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ÇÍÀÕÎÄÆÅÍÍß ÌÀÊÑÈÌÀËÜÍÎÃÎ ÇÂÀÆÅÍÎÃÎ ÐÎÇÐIÇÓ
ÃÐÀÔÀ

The method of global equilibrium search (GES) [1–3] shows a convincing performance over other
algorithms for solving series problems, in particular the problem of finding maximum cut of graph
(MAX CUT). During studing of method GES was developed approximate local search algorithm
as part of this method, a description of which is presented in this work.

Ìåòîä ãëîáàëüíîãî ðiâíîâàæíîãî ïîøóêó (ÃÐÏ àáî GES) [1�3] ïðîÿâëÿ¹ ïåðåêîíëèâó åôå-
êòèâíiñòü â ïîðiâíÿííi ç iíøèìè àëãîðèòìàìè ïðè ðîçâ'ÿçàííi ðÿäó çàäà÷, çîêðåìà çàäà-
÷i çíàõîäæåííÿ ìàêñèìàëüíîãî ðîçðiçó ãðàôà (MAX CUT). Ïðè äîñëiäæåííi ìåòîäó ÃÐÏ
â ÿêîñòi ñêëàäîâî¨ áóâ ðîçðîáëåíèé íàáëèæåíèé àëãîðèòì ëîêàëüíîãî ïîøóêó, îïèñàííÿ ÿêî-
ãî ïðèâîäèòüñÿ ó äàíié ðîáîòi.

Ðîçãëÿäà¹òüñÿ óçàãàëüíåíà ïîñòàíîâêà çàäà÷i, êîëè çíàõîäèòüñÿ çâàæåíèé
ðîçðiç ãðàôà [3]. Íåõàé çàäàíî îði¹íòîâíèé ãðàô G(V, E), äå V = v1, . . . , v|V | �
ìíîæèíà éîãî âåðøèí, E = e1, . . . , e|E| � ìíîæèíà ðåáåð. Êîæíîìó ðåáðó ñòàâè-
òüñÿ ó âiäïîâiäíiñòü éîãî âàãà wij (wii = 0, wij = wji), äå i, j = 1, . . . , |V |. ßêùî
ðåáðî ìiæ äâîìà âåðøèíàìè vi òà vj (i, j = 1, . . . , |V |) ãðàôà G(V,E) íå iñíó¹
((i, j) /∈ E), òî wij = 0.

Íåõàé S � äåÿêà ïiäìíîæèíà ìíîæèíè V âåðøèí ãðàôà G(V, E). Ïîçíà÷èìî
C(S) = {(i, j) ∈ E : i ∈ S, j /∈ S} � ðîçðiç ãðàôà G(V, E), ùî âèçíà÷à¹òüñÿ
ìíîæèíîþ S. Òîáòî, ðîçðiç ãðàôà C(S) � ìíîæèíà ðåáåð ãðàôà, ùî ðîçäiëÿþòü
ìíîæèíó éîãî âåðøèí íà äâi ìíîæèíè, ùî íå ïåðåòèíàþòüñÿ.

Íåîáõiäíî çíàéòè òàêó ìíîæèíó S ⊂ V , ùîá âåëè÷èíà

ϕ(S) =
∑

(i,j)∈C(S)

wij

áóëà ìàêñèìàëüíîþ.
×àñòêîâèé âèïàäîê çàäà÷i, êîëè ðåáðà ãðàôà íå çâàæåíi. Â òàêîìó âèïàäêó

wij = 1, i, j = 1, . . . , |E|, à ϕ(S) = |C(S)|.
Êîæíié âåðøèíi vi ∈ V, i = 1, . . . , |V | ïîñòàâèìî ó âiäïîâiäíiñòü çìiííó xi ∈

{0, 1}, i = 1, . . . , |V |. À áóäü-ÿêîìó âåêòîðó x = (x1, . . . , x|V |) ∈ B|V | ïîñòàâèìî
ó âiäïîâiäíiñòü ìíîæèíó S(x) = {vj ∈ V : xj = 1}. Òîäi ìàòåìàòè÷íà ìîäåëü
çàäà÷i çíàõîäæåííÿ ìàêñèìàëüíîãî çâàæåíîãî ðîçðiçó ãðàôà C(S(x)) âèãëÿäà¹
íàñòóïíèì ÷èíîì

maxx∈B|V |



f(x) =

∑

(i,j)∈E

xi(1− xj)wij



 ,

äå ϕ(S) = f(x).
Ñóòü ïðîïîíîâàíîãî àëãîðèòìó ïîëÿãà¹ â íàñòóïíîìó. Êîæíié âåðøèíi ñòà-

âèòüñÿ ó âiäïîâiäíiñòü ¨¨ ïîòåíöiàë � âåëè÷èíà, ùî õàðàêòåðèçó¹ ïåðåâàãè çà-
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íåñåííÿ öi¹¨ âåðøèíè â ìíîæèíó S. Ïîçíà÷èìî éîãî

τ(vi) =
∑

vj /∈S

wij −
∑
vj∈S

wij, i = 1, . . . , |V |

Â çàëåæíîñòi âiä ïðèíàëåæíîñòi âåðøèíè vi äî ìíîæèíè S òà çíà÷åííÿ τ(vi)
ðîçãëÿíåìî íàñòóïíi âàðiàíòè äié:

• vi /∈ S, τ(vi) > 0 - ïðè çàíåñåííi âåðøèíè vi â ìíîæèíó S , âåëè÷èíà
ðîçðiçó ϕ(S) çðîñòå íà çíà÷åííÿ τ(vi), öþ âåðøèíó âàðòî çàíåñòè â S;
• vi /∈ S, τ(vi) < 0 - ïðè çàíåñåííi âåðøèíè vi â ìíîæèíó S , âåëè÷èíà
ðîçðiçó ϕ(S) ñïàäå íà çíà÷åííÿ |τ(vi)|, öþ âåðøèíó íå âàðòî çàíîñèòè â S;
• vi ∈ S, τ(vi) > 0 - ïðè âèâåäåííi âåðøèíè vi ç ìíîæèíè S , âåëè÷èíà
ðîçðiçó ϕ(S) ñïàäå íà çíà÷åííÿ τ(vi), öþ âåðøèíó íå âàðòî âèâîäèòè â S;
• vi ∈ S, τ(vi) < 0 - ïðè âèâåäåííi âåðøèíè vi ç ìíîæèíè S , âåëè÷èíà
ðîçðiçó ϕ(S) çðîñòå íà çíà÷åííÿ |τ(vi)|, öþ âåðøèíó âàðòî âèâåñòè â S.

Â ïðîïîíîâàíîìó àëãîðèòìi áóëî âèêîðèñòàíî ïåðåâàãè àëãîðèòìiâ, ùî îïè-
ñàíi òà äîñëiäæóâàëèñü â [3�6]. Ïðè âèáîði âåðøèí â ìíîæèíó S ç âåëèêîþ
éìîâiðíiñòþ âèáèðàëèñÿ âåðøèíè ç íàéáiëüøèì äîäàòíiì ïîòåíöiàëîì, äîêè òà-
êi iñíóþòü (ôóíêöiÿ filling_S()). Äàëi çà ïåâíèì ïðàâèëîì âèäàëÿþòüñÿ äåÿêà
êiëüêiñòü âåðøèí ç S. Íåçâàæàþ÷è íà òå, ùî âèäàëåííÿ ç S âåðøèí âiä'¹ìíîãî
ïîòåíöiàëó ìà¹ çáiëüøèòè çíà÷åííÿ ðîçðiçó, äîñëiäæåííÿ ïîêàçàëî, ùî ïðè ïðî-
ïîíîâàíié ñõåìi àëãîðèòìó âèêîíàííÿ äî äåÿêîãî êðèòåðiþ ðÿäó êðîêiâ âèäàëåí-
íÿ äåêiëüêîõ âåðøèí äîäàòíîãî ïîòåíöiàëó (ôóíêöiÿ deleting_some_verticies_
from_S(i)) òà çàñòîñóâàííÿ ôóíêöi¨ filling_S() â ðåçóëüòàòi äàâàëî áiëüøå
çíà÷åííÿ ðîçðiçó.

Çàãàëüíó ñõåìó àëãîðèòìó ìîæíà ïðåäñòàâèòè â òàêîìó âèãëÿäi:
1. largest_ϕ(S) = 0;
2. while global_criterion()

3. S = ∅ ;
4. filling_S();
5. if largest_ϕ(S) < |ϕ(S)|
6. largest_ϕ(S) = |ϕ(S)|;
7. end if
8. while local_criterion()

9. i = choosing_value();
10. deleting_some_verticies_from_S(i);
11. filling_S();
12. if largest_ϕ(S) < |ϕ(S)|
13. largest_ϕ(S) = |ϕ(S)|;
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14. end if
15. end while
16. end while
17. return largest_ϕ(S);

Ðåçóëüòàòè âèðiøåííÿ ðîçãëÿäóâàíî¨ çàäà÷i îïèñàíèì âèùå àëãîðèòìîì ïðåä-
ñòàâëåíî â òàáë. 1. Êîíôiãóðàöiÿ êîìï'þòåðà, íà ÿêîìó ïðîâîäèëèñü îá÷èñëþ-
âàëüíi åêñïåðèìåíòè (ïðè çàâàíòàæåííi 25%): Intel R© CoreTM2 Quad CPU, Q9550
@ 2.83GHz, 8,00GB RAM (Iíñòèòóò êiáåðíåòèêè iì. Â. Ì. Ãëóøêîâà ÍÀÍ Óêðà-
¨íè). Âèäiëåíèé äëÿ êîæíîãî ãðàôó ìàêñèìàëüíèé ÷àñ � îäíà ãîäèíà. Êîæíà
çàäà÷à ðîçâ'ÿçóâàëàñü 10 ðàçiâ.

Â òàáë. 2 çâåäåíî ðåçóëüòàòè îäåðæàíi çàïðîïîíîâàíèì àëãîðèòìîì òà ðå-
çóëüòàòè, ùî îäåðæàíi iíøèìè àëãîðèòìàìè òà íàâåäåíi â [2]. Õî÷à íàáëèæåíèé
àëãîðèòì áóâ ðîçðîáëåíèé â ÿêîñòi ñêëàäîâî¨ äëÿ ìåòîäó ÃÐÏ (GES), ðåçóëüòà-
òè ðîáîòè ñàìîãî àëãîðèòìó áóëî ïîðiâíÿíî ç ðåçóëüòàòàìè ðîáîòè îäíi¹¨ ç ìî-
äèôiêàöié ÃÐÏ, ùî îäåðæàíi íà êîìï'þòåði ç òàêîþ æ êîíôiãóðàöi¹þ (Intel R©
CoreTM2 Quad CPU, Q9550 @ 2.83GHz, 8,00GB RAM, ïðè çàâàíòàæåííi 25%).
Òàêîæ íàâåäåíî íàéêðàùi ðåçóëüòàòè, ùî îäåðæàíi [2] ïðè ðîçâ'ÿçàííi òåñòîâèõ
çàäà÷ àëãîðèòìàìè: SS, CirCut, VNSPR (3.2 GHz Intel R© Xenon processor and 2.0
GB of RAM) òà RRT, MST(Pentium III 800 PC).

Çàïðîïîíîâàíèé â ðîáîòi íàáëèæåíèé àëãîðèòì ëîêàëüíîãî ïîøóêó äà¹ ãið-
øi ðåçóëüòàòè íiæ îäíà ç ìîäèôiêàöié ìåòîäó ÃÐÏ (òàáë. 2), àëå â ïîðiâíÿííi
ç äåÿêèìè iíøèìè àëãîðèòìàìè âií äà¹ êðàùi ðåçóëüòàòè äëÿ ïåâíèõ ãðàôiâ
ïåðøî¨ ãðóïè (G1−G3, G11−G16, G22−G24, G32−G37, G43−G45, G48−G50),
ùî ¹ àðãóìåíòîì íà ïîäàëüøå éîãî äîñëiäæåííÿ òà ìîæëèâó åôåêòèâíiñòü âè-
êîðèñòàííÿ â ÿêîñòi ñêëàäîâî¨ ìåòîäó ÃÐÏ.
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Òàáëèöÿ 1.
Îäåðæàíi ðåçóëüòàòè

� Íàçâà
ãðàôà

Íàéêðàùå
çíà÷åííÿ

Ñåðåäí¹
çíà÷åííÿ

Ñåðåäíié
÷àñ (ñ)

Ñòàíä.
âiäõ.÷àñó

1 G1 11624 11622.20 757.035 872.650269
2 G2 11620 11620.00 66.630 77.207291
3 G3 11622 11622.00 600.323 1029.810547
4 G11 484 482.20 1514.386 1173.064087
5 G12 452 450.40 1482.505 811.039673
6 G13 506 501.40 1220.003 350.318420
7 G14 3046 3043.30 1908.783 1141.919556
8 G15 3019 3018.20 1672.167 1127.257324
9 G16 3037 3035.50 1829.873 1229.865601
10 G22 13353 13318.60 264.083 491.665466
11 G23 13332 13313.40 217.381 621.113892
12 G24 13320 13309.10 7.448 3.446968
13 G32 1180 1171.00 1159.483 1164.517578
14 G33 1160 1153.60 172.038 385.476685
15 G34 1146 1141.80 1611.958 1359.784302
16 G35 7606 7595.80 1078.944 995.853088
17 G36 7604 7581.30 0.320 0.182237
18 G37 7621 7592.80 434.111 880.702820
19 G43 6660 6660.00 162.056 217.833115
20 G44 6650 6649.00 336.217 220.946808
21 G45 6654 6652.90 559.734 848.650635
22 G48 5888 5876.40 1791.081 1076.943970
23 G49 5880 5855.60 1342.021 944.838257
24 G50 5806 5793.00 1521.181 1188.264038
25 sg3dl101000 840 829.40 838.048 1021.815979
26 sg3dl102000 852 846.60 805.269 1063.387695
27 sg3dl103000 818 809.80 559.252 844.040588
28 sg3dl104000 840 834.20 196.533 290.109894
29 sg3dl105000 832 827.40 526.880 877.207031
30 sg3dl106000 828 820.60 970.639 815.784973
31 sg3dl107000 838 833.80 902.097 628.349060
32 sg3dl108000 822 816.40 489.722 630.608215
33 sg3dl109000 824 818.00 898.986 935.781982
34 sg3dl1010000 838 831.00 1190.852 1205.226074
35 sg3dl141000 2244 2216.60 458.333 606.169434
36 sg3dl142000 2242 2226.80 396.967 1061.021606
37 sg3dl143000 2244 2218.80 548.536 997.203552
38 sg3dl144000 2234 2214.80 21.066 30.406525
39 sg3dl145000 2250 2195.80 367.897 706.596619
40 sg3dl146000 2250 2229.20 105.883 210.327393
41 sg3dl147000 2236 2218.20 389.000 766.487915
42 sg3dl148000 2222 2195.40 409.031 761.812744
43 sg3dl149000 2188 2168.60 491.400 992.130554
44 sg3dl1410000 2234 2215.60 605.626 1099.629272
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Òàáëèöÿ 2.
Ïîðiâíÿííÿ ðåçóëüòàòiâ, îäåðæàíèõ ðiçíèìè àëãîðèòìàìè
Îäåðæàíi àëãîðèòìàìè çíà÷åííÿ ðîçðiçó ãðàôà

�
ï/ï

Íàçâà
ãðàôà GES Çàïðîï.

àëãîðèòì SS CirCut VNSPR RRT MST

1 G1 11624 11624 11624 11624 11621 11624 11624
2 G2 11620 11620 11620 11617 11615 11620 11620
3 G3 11622 11622 11622 11622 11622 11622 11622
4 G11 564 484 562 560 564 564 562
5 G12 556 452 552 552 556 556 552
6 G13 582 506 578 574 580 580 576
7 G14 3064 3046 3060 3058 3055 3042 3063
8 G15 3050 3019 3049 3049 3043 3024 3050
9 G16 3052 3037 3045 3045 3043 3026 3052
10 G22 13359 13353 13346 13346 13295 13235 13358
11 G23 13342 13332 13317 13317 13290 13246 13329
12 G24 13333 13320 13303 13314 13276 13241 13327
13 G32 1408 1180 1398 1390 1396 1384 1392
14 G33 1380 1160 1362 1360 1376 1358 1368
15 G34 1384 1146 1364 1368 1372 1362 1368
16 G35 7681 7606 7668 7670 7635 7590 7672
17 G36 7674 7604 7660 7660 7632 7577 7669
18 G37 7688 7621 7664 7666 7643 7589 7675
19 G43 6660 6660 6656 6656 6659 6660 6660
20 G44 6650 6650 6648 6643 6642 6650 6650
21 G45 6654 6654 6642 6652 6646 6654 6650
22 G48 6000 5888 6000 6000 6000 - -
23 G49 6000 5880 6000 6000 6000 - -
24 G50 5880 5806 5880 5880 5880 - -
25 sg3dl101000 896 840 882 880 892 892 896
26 sg3dl102000 900 852 894 892 900 898 900
27 sg3dl103000 892 818 884 882 884 886 888
28 sg3dl104000 898 840 892 894 896 896 896
29 sg3dl105000 886 832 880 882 882 884 884
30 sg3dl106000 888 828 870 886 880 884 888
31 sg3dl107000 900 838 890 894 896 898 898
32 sg3dl108000 882 822 880 874 880 880 880
33 sg3dl109000 902 824 888 890 898 900 902
34 sg3dl1010000 894 838 886 886 890 890 892
35 sg3dl141000 2442 2244 2428 2410 2416 2378 2438
36 sg3dl142000 2458 2242 2418 2416 2416 2394 2448
37 sg3dl143000 2440 2244 2410 2408 2406 2394 2434
38 sg3dl144000 2448 2234 2422 2414 2418 2390 2436
39 sg3dl145000 2446 2250 2416 2406 2416 2380 2432
40 sg3dl146000 2450 2250 2424 2412 2420 2394 2440
41 sg3dl147000 2442 2236 2404 2410 2404 2384 2434
42 sg3dl148000 2446 2222 2416 2418 2418 2386 2434
43 sg3dl149000 2424 2188 2412 2388 2384 2362 2416
44 sg3dl1410000 2456 2234 2430 2420 2422 2402 2450
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