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Approximate analytical model of rock thermal cyclical 
disintegration under convective cooling

Purpose. Development of an approximate analytical method for calculating strength reduction of different rocks under thermal 
cycling effects, taking into account the intensity of convective heat transfer.

Methodology. To solve the problem, an analytical approach based on the thermoelasticity theory was used within the frame­
work of the Griffiths model of fragile fracture.

Findings. It is demonstrated, that cooling of the previously heated rock formation stipulates for intensifies of the rock decom­
position process, due to developing fractures zone and decreasing rock strength. Methods for calculating were developed and effect 
of the intensity of convective heat transfer on crack opening processes in the rock was studied. The results of calculation of destruc­
tion time lag for various rocks are presented. It is shown that the efficiency of thermal cyclic decomposition depends on the type of 
rock.

Originality. A new approximate analytical approach to the investigation of the development of initiated cracks in mining rocks 
under thermal cyclic load and cooling applied to the surface is proposed. An analytical expression has been obtained for the rela­
tionship between the parameters of the fracture process and the parameters of the cooling process. Theoretical substantiation of 
the use of variable thermal effects on the rock to improve the efficiency of rock destruction during drilling has been carried out.

Practical value. The outcomes of the study can be used to estimate of the parameters of the heat exchange processes to provide 
effective rock disintegration during drilling. The studies carried out confirmed the possibility of control of the temperature mode 
on the working face and thermal softening of the rock by changing the flow rate of the drilling fluid.
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Introduction. Thermal impact on rock is one of the most 
effective ways of rock weakening and disintegration. High 
temperatures induce a number of physical effects in the rock 
including the thermal expansion and polymorphic transitions 
[1], changes in mechanical properties [2], changes in acoustic 
properties [3], the surface cracking intensification [4], etc. 
Thus, the thermal impact on the rock provides the basis for 
various contactless technologies used for rock decomposition: 
spallation drilling [5], laser drilling [6], plasma drilling [7] and 
plasma reaming of boreholes [8].

An effective way of thermal strength degradation in rocks is 
to use the alternation of “heating-cooling” cycles [9]. When 
the heated surface is shock cooled, thermal shrinkage produc­
es tensile stresses, which could lead to opening microcracks. 
This effect is intentionally used to create promising alternative 
techniques for rock disintegration [10]. At the same time, as 
demonstrated in [11], thermal cyclic impact on rock also oc­
curs in traditional drilling techniques, where there is a tem­
perature difference between the flushing liquid and the heated 
surface of the rock. The experimental data [12] indicate that 
thermal cyclic impact is an additional factor that intensifies 
the process of rock destruction and is a reserve for increasing 
the mechanical drilling speed.

The theory of thermal cyclic disintegration of rocks was de­
veloped by A. N. Moskalev, Ye. Yu. Pigida, L. G. Kerekelitsa 
and Yu. N. Vakhalin (Institute of Geothechnical Mechanics, 
Dnipro, Ukraine). In [13], the approach was proposed to theo­
retically substantiate strength reduction of rock in the diamond 
core drilling process. However, the models considered are lim­
ited to the case of shock cooling corresponding to the thermal 
boundary conditions of the first type. But in practical drilling 
technologies, the intensity of convective heat transfer between 
the rock face and the circulating fluid shall be considered.

The purpose of the present work is to develop an analyti­
cal model for mining rock loosening under thermal cyclic 

impact with consideration of the intensity of convective heat 
transfer.

Physical Backgrounds. We shall deal with the problem of 
mining rock loosening under cyclic impact of hot and cold 
temperatures on the working face area. The problems of this 
kind are called heat shock problems in the theory of thermo­
elasticity [14].

For the processes of mechanical rotary drilling, this im­
pact is provided by alternating contact of the mining rock with 
the heated indenters of the rock cutting tool and the circulat­
ing drilling mud. In particular, when drilling with diamond 
heads, the time of contact between the working face and cold 
liquid is hundredths of a second. The experimental data [15] 
and theoretical estimation [16] demonstrate that normally the 
nominal washing modes provide intensive cooling of the work­
ing face during rotary drilling. Thus, under normal flushing 
conditions, the temperature difference at the bottom is up to 
300 °С, which is not enough to effectively realize the thermal 
cyclic effect. However [17], the use of pulsed flushing modes 
allows a temperature difference of 600 °С to be reached.

The rock mass surrounding the well and bottom hole area 
are in a stressed state under the effect of high values of the rock 
pressure [18]. We shall only consider the stresses that arise in 
the rock due to the changing temperature regime on the sur­
face. The influence of other mechanical factors will be disre­
garded.

Analysis of outcomes of the research of thermal and ther­
mal-cycling disintegration of rock formation demonstrates 
that strength reduction of rock formation in defined by the two 

mutually related criteria: thermal gradient between the heated 
rock formation and cooling environment, and disintegration 
delay time. The time of delay is the interval after beginning of 
cooling required to initiate the fracture development process. 
Let us assume the mining rock to be an elastic half-space. In 
the first approximation, we shall neglect the dependence of the 
physical, mechanical and thermophysical properties of the 
rock on temperature.
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The state of the surface rock under alternating thermal ef­
fects on the face can be described as follows. In the heating 
phase, the rock is heated to a certain depth and normal com­
pressive stresses arise in it. In the cooling phase, the stresses 
change the sign, and tensile thermal stresses are induced. The 
maximum value of thermal stresses is determined by expression

	 max
( ),
1

hot coolE T Tb⋅ ⋅ -
s =

- m
	 (1)

where b is the coefficient of linear thermal expansion; E is the 
rock elasticity modulus; Thot is the heating temperature; Tcool is 
the cold liquid temperature; m is the mining rock Poisson’s 
ratio.

Mining rocks usually contain a network of microcracks 
distributed through the rock mass with a certain density, some 
of which reach the free face. In addition to these natural 
cracks, other cracks are formed when processed by a mechani­
cal rock cutting tool. Some of them will reach the free surface 
and will open under thermally induced tensile stress.

It should be noted that, as a result of cooling, the fractures 
in the rock do not develop immediately, but after some mini­
mum necessary time interval, which is called the delay time 
tmin and which depends on the difference (Thot - Tcool).

Let us consider the behavior of a single crack in the mining 
rock under the influence of a thermal stress field within the 
framework of the Griffiths model of brittle fracture, which is 
often used to study the processes of rock destruction [19]. The 
relationship between smax and the minimum crack length lcr 
opened under such stress is determined by the Griffiths rela­
tionship

	 max
2 ,
cr

K
l

s =
p

	 (2)

where K is the rock elastic constant. Constant K is related to 
the energy to create new crack surfaces g, Young’s modulus of 
elasticity E and Poisson’s ratio m as follows

2 .
1

EK p⋅ ⋅ g
=

- m

The transition of a crack from an equilibrium state to a 
mobile state is determined by the condition [13]

	 pN0 > K,	 (3)

where N0 is the stress intensity factor (SIF) at the crack tip.
Solving Heat Transfer Problem. Let us determine the tem­

perature fields in the rock not considering the presence of mi­
crocracks. Given the above assumptions, the nonstationary 
temperature distribution in a rock mass is determined by the 
heat conduction problem
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under the initial condition

	 T | t = 0 = T0,	  (5)

and boundary conditions

T | x = 0 = Thot,  if  t  dt1;
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where r is the rock density; c is the heat capacity of rock; t is 
time; l is the rock thermal conductivity coefficient; dt1 is the 

heating phase time; dt2 is the cooling phase time; T0 is the rock 
initial temperature; h is the heat transfer coefficient.

For a one-cycle impact, the solution of problem (4–6) is 
as follows
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where the functions j1 and j2 are determined from the heat 
conductivity equation for the first and third type boundary 
conditions, respectively
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where a is the thermal diffusivity coefficient of the rock.
If we know the temperature distribution, we can then de­

termine the fracture parameters using (1, 2 and 3).
Simulating Thermal Tensile Stresses. The most dangerous 

of all the cracks that reach the half-space boundary are those 
perpendicular to its boundary (Fig. 1).

Let us consider a two-dimensional problem of stretching a 
crack with a rectilinear contour. Let us assume that the crack 
surfaces are free from stresses, and the heat flow through the 
crack surface is zero. The physical and mechanical character­
istics of the rock within the cooled layer are assumed to be 
constant, which is true for a single crack with an infinite recti­
linear contour.

We need to solve integral equation to describe the start of 
rock crack process. This equation is obtained from (3) and has 
form [13]

	 0 2 2
0

2 ( ) .
ll xN dx

l x

s
=

p -
∫ 	 (10)

In general case, the equation (10) does not have a solution 
in an analytical form. Thus, an approximate approach to prob­
lem solution will be applied.

After the transition from heating to cooling, tensile stresses 
are induced in the surface layer of the rock parallel to the 
boundary of the half-space, which are described taking into 
account (7– 9) by expression

Fig. 1. Diagram for calculations of thermal stresses
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where 2
cr

aFo
l

t
=  is the Fourier number; crhl

Bi =
l

 is the Biot 

number; x = x/lcr.
The linear approximations of functions j1, j2, to describe 

temperature fields in the mining rock are introducing therein. 
Thus, we shall write (9) in the form of a linear dependence on x
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Approximating a function j by the function :j  1 - Fo = 
= 0.1, Bi = 5; 2 - Fo = 0.5, Bi = 2. Given x ≤ x0 (Fig. 2), where 
the values x0 are determined according to the formula

2
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the error of this approximation is about 19 %.
The work by prof. Murakami Y. and Hasebe N. (Muraka­

mi, Y., & Hasebe, N. Stress intensity factors handbook, Else­
vier Science) demonstrates that if s(x) can be represented in 
the form
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where C0, C1, …, C10 are arbitrary constants, then the stress in­
tensity factor for a single crack can be approximated as
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Let us limit expansion of (13) to the first two terms. By 
equating right-hand members of (10, 11, 12) and (13), we will 
find coefficients C0, C1. Using (2, 3 and 13) we get the equation 
relating the parameters Bi, Fo and the dimensionless crack 

length 
cr

lL
l

=  at the transition of the crack to the mobile-

equilibrium state

	
1 0.895 ( , ) 0.545 ( , ) ,A Fo Bi B Fo Bi L
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where 2(Fo,Bi) 1 exp(Bi Fo)erfc(Bi Fo),A = -  B(Fo, Bi) =
2Biexp(Bi Fo)erfc(Bi Fo).= -

We shall write equation (14) in the form

	 y3 + py + q = 0,	 (15)
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Equation (15) is the canonical form of the cubic equation. 
Note that p < 0, so, if the condition is met,

2 3
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4 27
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then equation (15) has three real roots, which are easily deter­
mined according to the Cardano formula
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Numerical calculations in the study of rock destruction 
showed that one of the three real roots (16) is negative, which 
does not meet the introduced condition .y L=  Two other 
roots can be used to write the solution (14)

2 2
1 2

4 4 6cos ; cos .
3 3 3 3

L p L p
   υ υ + p

= =   
   

As we can see, there are two positive values of the crack 
length L for one moment of time Fo. These values correspond 
to the points on the down and up branches on the graph shown 
below.

Results. Let us consider the impact of the heat exchange 
rate on the surface of the mining rock on the delay in the onset 
of the fracture process. Fig. 3. shows the results of calculating 
the Fourier number (dimensionless delay time) depending on 
the Biot number, which acts as a dimensionless heat transfer 
coefficient.

All curves describing the relationship between the Fourier 
number and the length of the crack have a minimum point. 
Proceeding from the definition of  lcr, it is obvious that cracks 
of length l < lcr (L < 1) will not grow. If L > 1, two options are 
possible. If 1 < L < Lmin, then the cooling time is short, and the 
rock is stretched without any visible fissuring.

Moskalev A. N.  et al. (Moskalev, A. N., Pygida, E. Yu., 
Kerekilitsa, L. G., & Vakhalin, Yu. N. Destruction of rocks by 

Fig. 2. Approximating a function j by the function :j
1 – Fo = 0.1, Bi = 5; 2 – Fo = 0.5, Bi = 2

Fig. 3. Dependence of the Fourier number Fo on the dimen-
sionless crack length L for various values of the Bi number:
1 – Bi = 0.5; 2 – Bi = 1; 3 – Bi = 1.5; 4 – Bi = 2; 5 – Bi = 5; 6 – 
Bi  ∞
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thermal cyclic impact, Naukova dumka, Кyiv) obtained an 
analytical relation connecting the delay time with the crack 
length for the case when Bi  , in the form

	
( )

3

3 2
4Fo .

ð 1

L

L
=

-
	  (17)

Curve 6 in Fig. 3 describes the dependence (17). The find­
ings show that as the Bi number increases, the solutions ob­
tained using the proposed model, approach the solution de­
scribed by the (17). For Bi > 5, equation (17) can be used to 
calculate the fracture parameters.

When Fo = Fomin is reached, the crack starts propagating 
dynamically and goes to sustained growth. The less is the Bi 
number, the more exposure time is required for the mining 
rock crack transition to a mobile state. As the Bi number de­
creases, the minimums of the curves shift toward higher values 
of L (Fig. 4). Thus, for the effective destruction of the rock, 
longer cracks are required.

Let us consider the productivity of thermal cyclic disinte­
gration for various mining rocks whose properties are present­
ed in Table 1.

Table 2 shows the results of calculating the thermal cyclic 
destruction parameters of various mining rocks during con­
vective cooling with a heat transfer coefficient of h = 3.6 × 
× 104  W/(m2 К) from the heated surface. The temperature dif­
ference during the transition from heating to cooling is as­
sumed to be 600 °С, which can be reached with conventional 
rotary diamond drilling.

The findings prove that the thermal cyclic fracture effect is 
different for different mining rocks. For Granite, Ferrous 
quartzite and Diorite, the thermal cyclic effect can be seen 
even after a short-term pulsed reduction in temperature. Al­
though for Sandstone, a much longer exposure to the cooling 
medium is required for the thermal cyclic destruction.

Note, that experimental results of the study [12] show that 
in rotary drilling, the temperature difference between the min­

ing rock and the coolant is one of the key factors to increase 
the drilling speed.

Conclusion. The model and technique is proposed to study 
the process of thermal softening of the mining rock during the 
alternation of heating-cooling cycles on the surface.

It is demonstrated that to estimate the delay time of the 
onset of the fracture process, the intensity of the convective 
heat transfer on the surface should be taken into account. 
Based on solving the thermoelasticity problem, an approxi­
mate analytical relationship is obtained relating the parameters 
of the fracture process: the fracture start delay time and the 
minimum crack length, with the coefficient of convective heat 
transfer at the working face.

It is shown that the convective cooling time required for 
the intensification of the fracture process depends essentially 
both on the intensity of heat exchange between the rock and 
the coolant and on the physical, mechanical and thermophys­
ical characteristics of the mining rock. For a number of con­
cerned mining rocks (Diorite, Granite, Ferrous quartzite), the 
effect of thermal loosening of the mining rock can be achieved 
with rotary drilling, by changing the temperature regime at the 
bottom-hole. However, when drilling Sandstone, a longer 
bottom-hole exposure to coolant is required.
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Наближена аналітична модель 
термоциклічного руйнування гірської породи 
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Мета. Розробка наближеної аналітичної методики 
розрахунку знеміцнення гірської породи при термоци­
клічному впливі з урахуванням інтенсивності конвектив­
ного теплообміну.

Методика. Для розв’язання задачі використано аналі­
тичний підхід на основі теорії термопружності в рамках 
моделі крихкого руйнування Грифітса.

Результати. Показано, що охолодження попередньо 
нагрітих гірських порід дозволяє значно знизити енерго­
ємність процесу їх руйнування за рахунок розвинення 
зони передруйнування та послаблення породи. Розро­
блена методика розрахунку та досліджено вплив інтен­
сивності конвективного теплообміну на процеси роз­
криття мікротріщин у породі. Наведені результати роз­
рахунку часу затримки руйнування для різних гірських 
порід. Показано, що ефективність термоциклічного руй­
нування залежить від виду гірської породи.

Наукова новизна. Запропоновано новий наближено-
аналітичний підхід до дослідження процесу розвинення 
тріщин у гірській породі при циклічному нагріванні та 
охолодженні поверхні. Одержано аналітичний вираз, що 
зв’язує параметри процесу руйнування із процесами охо­
лодження. Виконані теоретичні обґрунтування викорис­
тання змінного теплового впливу на гірську породу для 
підвищення ефективності руйнування при бурінні.

Практична значимість. Результати роботи становлять 
інтерес для оцінки можливості управління температур­
ним режимом буріння та теплового знеміцнення гірської 
породи за рахунок зміни витрат промивальної рідини.

Ключові слова: термічне руйнування гірських порід, те-
пловий вплив, термопружність, теорія Грифітса, розкрит-
тя тріщин, ефективність буріння

Приближенная аналитическая модель 
термоциклического разрушения горной 
породы при конвективном охлаждении
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Цель. Разработка приближенной аналитической ме­
тодики расчета разупрочнения горной породы при тер­
моциклическом воздействии с учетом интенсивности 
конвективного теплообмена.

Методика. Для решения задачи использован анали­
тический подход на основе теории термоупругости в 
рамках модели хрупкого разрушения Гриффитса.

Результаты. Показано, что охлаждение предвари­
тельно нагретых горных пород позволяет значительно 
снизить энергоемкость процесса их разрушения за счет 
развития зоны предразрушения и ослабления породы. 
Разработана методика расчета и исследовано влияние 
интенсивности конвективного теплообмена на процес­
сы раскрытия микротрещин в породе. Приведены ре­
зультаты расчета времени задержки разрушения для раз­
личных горных пород. Показано, что эффективность 
термоциклического разрушения зависит от вида горной 
породы.

Научная новизна. Предложен новый приближенно-
аналитический подход к исследованию процесса разви­
тия трещин в горной породе при циклическом нагреве 
и охлаждении поверхности. Получено аналитическое 
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выражение, связывающее параметры процесса разру­
шения с параметрами охлаждения. Выполнено теорети­
ческое обоснование использования переменного те­
плового воздействия на горную породу для повышения 
эффективности разрушения горной породы при буре­
нии.

Практическая значимость. Результаты работы пред­
ставляют интерес для оценки возможности использова­
ния эффекта термоциклического разрушения в различ­
ных технологиях бурения. Выполненные исследования 

подтвердили возможность управления температурным 
режимом бурения и теплового разупрочнения горной 
породы за счет изменения расхода промывочной жидко­
сти.

Ключевые слова: термическое разрушение горных по-
род, тепловое воздействие, термоупругость, теория Гриф-
фитса, раскрытие трещин, эффективность бурения
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