3out out

OPS
H HN N  hydraulic pow-

er of OPC respectively. 
The structural and functional scheme of a separate 

PU which reflects the energy inputs and outputs of CP 
and SM is shown in Fig. 2. The motor itself is energy 
supplied by dual channels:

- to three phase stator windings of SM (Power 3NSW). 
Energy parameters are values of voltage USW and electric 
current ISW; 

- to the rotor windings (power NRW). Energy param-
eters are voltage URW and current field IRW (direct cur-
rent with frequency fRW = 0).

Mechanical energy output from SM NSh occurs 
through the shaft of PU and simultaneously it is an en-
trance to the CP with energy parameters of torque M 
and angular velocity ωR. Power supply by dual channels 
is also typical for CP. Besides of aforementioned me-
chanical energy, the pump is also supplied with fluid 
through the inlet nozzle. Hydraulic power NHin of the 
fluid is characterized by suction pressure Hin and volu-
metric flow rate Qin. It is obvious that through the dis-
charge pipe of CP effective hydraulic power NHout is ob-
tained. Energy parameters are output pressure Hout and 
flow rate Qout. It should also be noted that quantities 
obtained by multiplying of power parameter (USW, URW, 
М, Нin, Нout) by velocity parameter (ISW, IRW, ωR, Qin, 
Qout) show the power of energy flow N.

To simplify the analysis process, let us consider that 
the hydraulic input power is zero (suction pressure is ig-
nored Hin = 0). In this case, a pressure difference HV ob-
tained by mechanical energy of the drive is equal to the 
absolute value of output pressure of the pump HV = 
=Hout - Hin. This approach is generally considered in ex-
perimental research of CP characteristics depending on 
its flow rate which is the same for all the pumps QOPS = 
= Qout = QV [1] if PU of OPS are connected in series.

Fig. 2. Structural and functional scheme of a pump unit

The efficiency and reliability of the PU of OPS di-
rectly depend on flow rate of the station QV and methods 
of its regulation, that is why coefficients of efficiency 
(ηSM, ηCP) and reliability (γSM, γCP) of SM and CP are 
values for assessing these criteria according to [4].

To build a mathematical model we apply a per-unit 
system which makes it possible to simplify the analysis 
of operating modes of electric and hydraulic machines 
and find common patterns of their behavior in various 
modes. The main feature of this system is that it is pos-
sible to obtain general dependences which emphasize 
the analogy of physical processes.

Such basic values as voltage Ubas, active power (on 
the shaft) SM

basN , electric current Ibas and impedance Zbas 
are considered as new units of measurement for SM, as 
shown in (2). Two first values are randomly selected or 
selected among of nominal operating modes, while the 
other two are defined out of known ratios
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Fig. 1. Structural and functional scheme of an oil pump-
ing station 
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where φ is phase angle shift between the voltage and 
electric current vectors. 

Similar for CP, basic values are considered pressure 
Hbas, flow rate Qbas, power CP

basN , and resistance Rbas . Ra-
tio between those basic values is shown in (3)

  

 
  

CP
bas bas bas

bas
bas

bas

N gH Q
gH

R
Q

 =



=


r
r , (3) 

 

where ρ and g are fluid density and gravitational accel-
eration respectively.

Let us combine the basic mode and nominal mode 
and note that in the per-unit system (for incompressible 
fluid) dimensionless pressure values P and H are equal

* *
      =   =   .               

   bas bas

g H HP H
g H H

r
r

=
 

In order to pass to the system of dimensional units, 
per unit values are multiplied by the base values. Further 
calculations will be done in the per-unit system and the 
index “*” will be ignored. 

All studies will be conducted with three PUs con-
nected in series and consisting of pairs of SM-CP 
“СТД-2500-2” and “HM-3600-230”. The parameters 
are given in the Table 1 and Table 2.

Table 1
Catalog of nominal parameters of synchronous motor 

СТД-2500-2

nomN
kW

cos nomj nomU ,
V

nomn ,
r/m

nomI ,
A

nomη
%

dx ,
%

2500 0.9 6000 3000 276 97.4 154.5

Table 2
Catalog of nominal parameters of the main pump 

НМ-3600-230

nom
VH ,
m

nom
VQ ,

m3/h

nom
ShN ,

kW

nomn ,
r/m

nomη nom
mechη Sn

230 3600 2593 3000 0.87 0.968 131

The coefficient of  SM efficiency ηSM is shown in (4) 
[5] (power NRW  is ignored) 

 
1

21
1 1

2

( )
( ) ,

nom
SM

SM lnom
SM l

k
k

η
η

η

−
 −
 = + +
  

 (4)

where nom
SMη  is motor efficiency at nominal load; kl is the 

SM load factor which is the ratio of SM shaft power NSM 
to its nominal power nom

SMN . It is shown in (5) 

 
.SM

l nom
SM

N
k

N
=  (5)

However, the shaft mechanical power of SM de-
pends on flow rate QV  of CP [1], as shown in (6)

 ,V V
SM Sh

CP

gQ H
N N

r
η

D = =  (6)

where CPη  is efficiency of CP. Formulas (4‒6) allow us 
to find out how efficiency parameter SMη  depends on 
flow rate QV (Fig. 3).

Fig. 3 shows congruence of dependence of the  
coefficient of efficiency ηSM of motor СТД-2500-2  
on flow rate QV calculated using the formulas (4‒6) 
(curve 1) and obtained in an experimental study 
(curve 2) [6].

Fig. 3. Motor efficiency ηSM versus flow rate QV:
1 ‒ calculated using the formula (8); 2 ‒ obtained in an 
experimental study (curve 2) [6]

Obviously, SE performance value SMη  depends on the 
performance of CP CPη , which, in turn, also depends on 
the flow rate value QV. This requires a mathematical model 
of CP to build its energy performance characteristics, tak-
ing into account the physical properties of the liquid.

Mathematical models of CP are usually based on sto-
chastic empirical formulas, which makes it more difficult 
to find out interrelations between the structural elements 
of CP. Currently in modeling of hydraulic machines 
there are new approaches related to the Kirchhoff theo-
ry of circles, which is the basis of electric machines the-
ory. In particular, in the [7, 8] on the basis of electrohy-
draulic analogy there was developed a complex graphic 
model of CP as an equivalent electric circuit (Fig. 4) 
with active and inductive (inertial) elements, which 
takes into account structural features and properties of 
the fluid.

Concepts of passive linear parameters of CP such as 
hydraulic resistance req and hydraulic inductance xeq 
were used to build an equivalent circuit: hydraulic resis-
tance of pipeline ‒ rload ; outlet pressure of CP impel-
ler – ρgHeq.

Table 3 includes the results of calculating of dimen-
sionless parameters of equivalent circuit for CP OPS.



ISSN 2071-2227, Науковий вісник НГУ, 2017, № 5 65

Г Е О Т Е Х Н І Ч Н А  І  Г І Р Н И Ч А  М Е Х А Н І К А ,  М А Ш И Н О Б У Д У В А Н Н Я

Fig. 4. Equivalent complex circuit of a centrifugal pump

Table 3
Estimated parameters of the main pump НМ-3600-230

nom
lγ idle

mechND nom
mechND '

int
idleND eqH eqx eqr

1.085 0.44 0.04 0.041 1.227 0.707 0.0029

Nonlinear active resistance in modeling of mechani-
cal losses determined by the (7)

 
2

const var
.eq

mech
mech mech

H
r

N N
=

D + D
 (7)

In addition, expression (8) for consumed power NSh 
by SM as the sum of the internal power Nint

’ and power 
of mechanical losses ΔNmech is illustrated by the equiva-
lent circuit of CP (Fig. 4)

 '
int .Sh mechN N N= + D  (8)

The research made it possible to present a model of 
mechanical losses in the CP in the equation (9) (Fig. 5) [8]

 const var .mech mech mechN N ND = D + D  (9)

The constant component (at a constant speed of rota-
tion of the wheel) of these losses const

mechND  shows the power 
capacity of irreversible dissipative losses of disk friction, 
friction in bearings and shaft seal friction independent of 
flow rate. It is equal to the value of mechanical power 
losses in nominal operating mode of CP nom

mechND , which is 
typically less than 5.7 % of the total power consumption 
of CP and taking into account the laws of similarity [1] is 
defined in the per-unit system as shown in (10)

 1const ,
nom

nom mech
mech mech nom

CP

N N
η

η

−
D = D =  (10)

where nom
CPη  and nom

mechη  are coefficient of efficiency and 
mechanical coefficient of efficiency of CP in nominal 
operating mode respectively.

In addition, in the CP there are variable losses nom
lγ  

caused by deviation of the nominal operating mode, ac-
companied by impact collision of fluid with the working 
surface of the blades. They are considered as mechanical 
losses because they reflect dissipative heating processes 

in CP. These losses are represented as a quadratic func-
tion as shown in (11)

 ( )( )2
1var ,idle nom

mech mech mech VN N N QD = D − D −  (11)

where idle
mechND  is relative value of mechanical losses in 

the idle mode, which can be determined using a scalar 
model of CP [7] as shown in (12)

 

1 '
int ,

nom nom
idle idlel l
mech nom

CP

ctg
N N

−
D = − D

γ γ

η  
(12)

where nom
lγ  is nominal angle of CP load, which at first 

approximation depends on a specific speed coefficient ns 
of CP [7] as shown in (13)

 0 475 1
100

.nom s
l

n
γ

 
≈ +  

 
, (13)

where '
intN  and '

int
idleND  are values of internal power of CP 

in the current mode and idle mode [8].
Obviously, non-impact flow of fluid in the impeller 

of CP 0var
mechND =  occurs in the nominal operating mode 

only. This approach is due to the fact that a change of 
pressure losses of CP increases almost linearly when de-
viation from the non-impact mode happens, which de-
termines the change in power losses for parabolic law of 
the second grade [8].

Table 3 includes calculated dimensionless parameter 
values nom

lγ , idle
mechND , nom

mechND  and '
int
idleND with basic 

nominal parameters of main pump НМ-3600-230.
Formulas (6‒13) show analytical dependence of 

power consumption of CP NSh and efficiency of CP on 
flow rate QV. Figs. 6, 7 show a good match between these  
characteristics, designed for the pump HM-3600-230 
with its experimental specifications [8].

The complex mathematical model of SM should en-
able to estimate the reliability of OPS behavior to control 
its operating modes. However, the lack of sufficient statis-
tic data on the frequency and causes of SM failure in dif-
ferent conditions and flow rates does not let to determine 

Fig. 5. Dependence of mechanical loss ΔNmech of centrifu-
gal pump on flow rate QV
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the reliability parameters of the motor. Due to this fact we 
choose SE static stability factor as a reliability parameter 
of SE SMγ , which, as shown in (14), depends on the 
pump power consumption ShN  from the shaft [9]

 1
max
SM

SM
Sh

N
N

γ = − , (14)

where max
SMN  is the maximum value of electromagnetic 

power of SM determined by the formula (15)

 
2

1 2 3max ( )
,

nom
SM f f SW

SM
d

E I I U
N

x

α α α+ +
=  (15)

where xd is synchronous inductance of SM; nom
SME is elec-

tromotive force value in the nominal operating mode 
[9], as shown in (16); α1, α2, α3  are approximation coef-
ficients of the machine idle operating mode characteris-
tic. This characteristic is a dependency of the electro-
motive force on field current of SD. 

 2 21( sin ) ( cos ) .nom
SM d dE x xφ φ= + +  (16)

Considering formula (6) equation for SMγ  is shown 
in (17)

 

2
1 2 3( )

1.
nom
SM f f SW CP

SM
V V d

E c I c I c U

gQ H x

η
γ

r

+ +
= −

 
(17)

Obviously, the reliability parameter of SM depends 
on the efficiency of CP ηCP, which is determined by the 
method given above. Figs. 8, 10 illustrate the equation 
(17) for PU “СТД-2500-2” and “HM-3600-230”. Since 

SMγ = ∞  in the idle operating mode, for clarity the pa-
rameter is normalized (changes in range from 0 to 1) by 
dividing by its maximum value γSM 0.1 at QV = 0.1

0,1
.SM

SM
SM

′ =
γ

γ
γ

In order to formalize the model of CP reliability we 
use the parameter CPγ , which depends not only on dura-
tion of work of the pump, but also on its operating mode 
[2] (Fig. 9), which is determined by flow rate QV. Work of 
CP when flow rate is not optimal, causes a significant re-
duction of reliability of the pump. Mechanical problems 
occur such as failure of bearings, mechanical seals, shaft 
breakage and increased vibration and so on.

Reliability of CP should be considered in three oper-
ating modes [2]: 1) operating when flow rate is minimal 
when starting the pump; 2) underloaded operating 
mode. In the area 2.1 cavitation is possible; in areas 2.2 
and 2.3 recirculation of flow in inlet and outlet of the 
impeller is possible. As a consequence a significant re-
duction in the reliability of the pump occurs; 3) over- 
loaded operating mode, which is characterized by the 
growing energy consumption, reducing of efficiency 
and instability of SM.

According to Figs. 8, 9 scale of reliability parameters 
of SE and CP varies from 0 to 100 % (or from 0 to 1 in 
the per-unit system). The value equal to 1 indicates the 
best operating mode for PU, defined by minimum value 
of vibration, temperature of bearing and other parame-
ters on which a durability of CP and SE depends. Thus, 
the value equal to 1 does not mean endless time of work 
without failures, but values of reliability parameters of 

Fig. 6. Comparison of power consumption NSh at differ-
ent flow rate values QV of the main pump HM-
3600-230:
1 – calculated on a model of motor; 2 – obtained in an 
experimental way [8]

Fig. 7. Comparison of coefficient of efficiency ηCP at dif-
ferent flow rate values QV of the main pump HM-
3600-230:
1 ‒ calculated on a model of motor; 2 ‒ obtained in an 
experimental way [8]

Fig. 8. Calculated dependence of reliability of the elec- 
tric motor СТД-2500-2 on flow rate of the pump 
HM-3600-230
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CP and SE less than 1 cause a decrease in their durabil-
ity. Zero values of parameters SMγ ′  and CPγ  do not mean 
failure of PU, but indicate that these conditions should 
be avoided [10].

We obtained four parameters of efficiency and reli-
ability of PU. Their dependence on flow rate QV can be 
represented as graphic (Fig. 10). In addition, these de-
pendencies can be approximated by polynomials of the 
third grade as shown in (18)

 

3 2
1 2 3 4

3 2
1 2 3 4

3 2
1 2 3 4

3 2
1 2 3 4

.

SM V V V

CP V V V

SM V V V

CP V V V

a Q a Q a Q a

b Q b Q b Q b

c Q c Q c Q c

d Q d Q d Q d

= + + +

= + + +


′ = + + + 
= + + + 

η

η

γ

γ

 (18)

Coefficients for the motor “СТД-3200-2” and pump 
“HM-3600-230” are represented in Tables 4 and 5 re-
spectively. Obviously, during the pumping of fluid, max-
imum values of efficiency and reliability parameters 
should be reached. However, this cannot be achieved 
simultaneously (Fig. 10), because extreme values of 
these parameters are achieved for different values of flow 
rate QV. Thus, in the future it will be necessary to solve 
the problem of PU operating modes optimal control on 
the criteria of efficiency and reliability involving meth-
odologies of multi-optimization (optimization block of 
structural and functional scheme shown in Fig. 2).

Conclusions.
1. Modeling of operating modes of PU of OPS 

should be based on a systematic approach and using ef-
ficiency and reliability parameters of SM and CP.

2. Mathematical models of efficiency and reliability 
as polynomials of the third grade are formalized and 
their values for PU “СТД-2500-2” and “НМ-3600-
230” are calculated.

3. Extreme values of parameters of efficiency and reli-
ability of SM and CP are achieved at different flow rate 
values, which requires multi-objective optimization stud-
ies for finding the best operating mode of PU.
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Мета. Створення математичної моделі ефектив-
ності й надійності роботи насосного агрегата (НА)  
нафтоперекачувальної станції (НПС) на основі си- 
стеми відносних одиниць і методології системного 
підходу,  що містить електричну, гідравлічну й ме-
ханічну підсистеми та відображає енергетичні вхо-
ди-виходи відцентрового насоса (ВН) і синхронно-
го двигуна (СД). 

Методика. Розроблені математичні моделі НА 
НПС як об’єкта керування, синтезовані на основі 
системного підходу з урахуванням впливу їх режи-
мів роботи на надійність і ефективність СД та ВН. 
Це дало змогу визначити оптимальні режими робо-
ти НА НПС і розробити заходи для їх реалізації.

результати. На основі системного підходу сфор-
мована модель НА НПС як єдиної системи з під-
системами різної фізичної природи. Математична 
модель ефективності й надійності СД і ВН форма-
лізована у вигляді поліномів, розраховані числові 
значення їх коефіцієнтів. Встановлено, що екстре-
мальні значення показників ефективності й надій-
ності досягаються за різних значень витратного на-
вантаження, що вимагає залучення методів багато-
критеріальної оптимізації.

наукова новизна. На основі системного підходу 
формалізована математична модель НА НПС, що 
дає можливість урахувати вплив зміни режиму ро-
боти НА на показники ефективності й надійності 
роботи СД і ВН. Встановлено, що екстремальні 
значення показників ефективності й надійності СД 
і ВН досягаються за різних значень витратного на-
вантаження.

Практична значимість. Створення математичних 
моделей, що дозволяють оцінити вплив зміни ви-
тратного навантаження НПС на показники ефек-
тивності й надійності роботи СД і ВН з метою ви-
бору оптимального режиму роботи НА НПС без 
проведення дорогих натурних експериментів.

ключові слова: синхронний двигун, відцентровий 
насос, математична модель, надійність, ефектив-
ність, оптимізація

Цель. Создание математической модели эффек-
тивности и надежности работы насосного агрегата 
(НА) нефтеперекачивающей станции (НПС) на ос-
нове системы относительных единиц и методоло-
гии системного подхода, которая содержит элек-
трическую, гидравлическую и механическую под-
системы и отражает энергетические входы-выходы 
центробежного насоса (ЦН) и синхронного двига-
теля (СД).

Методика. Разработаны математические модели 
НА НПС как объекта управления, синтезирован-
ные на основе системного подхода с учетом влия-
ния их режимов работы на надежность и эффектив-
ность СД и ЦН. Это позволило определить опти-
мальные режимы работы НА НПС и разработать 
меры по их реализации.

результаты. На основе системного подхода сфо- 
рмирована модель НА НПС как единой системы с 
подсистемами различной физической природы. 
Математическая модель эффективности и надеж-
ности СД и ЦН формализована в виде полиномов, 
рассчитаны числовые значения их коэффициен-
тов. Установлено, что экстремальные значения по-
казателей эффективности и надежности достига-
ются при разных значениях расходной нагрузки, 
что требует привлечения методов многокритери-
альной оптимизации.

научная новизна. На основе системного подхода 
формализована математическую модель НА НПС, 
которая дает возможность учесть влияние измене-
ния режима работы НА на показатели эффектив-
ности и надежности работы СД и ЦН. Установле-
но, что экстремальные значения показателей эф-
фективности и надежности СД и ЦН достигаются 
при разных значениях расходной нагрузки.

Практическая значимость. Создание математи-
ческих моделей, которые позволяют оценить влия-
ние изменения расходной нагрузки НПС на пока-
затели эффективности и надежности работы СД и 
ЦН с целью выбора оптимального режима работы 
НА НПС без проведения дорогостоящих натурных 
экспериментов.

ключевые слова: синхронный двигатель, центро-
бежный насос, математическая модель, надеж-
ность, эффективность, оптимизация
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