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Purpose. Creation of a mathematical model of conditions and factors of stability of the established motion of a
machine unit whose working machine is a drum, permanently rotating around the horizontal axis, with a fluid fill of
the chamber.

Methodology. A filled drum is considered to be a system with permanent composition with variable inertial
parameters whose variability is due to the redistribution at relative motion of masses of fluid fill of the chamber on
the body of the drum. Based on the application of the principle of hardening of a mechanical system, the drum
rotation equations take into account the whole mass of the fill, regardless of the nature of its interaction with the
surface of the chamber. We employed methods of the mechanics of relative motion for the mathematical descrip-
tion of the undisturbed motion of the system. The principle of establishing a hierarchy of variables was applied. A
hypothesis is accepted about proximity of the system's motion to the rotation with a slowly changing angular veloc-
ity. It is believed that dynamic and inertial parameters of the filled drum are determined by the quasi-static depen-
dences on the rotation velocity. We used a second-order Lagrange equation for a system with variable inertial pa-
rameters in order to determine the transitional motion. A direct Lyapunov method is applied to search for condi-
tions of the motion stability.

Findings. Dynamic and inertial parameters of the filled drum are formalized using differential equations of undis-
turbed steady and transitional rotation. We obtained a condition of asymptotic stability of the established motion of a
tumbling mill machine unit. Instability factors of the system's motion are determined.

Originality. Regularities of steady rotation of a drum mill are identified. It was established that factors of instabil-
ity in the established, rotational around the horizontal axis, motion of the drum filled with a fluid medium, are the
variations of variable inertial parameters — the axial moment of inertia and the moment of resistance of the fill to
rotation. It is shown that the failure to comply with conditions of the motion stability could be caused by achieving
the extreme negative values of derivatives from the inertial parameters of the in-chamber fill by the angular velocity of
drum rotation.

Practical value. The developed mathematical model allows us to qualitatively determine conditions of steady rota-
tional motion of the drum with a fluid fill of the chamber. Conditions for the occurrence of unstable motion have
considerable practical significance because they cause self-excitation of auto-oscillations of the filled drum and deter-
mine improvement of effectiveness of grinding process in tumbling mills with traditional design solutions.

Keywords: steady rotation, drum with a fluid fill, equation of undisturbed motion, equation of transitional motion,
condition of asymptotic stability, instability factors, variable inertial parameters
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Introduction. Dispersing of solid bodies, implement-
ed by grinding them to particles of small size, is carried
out in order to improve the rate of various technological
processes. An increase in the degree of dispersion of a
substance leads to its increased physical and chemical
activity. By changing the degree of grinding of materials,
it is possible to influence their technological parameters.

The easiest, most cost-effective and, consequently,
the most common technique to obtain solid bodies in dis-
persed state is mechanical grinding. The process of dis-
integration of materials in mills is one of the most ener-
gy-intensive, time-consuming and costly in the mining,
metallurgical, chemical and many other industries.

Unresolved aspects of the problem. A wide range of
different types of mills is exploited for fine grinding of
hard materials, which differ by the principle of action
and design. Efficient grinding of hard abrasive materials,
however, could be achieved only by the slow-motion types
of mills with a low speed of movement of the working bod-
ies. Low-speed grinders, compared with medium-speed
and fast-speed grinders, are characterized by low operat-
ing costs and high reliability of performance.

The most common type of slow-speed grinders are
the tumbling mills that remain the basic equipment for
large-tonnage fine grinding of various solid materials. Such
mills make it possible to reach high unit performance and
retain, simultaneously, its functionality at considerable
abrasive wear of the working bodies.

At the same time, the main disadvantage of such grind-
ers is the low mechanical performance efficiency coeffi-
cient, due to the high specific consumption of energy. This
is predetermined by a relatively low intensity of circula-
tion of the grinding load in a working chamber of rotat-
ing drum, since much of it is passive and is not involved
in shredding. In this case, the process of grinding by im-
pact action, abrasion and crushing is implemented at
non-free fall followed by shifting of the active part of the
fill whose specific part constitutes only 30—45 %.

The existing traditional trends and directions of the
development of design and technological parameters of
tumbling mills approached the limit of implementation,
they have essentially exhausted their possibilities and
cannot serve as a basis for further radical improvement
in the grinding efficiency. At the same time, one of the
new technological trends in order to substantially in-
crease the extremely low energy efficiency of tumbling
mills is to activate the circulation of the fill by setting it
into oscillatory motion in a chamber. This may consid-
erably strengthen the intensity of interaction between
grinding bodies and particles of the ground material.

Identification of part of the general problem, which was
not resolved previously. Recent decades have seen a rath-
er active development of the direction related to improv-
ing the tumbling mills implying creation of forced pulsed
motion of the fill in a chamber. Such an oscillating mo-
tion can increase the intensity of circulation of the fill in
a rotating chamber and result in the destruction of the
solid-body zone with a decrease in its specific mass part.

In order to implement a pulsed motion of the fill in a
chamber along the transverse or longitudinal axial di-
rection, it was proposed to use the in-chamber energy-
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exchanging units, profile lining of the working chamber,
drum drives with a variable speed value and action by a
magnetic field.

However, the proposed devices for setting the fill force-
fully into pulsed motion were not widely employed in
production due to low reliability predetermined by the ac-
celerated abrasive wear of working bodies, as well as com-
plexity in operation.

At the same time, it appears a very promising direc-
tion for practical application to improve grinding pro-
cesses on the basis of effect of self-excitation of auto-os-
cillations of the in-chamber fill, which is based on tradi-
tional design solutions for tumbling mills with a working
chamber without additional protruding elements exposed
to accelerated abrasive wear. The application of such an
approach implies the need for predicting the unstable ro-
tation modes of the filled drum.

Analysis of the recent research. Under established op-
erational mode in tumbling mills, the authors of [1] reg-
istered the excitation of forced elastic oscillations caused
by kinematic bias of gear transmissions and by the im-
balance of rotating masses. Based on the obtained results,
it was proposed to use an intermediate shaft of the tum-
bling mill drive as a bundle of individual elastic elements.
It is shown that the rigidity and damping capacity of
such an element can greatly reduce dynamic loads.

The model of frictional vibrations, at slipping of the
whole fill relative to the surface of the chamber, proposed
by Prof. A.V.Slanevsky, was applied to describe the os-
cillations of in-chamber fill of the rotating drum, which
occur during operation of tumbling mills and rotary kilns.
It was proposed for the auto-oscillations, which due to
the accelerated axial displacement of granular fill in a
chamber and the overload of the drive are considered un-
favorable, to change the drum rotation speed in order to
leave the region of waning characteristic of friction.

When employing the model of frictional vibrations,
during slip of the whole fill relative to the surface of the
chamber and elastic oscillations of the drive, proposed
by Prof. D. K. Kriukov, it was accepted that the rotor of
the drive motor rotates at a constant speed, and the in-
chamber fill is a physical pendulum with a suspension
point on the axis of the drum. Based on the obtained
results, it was recommended to use elastic couplings in
the drives of tumbling mills, of gear and compensation
kind, to reduce fluctuations in the system.

The model of frictional oscillations, proposed by Prof.
A.N. Mariuta, at slippage of the central, slow-moving,
part relative to the rest of the fill, is based on the phe-
nomenon of the occurrence of unsteady modes of work
registered during operation of tumbling mills. To model
the dynamics of friction oscillations of the fill, the Froud
pendulum theory was applied. It was assumed feasible to
control the process of grinding and to maintain friction
oscillations of a slow-moving nucleus in the zone of
parametric resonance in order to improve performance
and reduce energy intensity of grinding.

Building a model of frictional vibrations of the inner
layers of the fill, proposed by Prof. I. V. Novitsky, is based
on solving the problems on the motion of a small body
along the surface of a rotating drum chamber and the
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motion of fill of a segment cross-section on the surface
of such a chamber. A concept was developed of the con-
trol system over oscillations of the center of mass of the
fill for the purpose of their intensification.

However, the prognostic possibilities of the specified
dynamic models relative to establishing the conditions
for the occurrence and activization of the auto-oscilla-
tory motion of the fill in a chamber of the rotating drum
do not seem obvious. This is due to the practical absence
of the predicted slippage of the fill of a chamber during
work of tumbling mills, as well as low reliability of the
proposed complicated systems for automatic control over
the processes of such equipment.

Recent studies into auto-oscillatory processes of the
drum-type machines dealt with studying conditions for
self-excitation of pulsations of the fill in a rotating cham-
ber due to the loss of stability. Such oscillations result in
a change in the internal structure and position of free
surface of the granular fill.

In papers [2—6], the authors consider redistribution
processes of the particles of the fill due to segregation as-
sociated with the complication of structure and the emer-
gence of pattern formations with a loss of the motion sta-
bility.

In [2], the authors studied experimentally the occur-
rence of unusual structures of the granular fill in the
form of a central nucleus in the cross-section of a rotat-
ing chamber. Redistributions of particles were registered
by using a radioactive tracking method.

The influence of the chamber surface roughness on
the formation of symmetric and asymmetric structures
of the fill was experimentally examined in [3]. The regis-
tered phenomenon of the formation of convective thick-
ened zones in the fill is regarded as an analogy to the vola-
tility of Rayleigh.

In [4], the authors experimentally examined the ef-
fect of the emergence of a sinusoidal modulation of seg-
regation zones in the cross-section of a chamber. They
identified factors that influence the frequency and dis-
tribution of separation zones and mergers of groups of
different particles.

Axial microsegregation of the granular fill using x-
ray tomography is experimentally considered in [5]. The
authors established dependence of the stability of pro-
longed one-directional formation of axial rollers on poly-
dispersity of the fill.

In [6], the authors experimentally studied self-exci-
tation of axial segregation of the fill caused by the inde-
pendent relative rotation of the end walls of the cham-
ber. They showed the effect of friction properties of the
surface and the rate of shifting rotation of end walls on
the noticeable change in the rate of particle displace-
ment with the formation of elevations and hollows. They
received spatial-temporal diagrams of structures of re-
distribution of particles in the form of bands.

In papers [7—14], the authors considered processes
of self-excitation of pulsations of free surface of the gran-
ular fill in a rotating chamber, caused by the loss of sys-
tem stability.

In [7], the authors experimentally examined multi-
directional instability of the fill in a slowly rotating cham-
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ber. They registered a periodic increase, in a certain di-
rection, in the volume of part of the fill with subsequent
plastic deformation and destruction of the free surface.
The empirical conditions for the occurrence of in the fill
elements due to low perturbations of stresses were ob-
tained.

Geometrical parameters of self-exciting pulsations
of free surface of the granular fill with wet particles in a
slowly rotating chamber were reviewed in [8]. The pul-
sations were caused by the periodic destruction of free
surface as a result of collapse. The authors noted a good
convergence of the performed numerical modeling of
the process using the finite element method with the ob-
tained experimental data.

Paper [9] addresses experimental research into ve-
locity field fluctuations during self-excitation of pulsa-
tions of the granular fill in a slowly rotating chamber. A
speckle spectroscopy of the fill was employed. The au-
thors estimated velocity field distribution over different
sections of the free surface. They revealed an increase in
the frequency and amplitude of particle displacement
rate with an increase in the rotational speed of the
chamber.

In [10], the authors experimentally studied dynamics
of the self-excitation of pulsations of the bound granular
fill in a slowly rotating chamber. A speckle spectroscope
and the system of synchronized vector measurements of
forces were applied. A linear increase in the specific dis-
sipation of energy of the fill's pulsations was revealed at
increasing rotational speed of the chamber.

Transient dynamic processes during self-excitation
of the fill's pulsations with particles of irregular shape in
a slow rotating chamber were experimentally studied in
[11]. A speckle spectroscope was used. The authors esti-
mated parameters of the velocity field fluctuations and
pseudo-temperature of the granular fill in the pulsation
process. They revealed significant influence of the shape
of particles in the fill on plastic deformations and dy-
namics of transient processes during pulsations.

In [12], the authors experimentally investigated fluc-
tuations that occur during periodic collapse of free sur-
face of the granular fill in a rotating chamber. A strict
correlation was established between the amplitude of fluc-
tuations in the particle velocity and the spatial and tem-
poral characteristics of the auto-oscillatory process. They
also found a strict relation between the amplitude of ve-
locity fluctuations and stress fluctuations in the system.
The task was set to construct a strict model that would de-
scribe dynamics of auto-oscillations at self-excitation of
the fill's collapses.

Spatial-temporal stochastic dynamics of self-oscilla-
tory processes of compaction and loosening at self-exci-
tation of a periodic collapse of the granular fill in a rotat-
ing chamber was experimentally and analytically studied
in [13]. It was proposed to divide the period of auto-os-
cillations into three stages. During the first stage of the
exponential increase in speed, the particles of granular
fill were losing stability. The second inertial stage was char-
acterized by the achievement of maximum acceleration
of particles at self-excitation of fluctuations due to ran-
dom interactions. The third frictional stage was charac-
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terized by the loss of kinetic energy by particles and
proved to be the most unstable, with considerable fluc-
tuations. The authors obtained a simplified condition for
the stability of motion of the examined system. Such a
condition is based on measuring and estimating the mag-
nitude of a generalized Lyapunov vector.

In [14], the authors conducted experimental and ana-
Iytical studies into nonlinear dynamics of self-excitation
of auto-oscillations of the fill by cylindrical disks in a
slowly rotating chamber. The dynamics of chaotic peri-
odic collapse is regarded as the alternation of compac-
tion and loosening of the medium. It is shown that the
instability of motion of the granular fill is caused by the
excitations from periodic collapses. A strong correlation
is revealed between general dynamic properties of the
system and its instability. To assess motion stability of
the filled chambers, it is proposed to apply the Lyapunov
exponent.

At the same time, recent results of research into sta-
bility of operational modes of drum machines are relat-
ed only to the description of behavior of separate parts of
the granular fill near the free surface, primarily at low
rotation of the chamber. Complexity of hardware con-
trol over the motion of fill and the difficulties of analyti-
cal modeling of motion stability made it impossible to
define strict conditions for the self-excitation of auto-
oscillations in the system.

Objectives of the article. Of considerable applied sig-
nificance is the construction of mathematical model for
steady rotation of the tumbling mill. Of particular inter-
est is the task on finding the conditions of steady estab-
lished motion of the drum-type machine unit, as well as
instability factors of such a motion.

Presentation of the main research. Further analytical
solution to the problem on determining steady rotation
around the horizontal axis of the drum with the fluid in-
chamber fill is searched for based on the application of
provisions of nonlinear dynamics of mechanical systems
with variable inertial parameters.

Such a rotor, which is the system of constant compo-
sition with the relative motion of masses, is considered
as a body of variable mass. This implies not a change in
the body weight, but rather variability in the geometry of
masses predetermined by the redistribution with the rela-
tive motion of masses of the fill on the body of the rotor.
Variability in the geometry of masses is caused by the
changing inertial parameters of the filled chamber — the
magnitude of the axial moment of inertia and the posi-
tion of the center of masses.

In order to determine parameters of interaction be-
tween drum machines and the in-chamber fill, a solid
shell of the drum and its fluid fill are treated as one me-
chanical system.

We considered rotation with angular velocity o around
its own horizontal axis on supports A4 and B of the solid
shell with a cylindrical chamber of radius R and length L
with end walls, which is partially filled with a fluid medi-
um of density p and volume w. We introduce for consid-
eration the absolutely fixed (inertial) OXYZ coordinate
system, and the relatively movable, rigidly coupled with
the body shell, (non-inertial) O’X"Y"Z’ coordinate system.
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The Z and Z' axes of coordinate systems are aligned
with the rotation axis. Centers O and O'are aligned and
placed at the same distance /2 from the end walls. The
X axis is directed horizontally, the Y axis — vertically.

In the examined case, the radius-vectors of the point
in the system of mass m, relative to the immobile O (7,)
and movable O'(7,’) points coincide

- =
r=r .

The motion of a mechanical system relative to the
0OXYZ coordinate system is considered absolute, in rela-
tion to the O'X'Y'Z" system — relative.

The position of the O'X'Y'Z" system is set by angle ¢
of the shell rotating around the Zand Z’ axes.

Absolute velocity vector of the point is

V.=V, +V,, (1)
— = dr,
where V, =V =
dr’ )

speed; I7r =u is the relative velocity vector; u =

is the derivative taken in the mobile coordinate system.
The main moment of the quantities of system mo-
tion relative to point O considering (1) is

Go =Tw+p|(7, xu)dw, )

where 7 is the inertia tensor of the system relative to
point O. _

Projection G, onto the Z axis considering quasi-
velocities is

Gy, = Zm+pj(rvxuy —rvyux)dw,
w

where I,= I,; = I, is the moment of inertia of the sys-
tem, [, is the shell inertia moment (index 1),

I,= pI(Q)(r +r? )dw is the moment of inertia of the

fill (index 2) relative to the Z axis.

Based on the application of the principle of solidifi-
cation for a system of constant composition with vari-
able inertial parameters, absolute time derivative 7 from
G, considering (2) is

dG, 74 dl

= —oa
dt dl‘ dt

o+
+pjmx roxu a’w+p( J

or following the transforms

dG Id—m+ oxIo+
dt dt (3)

+2p£7v X ((Tax LT)dw +p£(7‘v x%jdw.
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The main moment of the forces of bond reactions
relative to point O, applied to the shell, is

—  dG,

oRl =

_XFM)dw,

where PI(FV x F,, )dw is the main moment of mass forc-

es relative to point O, applied to the fill, F, "y 18 the spe-
cific mass force of the fill.
One can accept

M =M,
where M 4 1s the main driving torque, applied to the
shell.

Then, with regard to (3), the expression for the driv-
ing torque of the shell takes the form

M, =1_‘;—‘TJ (T)x_a)+2pj7v x(@x it )dw+

+pj[

Considering that mass forces are gravitational, pro-
jection (4) onto the Z axis is

4
)dw pj 7, ><F )d

M,=1, ‘2 +2pcoj( Fglhy + 1t YW +

pf{ Fa—™

The main moment of influence of the fill on the shell is

Ly o de+pg_[r dw.

N,=M,=-M,,
where A7[r is the main moment of resistance of the fill to
the shell rotation.

At stationary shell rotation, the expression for the
moment of resistance takes the form

Mr:mz+Maz’

where m,= m,, = m,, is the main moment of reactive
forces of the fill relative to the Z axis,
my, =2pcoj r U+, U )dw is the main moment of re-

x P x why

w du, du,
active Coriolis forces, m,, = pj " =1, o dw is

the main moment of reactlve variational forces,
M, :pgjrvxdw is the main moment of active mass

forces of the fill relative to the Z axis.

In order to determine transition mode of rotation of
the filled shell, we consider a mechanical system of points
m, with variable inertial parameters with perfect holo-
nomic relations, which has k degrees of freedom. Mass
of the point may vary in a function of generalized coor-
dinates g, velocity g;, and time ¢
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= f(426:-), (i=12.....k).

Lagrange f'equation of the second kind for a system
with variable inertial parameters employing the princi-
ple of solidification takes the form

do'T oT

dt 0g, 0Oq

i

~—-Q,-R =0, (i=1,2,...,k), (5)

where T is the kinetic energy; Q; is the generalized ex-
ternal power; R; is the generalized reactive force; 7 isa

special derivative from the magnitudes that depend on
the motion of the fill relative to the shell, which makes it
possible to remove the variable inertial parameters of the
system beyond the sign of this derivative, or enter as a
constant magnitude under this sign.

In the case of a two-dimensional motion of the sys-
tem with variable inertial parameters as a generalized
coordinate, one may adopt the body rotation angle ¢, as
a generalized velocity — angular speed o of this body, and
time ¢. Then Lagrange equation of the second kind (5) for
a system with one degree of freedom with variable mass-
es takes the form

doT_oT_ ©

2
where 7' = %; Iis the generalized (reduced) axial mo-

ment of inertia of the system; M, is the generalized (re-
duced) moment of external forces; m is the generalized
(reduced) moment of reactive forces.

By applying the principle of establishing a hierarchy
of variables, in particular, direct division of motion in non-
linear mechanics into quick (non-core) and slow (basic)
components, we can assume that the motion of the filled
shell is close to the rotation with a slow-changing angu-
lar velocity. Then the dynamic and inertial parameters
of the filled shell are the quasi-static type dependences
of its angular velocity

1 (03) o’

M,=flw), m=flo); [=flo), T = >

After transformations (6), it is possible to obtain a
motion equation of machine unit with the filled shell
with variable inertial parameters in the form of moments

o’ dzl(m)+2mdl(co)+[( ) de do _
2 do? do dr
@
=M, (0)-m(o);

Me((o):Mm(w)—Ma(oa),

where M, is the generalized moment of driving forces;
M, is the generalized moment of active resistance forces.

In a general case, such a machine unit (Figure) con-
sists of motor M, transmission 7, shell C with the fill F,
which rotates in supports 4 and B.
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Fig. Calculation scheme of the drum-type machine unit:
M — drive motor; I,, — axial moment of inertia of rotating
parts of the motor; T — drive transmission; I — gear ratio of
transmission; N — efficiency of transmission; C — shell of
the drum; A and B — supports of the drum rotation; I, —
axial moment of inertia of the drum shell; F — the fill of
drum chamber; I, — axial moment of inertia of the fill; &> —
angular velocity of motor rotation; ®/i — angular velocity
of drum rotation; M,, — moment of drive motor; My — mo-
ment of resistance of the fill to the rotation of drum; M,, —
moment of resistance in the drum's supports

Equation (7) for the motor shaft, adopted as the body
of reduction, takes the form

[0t ),

2 do? do

+I] +1, a’w
i? dr in

where [, =1, = Pj(”vzx + rfv )dw is the axial moment of

w

inertia of the fill, /.= I, is the axial moment of inertia of
the shell, 7,, is the axial moment of inertia of the rotating
parts of the motor, M,, is the moment of the drive motor,
M;= M, + m,is the moment of resistance of the fill to the
rotation of the shell, M, is the moment of active mass
forces of the fill, m_= mkz = m,, is the moment of reactive
forces of the fill, m,, is the moment of reactive Coriolis
forces of the fill, m,, is the moment of reactive variational
forces of the fill, M, is the moment of resistance in the
supports of the rotation of the shell, i is the gear ratio of
transmission, m is the efficiency of transmission.

To determine conditions for stability of rotation of
the filled shell, when considering (8), it is possible to in-
troduce notations

Al(w)=ﬂlm(m)—j%2£%%ifﬁis 9)
2
I(m) = 0;2 a cliiogm) + Zmdlgiw) +

(10)
+If( )+Il +1,.

Accepting o = m,= const, it is possible from (8), con-
sidering (9), to obtain equations for determining the val-
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ues of ®, that match the established motion modes of
the unit

M(wy)=0. (11)

Solution (8), relative to dw/dt, considering (9) and
(10) takes the form

do _M(o)

i 1w) (12)

We can accept as the undisturbed motion the estab-
lished motion corresponding to ® = w,. Denoting the
value of velocity at disturbed motion as ® = w, + x, and
introducing it to (12), it is possible to obtain

@_M(m(ﬁx)
dr [(0)0+x) ‘

It is possible to denote

Then
T LCE it

Considering (11), it is possible to obtain

| aM(o)

bl

dF(coO)_
do _I(mo) do

By expanding F(®) into a series and confining our-
selves to the first two terms, it is possible to find

1 dM(wO)x

o0+~ oy da

Then the equation of the disturbed motion takes the
form

dx 1 dM(mO)
it I(o,) do

13)

By multiplying both parts of equation (13) by x and
introducing function v = x?/2, following the transfor-
mations it is possible to obtain

1 —dM(COO)x2. (14)
dt I(w,) do

Because function v is definitely positive relative to x
and its time derivative, calculated from the equation of
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disturbed motion (13) is determined by the right side of
equality (14), based on Lyapunov's direct method, the
established motion will be asymptotically stable if the
right side of (14) is less than zero, and unstable if the
right side is greater than zero. Then the condition of as-
ymptotic stability for the established motion of a tum-
bling mill machine unit takes the form

dM,(o,) 1 dM,(o,)
do a_ do
@idnf(mo) di ; (o)
/{[2 do? + 20y do " (15)

+If(m0)+lc]%+lm}>0.
i

Condition (15) differs from a similar condition at /, =
const by the expression in the denominator.

An extreme negative value of the second derivative
d*I;(w,)/de’ can cause a negative value of the entire de-
nominator while the extreme negative value of derivative
dMy{®,)/do — negative value of the entire numerator
(15). This can lead to the impossibility of meeting con-
dition (15) and to the loss of motion stability.

Fulfilling the stability condition (15) greatly depends
on the variation of dependences /() and MAw). The
magnitudes of /rand M, are determined by the distribu-
tion of the fill in the cross-section of a rotating chamber.

A visualization method was applied in order to ex-
perimentally qualitatively assess the impact of instability
factors on motion of the system. We received images of
steady motion of the granular fill in the section of a per-
manently rotating chamber. Computational grids were
used when processing the images. The values of the axi-
al moment of inertia I, were determined using the grid
with a circular arrangement of cells; the moment of re-
sistance M, was determined using the grid with in-line
arrangement of cells.

The analysis and generalization of the obtained results
allowed us to establish dependences /{w) and M{w),
similar to the data in paper [15]. The differentiation of
these dependences was also performed.

It turned out that the axial moment of inertia /, with
an increase in the speed ®, changes from a minimum
value at rest that corresponds to the segment form of the
fill's section, to the maximum value that corresponds to
a near-wall layer under the mode of centrifugation. In
this case, derivative d21f((n)/doa2 assumes extreme nega-
tive value close to the fill's mode of motion with full
tossing of elements of the fill.

It was also revealed that the dependence of resistance
moment M, on velocity w has the largest rigidity near a
mode with full tossing. In this case, derivative dM[w)/dw
also assumes extreme negative value near this mode of
the fill motion.

Conclusions and recommendations for further research.
The factors of stability loss of the established rotation of
a tumbling mill are variations in the variable values of the
axial moment of inertia and the moment of resistance of
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the in-chamber fill to the rotation of the drum. Qualita-
tive dependences of the conditions for implementation of
such instability come down to reaching the extreme neg-
ative values of derivatives from the inertial parameters of
the fill by the rotation velocity.

In the future, it might be expedient, based on an analy-
sis of the modes and conditions for stability motion of
the fill in chamber, to determine quantitative patterns in
the occurrence of self-excitation of rotating auto-oscil-
lations in the tumbling mills.
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Merta. CTBOpEeHHSI MaTeMaTUYHOI MOJIENi YMOB i (hak-
TOPIB CTIKOCTi yCTaI€HOro pyXy MallUHHOTO arpera-
Ty, p0OOOUYOI0 MALLIMHOIO SIKOTO € CTallioHapHO 00epPTO-
BUIi HABKOJIO TOPU30HTAJIbHOIL OCi OapabaH i3 TeKyuuM
3aIIOBHEHHSAM KaMepH.

MeTtoauka. 3anoBHeHNIT 6apabaH pO3TISIAAETLCS K
cUCTeMa CTaJIOro CKJIaay 3i 3SMiIHHUMM iHEepLiAHUMU T1a-
paMeTpaMM, 3MiHHICTb SIKMX 00OYMOBJIEHA IEPEPO3MOIi-
JIOM i3 BiTHOCHHM PYXOM Mac TeKyJOro 3aITOBHECHHS Ka-
Mepu Ha Titi 6apabdaHa. Ha mimcraBi 3acTocyBaHHS TIPUH-
LIMITY TBEPAIHHS MEXaHIUHOI CUCTEMU, Y PiBHSIHHSIX 00ep-
TaHHSI OapabaHa BpaXOBYEThCS BCSI Maca 3allOBHEHHS,
Mepu. BukopucraHi MeToau MeXaHiKul BiTHOCHOTO pyXy
IUISI MAaTeMaTUYHOTO OIUCY HE30ypeHOIo pyXy CHUCTe-
MM. 3aCTOCOBAHO MPUHIIMIT BCTAHOBJICHHS i€papXii 3MiH-
Hux. [TpuiiHsTa rinmoresa npo OJU3bKICTb PYXy CUCTEMU
110 00epTaHHS 3 KYTOBOIO IIBUIKICTIO, 1110 MOBLIBHO 3Mi-
HIOEThCS. BBaxkaeThces, 1110 TMHAMIYHI Ta iHepliiiHi ma-
paMeTpu 3arloBHEHOro O6apabaHa € neTepMiHOBaHUMU
Bil LIBUIKOCTiI 00epTaHHSI KBa3iCTATUUHUMMU 3aJI€XKHOC-
TssMu. BukopucTtaHo piBHsIHHS JlarpaHxa Apyroro poay
JUTSI CUCTEMU 3i 3MIHHMMU iHEpUiHHUMU MapaMeTpaMu
JUUISI BU3HAUEHHS MEePeXiTHOro pyxy. 3aCTOCOBAHO Mpsi-
muii Mmeton JIsimyHOBa /15 BilllTyKaHHSI YMOB CTiliKOCTi
PyXy.

Pesynbratu. @opMaizoBaHi [MHAMIUHI Ta iHepIIili-
Hi TapaMeTpH 3aIllOBHEHOTo 0apabaHa 3a JOTIOMOTOIO
nudepeHiaTbHUX PiBHSIHb HE30ypEeHOTO YCTaJE€HOTO
1 IepexigHoro obepraHHs. OTprMaHi YMOBY aCUMIITO-
TUYHOI CTIlKOCTi YCTaJIeHOTO pyXy MallIMHHOTO arpe-
raTty 6apabaHHoro MinHa. BuzHaueHi (pakTopy HecTiii-
KOCTi pyXy CUCTEMH.

HaykoBa HoBu3Ha. BusiBiieHi 3aKOHOMIPHOCTI CTili-
Koro obepraHHs1 bapabaHHOTro MJaMHa. BcraHoBieHoO,
o ¢GakTopaMU HECTIMKOCTI yCTaJIeHOro 00epTOBOTO
HaBKOJIO TOPU30HTAIbHIN oci pyxy OapabaHa, 1110 3a-
TMOBHEHU TEKYYUM CEPEIOBUIIEM, € Bapiallii SMiHHUX
iHEepLiHNX MapaMeTpiB — OCbOBOIO MOMEHTY iHepIii
1 MOMEHTY OITopy 3aroBHEHHS obepTaHHIo. [TokazaHo,
1110 HEBUKOHAHHSI YMOB CTiiIKOCTi pyXy MOXe OyTU BU-
KJIMKaHO JOCSTHEHHSIM eKCTpeMaJIbHUX Bill’€MHUX 3Ha-
YeHb MOXiAHUX Bifl iHEPLiIHMX MapaMeTpiB BHYTpillI-
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HBOKAMEPHOT'O 3alIOBHEHHS II0 KYTOBiil IIBUIKOCTI
obepraHHs OapabaHa.

IIpakTuyna 3HauumicTb. Po3pobieHa maTeMaTuyHa
MOJIe/Ib TO3BOJISIE SIKICHO BU3HAYaTU YMOBM CTaJIOTO
00epToBOro pyxy 6apadaHa 3 TeKy4YrMM 3allOBHEHHSIM Ka-
MepU. YMOBU BUHUKHEHHS HECTIAKOTO pyXy MaloTh ic-
TOTHE MPUKJIaTHE 3HAYCHHSI, OCKIbKY BUKIMKAIOTh Ca-
MO30YIKEHHST aBTOKOJIMBaHb 3alIOBHEHOTO OapabaHa i
BU3HAYAIOTh MiABUILIEHHS €(PEKTUBHOCTI MpOoLeCy Mo-
npiOHeHHS B OapabaHHUX MJIMHAX TPAIULIIMHUX KOH-
CTPYKTUBHUX PilllcHb.

Kurouosi ciioBa: cmiiike obepmanns, 6apadan iz mexy-
YUM 3AaNOBHEHHAM, DIGHAHHS He30ypeH020 00epmanHs, pie-
HSAHHS NepexioH02o pyxy, yMoea acuMnmomu4Hoi cmitikoc-
mi, pakmopu Hecmiiikocmi, 3MiHHI iHepyiiiHi napamempu

enn. Co3nanue MaTeMaTU4IECKOI MOJIETN YCIIOBUIA
1 (haKTOPOB YCTOMYMBOCTH YCTAHOBUBIIIETOCST IBIKE-
HHUS MAIIMHHOTO arperara, pabodeil MaIIMHONW KOTO-
pOTO SBJISIETCS CTALIMOHAPHO BPALIAIOLIUIACS BOKPYT IO-
PU30HTAJIbLHOU ocu 6apabaH ¢ TEeKyYHM 3aIllOJTHEHUEM
KaMephl.

Meroauka. 3arnoiHeHHBI O0apabaH paccMaTpuBa-
eTCs KaK CHCTeMa IOCTOSIHHOTO COCTaBa ¢ IepeMeH-
HBIMU WHEPIIMOHHBIMU TTapaMeTpaMu, TIePEMEHHOCTD
KOTOPBIX 00YCIIOBJICHA TIepepacipene/icHIEM ¢ OTHO-
CUTEITBHBIM IBIDKCHIEM MacC TEKyJero 3aIloOTHeHUS Ka-
Mephbl Ha Tesie 6apabaHa. Ha ocHoOBaHMY MpUMEHEHUs
MIPUHIINIIA 3aTBEpAECBAHNS MEXaHNIECKON CHCTEMBI, B
ypaBHEHMSIX BpallleHus1 6apabaHa yYUThIBaETCs BCSI Mac-
ca 3aIl0JIHEHHUSI, He3aBUCHUMO OT XapaKTepa B3auMOeii-
CTBUSI €€ C TIOBEPXHOCTHIO KaMephl. K cronbp30BaHbI Me-
TOIIBI MEXaHNKHN OTHOCUTEIPHOTO IBIDKCHUS TSI MaTe-
MaTHYECKOTO ONMMCAHUS HEBO3MYIIICHHOTO IBUKCHIS
cucTeMbl. [IprMeHeH TIPUHIINIT YCTaHOBIICHUS Uepap-
XWU TIepeMeHHBIX. [IprHsATa TMIOTEe3a 0 OJIM30CTH IBU -
JKeHUST CUCTEMBI K BpallleHUIO ¢ MEIJIEHHO U3MEHSII0-
1Ielicst yIIoBoi cKkopocThlo. CunTaercs, YTo JMHAMU-
YyecKre U MHEPLIMOHHBIC MapaMeTphl 3aIl0JIHEHHOTO 0a-
pabaHa SIBJISTIOTCS IETEPMUHUPOBAHHBIMU OT CKOPOCTH
BpaIlleHUs] KBa3UCTAaTMUYCCKUMHU 3aBUCUMOCTSIMU. Mc-
IIOJIb30BaHO ypaBHeHUeE JlarpaH:ka BTOPOTO poma IJIsT
CHCTEMBI C TICPEMCHHBIMA WHEPLUMOHHBIMU TTapaMe-
TpaMu JJ1s OTpeNieIeHUs epexoaHoro aABvkeHust. [Tpu-
MEHEH NpsIMOii MeTox JISITTyHOBA JIJTSI OTBICKAHUS YCII0-
BUI YCTOMYUBOCTU JBVIKEHU.

Pesynbrarel. @opmannzoBaHbl TMHAMUYECKHUE U
MHEPLIMOHHBIE TTapaMeTphl 3all0JIJHEHHOIro bapabaHa ¢
ITOMOIIbI0 MM hepeHIINATBHBIX YPaBHEHUI HEBO3MY-
IIEHHOTO YCTAHOBUBIIIETOCS 1 TIEPEXOTHOTO BPAILICHMSI.
[MomryyeHO ycioBHE aCUMITOTHYECKOUM YCTOMUMBOCTHU
YCTaHOBMBLIETOCS ABVKEHUsI MAaIIMHHOTO arperara 6a-
pabaHHOM MeJbHULIBL. OnpeneieHbl (haKTOpbl HEYCTOM -
YUBOCTH IBUXKEHMS CUCTEMBI.

Hayunas HoBu3Ha. BbIsIBIIeHBI 3aKOHOMEPHOCTH yC-
TOWYMBOTO BpallleHUs1 6apabaHHON MeJIbHUIIbI. YCTa-
HOBJICHO, YTO (DAKTOpaMM HEYCTOMIMBOCTH YCTAHOBUB-
IIETOCS BpaIllaTeJIbHOTO BOKPYT TOPU30HTAIBHON OCH
IBWKCHMS ObapabaHa, 3aIlI0OJITHEHHOTO TeKydJeil cpelIoi,
SIBJISTIOTCST BapAalliy TIepeMEeHHBIX MHEPIIMOHHBIX T1a-
paMeTpoOB — OCEBOT0 MOMEHTa MHEPLUUU U MOMEHTa
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COIIPOTUBJICHMS 3aIl0JIHEHUsI BpauieHuo. [1lokasaHo,
YTO HEBBIIOJHEHUE YCAOBUI YCTOMYMBOCTU IBUKE-
HUST MOXET ObITh BBI3BAHO JOCTUXKEHUEM IKCTPEMAalb-
HbIX OTPULIATEJILHBIX 3HAYCHUIA TIPOU3BOIHBIX OT MHEP-
LIMOHHBIX TTAPaMETPOB BHYTPUKAMEPHOI'O 3aII0OJTHEHUSI
10 YIJIOBOM CKOPOCTU BpallleHUs 6apabaHa.
IIpakTnueckas 3HauuMocTh. Pa3zpaboTaHHasi marte-
MaTrudecKasi MOJIEJ b ITO3BOJISIET KAYeCTBEHHO OIpee-
JIITh YCIOBUS YCTOMYMBOTO BpallaTeIbHOTO JBVKCHUS
OapabaHa ¢ TeKy4YMUM 3aroJIHeHeM KaMephl. YCI0BUS
BO3HUKHOBEHUSI HEYCTONYMBOTO IBIDKEHUST MMEIOT CY-
IIECTBEHHOE TTPUKJIaTHOE 3HAUCHHE, ITIOCKOJIBKY BBI3HI-

UDC 534.1

P.Ya. Pukach, Dr. Sc. (Tech.), Assoc. Prof.,
orcid.org/0000-0002-0359-5025,

1. V. Kuzio, Dr. Sc. (Tech.), Prof.,
orcid.org/0000-0001-9271-6505,

Z.M. Nytrebych, Dr. Sc. (Phys.-Math.), Prof.,
orcid.org/0000-0002-9599-8517,

V.S.1’kiv, Dr. Sc. (Phys.-Math.), Prof.,
orcid.org/0000-0001-6597-1404

BalOT CaMOBO30YKIIEHUE aBTOKOJICOaHUI 3aITOJTHEHHO-
ro 6GapabaHa 1 ONpeNesITioT MOBbIeHUe 3(PGhEeKTUBHO-
CTH TIpoliecca U3MebUeHUsI B 0apabaHHBIX MEJTbHUIIAX
TPAANIIMOHHBIX KOHCTPYKTUBHBIX PEIICHUI.

KimoueBble ciioBa: ycmoiiuusoe epaujerue, bapabat ¢
MeKYHUM 3aN0AHEHUEeM, YPABHEHUe HeBO3MYUCHHO20 8pa-
WjeHusl, ypasHeHue nepexoOH020 08UICEHUL, YCA08Ue ACUM-
NMOMUYECKoU yCmolMugocmu, hakxmopvl HeyCmouuueo-
cmu, nepemeHHble UHePYUOHHbIe Napamempbl

Pexomendosano 0o nyOaikayii dokm. mexH. Hayk
B.U. Cigxom. lama nadxodxcenns pykonucy 16.11.16.
DOI: 10.29202/nvngu,/2018-1/9

Lviv Polytechnic National University, Lviv, Ukraine, e-mail:
ppukach@i.ua

ASYMPTOTIC METHOD FOR INVESTIGATING RESONANT REGIMES
OF NONLINEAR BENDING VIBRATIONS OF ELASTIC SHAFT

I1. 4. ITykau, n-p TexH. HayK, AOI.,
orcid.org/0000-0002-0359-5025,

I. B. Ky3bo0, a-p TexH. HAYK, npod.,
orcid.org/0000-0001-9271-6505,

3. M. Hutpebuu, n-p ¢is.-maT. HayK, npod.,
orcid.org/0000-0002-9599-8517,

B. C. LiuekiB, a-p ¢i3.-mar. Hayk, npod.,
orcid.org/0000-0001-6597-1404

Hauionanbhmii yHiBepcuteT ,,JIbBiBcbKa noJtitexHika“, M. JIbBiB,
VYkpaiHa, e-mail: ppukach@i.ua

ACUMITOTUYHUI METOA JOCAIIXKEHHA PE3OHAHCHUX
PEXWMIB HEJTIHIMHUX 3TrMHAJIbHUX KOJIMBAHB
ITPYKHOTI'O BAJIA

Purpose. To develop a method for determining resonant modes of industrial equipment of elastic shaft type, which
is widely used in the mining industry, through the study of mathematical model of nonlinear oscillations. Mathemat-
ical models of oscillatory systems previously were studied in the literature mainly based on the numerical and experi-
mental approaches. This paper proposes using a combination of the wave theory of motion and asymptotic methods
of nonlinear mechanics using special apparatus of periodic functions to investigate the vibrational dynamics of the
system and conditions of resonance phenomena in it, as well as to describe the method for determining the resonance
curves to increase the margin of safety of industrial equipment.

Methodology. Methods for studying resonance amplitudes and frequencies, determining the strength characteris-
tics of equipment are based on the use of asymptotic methods of nonlinear mechanics, wave motion theory and the-
ory of special Ateb-functions.

Findings. In this work the conditions of resonance amplitude and frequency depending on the system parameters
were obtained analytically for these nonlinear vibrational systems of elastic shaft and the overall method for determin-
ing the resonance curves was described.

Originality. For the first time a complete analysis of the impact of physical, mechanical and geometrical factors of
the dynamic pricess on the resonant frequency and amplitude in systems such as elastic shaft was conducted on the
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