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ÏÐÎ ÄÎÑËIÄÆÅÍÍß ÊÐÀÉÎÂÈÕ ÇÀÄÀ× Ç ÍÅËIÍIÉÍÈÌÈ
ÃÐÀÍÈ×ÍÈÌÈ ÓÌÎÂÀÌÈ

We obtain some results concerning the investigation of the solutions of certain type
of boundary–value problem, subjected to two–point non–linear boundary conditions.
We show that it is useful to reduce the given problem to the parametrized one with
linear boundary restrictions containing some artificially introduced parameters. To
study the transformed two–point problem we justify a method, which is based upon
special type of approximations constructed in an analytic form. The introduced
parameters can be found as solutions of so-called determining system of algebraic
or transcendental equations.

Îòðèìó¹ìî äåÿêi ðåçóëüòàòè, ùî ñòîñóþòüñÿ äîñëiäæåííÿ ðîçâ'ÿçêiâ êðàéîâèõ
çàäà÷ ïåâíîãî òèïó, ïiäïîðÿäêîâàíèõ äâîòî÷êîâèì íåëiíiéíèì ãðàíè÷íèì óìî-
âàì. Ïîêàçó¹òüñÿ åôåêòèâíiñòü çâåäåííÿ äàíî¨ çàäà÷i äî ïàðàìåòðèçîâàíî¨ êðà-
éîâî¨ çàäà÷i ç ëiíiéíèìè ãðàíè÷íèìè óìîâàìè, ÿêi ìiñòÿòü äåÿêi øòó÷íî ââåäåíi
ïàðàìåòðè. Äëÿ âèâ÷åííÿ ïåðåòâîðåíî¨ äâîòî÷êîâî¨ çàäà÷i îá ðóíòîâó¹òüñÿ ìå-
òîä, ùî áàçó¹òüñÿ íà ñïåöiàëüíîãî òèïó íàáëèæåííÿõ, ïîáóäîâàíèõ â àíàëi-
òè÷íié ôîðìi. Ââåäåíi ïàðàìåòðè çíàõîäÿòüñÿ ÿê ðîçâ'ÿçêè òàê çâàíî¨ ñèñòåìè
àëãåáðà¨÷íèõ ÷è òðàíñöåíäåíòíèõ ðiâíÿíü.

Âñòóï. Ó äàíié ðîáîòi ïðîïîíó¹ìî îäèí ïiäõiä äëÿ äîñëiäæåííÿ ñèñòåìè
íåëiíiéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü, ïiäïîðÿäêîâàíèõ íåëiíiéíèì äâîòî÷êîâèì
êðàéîâèì óìîâàì, ÿêèé áàçó¹òüñÿ íà ïåðåõîäi äî êðàéîâî¨ çàäà÷i ç ëiíiéíèìè
ãðàíè÷íèìè óìîâàìè øëÿõîì ïiäõîäÿùîãî òèïó ïàðàìåòðèçàöi¨. Äà¹òüñÿ ÷è-
ñåëüíî�àíàëiòè÷íà ñõåìà äîñëiäæåííÿ iñíóâàííÿ ðîçâ'ÿçêó òà íàáëèæåíî¨ éîãî
ïîáóäîâè. Åôåêòèâíiñòü ðîçãëÿäóâàíîãî ìåòîäó äåìîíñòðó¹òüñÿ íà iëþñòðàòèâ-
íîìó ïðèêëàäi.

1. Ïîñòàíîâêà çàäà÷i. Ðîçãëÿíåìî íåëiíiéíó äâîòî÷êîâó êðàéîâó çàäà÷ó ç
íåëiíiéíèìè ãðàíè÷íèìè óìîâàìè íàñòóïíîãî âèãëÿäó:

dx (t)

dt
= f (t, x (t)) , (1)

g (x (0) , x (T )) = 0, (2)

äå t ∈ [0, T ], x ∈ Rn, ôóíêöi¨ f : [0, T ] × D → Rn òà g : D × D → Rn (n ≥ 2)
íåïåðåðâíi, à ìíîæèíà D ⊂ Rn � çàìêíåíà îáìåæåíà îáëàñòü.

Çàäà÷à ïîëÿãà¹ ó âiäøóêàííi íåïåðåðâíî�äèôåðåíöiéîâíîãî íà ïðîìiæêó
[0, T ] ðîçâ'ÿçêó ñèñòåìè äèôåðåíöiàëüíèõ ðiâíÿíü (1), ùî çàäîâîëüíÿ¹ íåëiíié-
íèì ãðàíè÷íèì óìîâàì (2).

Ïîêàæåìî, ùî çàìiñòü êðàéîâî¨ çàäà÷i (1), (2) äîöiëüíî ðîçãëÿäàòè ñèñòåìó
äèôåðåíöiàëüíèõ ðiâíÿíü (1) ïðè ïåâíèõ ïàðàìåòðèçîâàíèõ ãðàíè÷íèõ óìîâàõ,
äî ÿêèõ ïîòðiáíî ïðè¹äíàòè äåÿêó ñèñòåìó àëãåáðà¨÷íèõ ÷è òðàíñöåíäåíòíèõ
ðiâíÿíü äëÿ âèçíà÷åííÿ çíà÷åíü ââåäåíèõ ïàðàìåòðiâ.
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2. Ïåðåõiä äî çàäà÷i ç ëiíiéíèìè êðàéîâèìè óìîâàìè. Çàìiíèìî çíà-
÷åííÿ êîìïîíåíò ðîçâ'ÿçêó çàäà÷i (1), (2) â òî÷êàõ t = 0 òà t = T ïàðàìåòðàìè
z1, z2, . . . , zn òà λ1, λ2 , . . . , λn âiäïîâiäíî:

x(0) = col (x1(0), x2(0), . . . , xn(0)) = col (z1, z2, . . . , zn) ,
x(T ) = col (x1(T ), x2(T ), . . . , xn(T )) = col (λ1, λ2, . . . , λn) .

(3)

Ïåðåòâîðèìî êðàéîâi óìîâè (2) íàñòóïíèì ÷èíîì:

Ax(0) + Cx(T ) + g (x(0), x(T )) = Ax(0) + Cx(T ), (4)

äå A i C � êâàäðàòíi ìàòðèöi ðîçìiðíîñòi n, ïðè÷îìó detC 6= 0.
Âèêîðèñòîâóþ÷è ïàðàìåòðèçàöiþ (3), íåëiíiéíi ãðàíè÷íi óìîâè (4) çàïè-

øóòüñÿ òàê:
Az + Cλ + g (z, λ) = Ax(0) + Cx(T ). (5)

Ââåäåìî ïîçíà÷åííÿ:

d(z, λ) := Az + Cλ + g (z, λ) , (6)

äå
z := x(0) = col (z1, z2, . . . , zn) ,
λ := x(T ) = col (λ1, λ2, . . . , λn) .

(7)

Äëÿ ñïðîùåííÿ îá÷èñëåíü ïîêëàäåìî â ðiâíÿííi (5) C ≡ In, In � îäèíè÷íà
ìàòðèöÿ ðîçìiðíîñòi n×n. Òîäi ç âðàõóâàííÿì (6), êðàéîâi óìîâè (5) íàáóäóòü
âèãëÿäó:

Ax(0) + x(T ) = d (z, λ) . (8)

Çàóâàæåííÿ 1. Ìíîæèíà ðîçâ'ÿçêiâ íåëiíiéíî¨ äâîòî÷êîâî¨ êðàéîâî¨ çà-
äà÷i (1), (2) ñïiâïàäà¹ ç ìíîæèíîþ òèõ ðîçâ'ÿçêiâ çàäà÷i (1), (8), ÿêi çàäîâîëü-
íÿþòü äîäàòêîâèì óìîâàì (3).

Äëÿ äîñëiäæåííÿ ìîäèôiêîâàíî¨ êðàéîâî¨ çàäà÷i (1), (8) îá ðóíòó¹ìî âiäïî-
âiäíó ÷èñåëüíî�àíàëiòè÷íó ñõåìó, ÿêà áàçó¹òüñÿ íà ìåòîäi ïîñëiäîâíèõ íàáëè-
æåíü.

3. Ïîáóäîâà òà çáiæíiñòü ïîñëiäîâíèõ íàáëèæåíü. Íà îñíîâi çàäàíî¨
ôóíêöi¨ f ó ïðàâié ÷àñòèíi ñèñòåìè äèôåðåíöiàëüíèõ ðiâíÿíü (1) âèçíà÷èìî
âåêòîð:

δD(f) :=
1

2

[
max

(t,x)∈[0,T ]×D
f(t, x)− min

(t,x)∈[0,T ]×D
f(t, x)

]
, (9)

äëÿ ÿêîãî ñïðàâåäëèâà íåðiâíiñòü:

δD(f) ≤ max
(t,x)∈[0,T ]×D

|f (t, x)| .

Ó ðiâíîñòi (9), à òàêîæ àíàëîãi÷íèõ ñïiââiäíîøåííÿõ íèæ÷å, çíàêè | · |, ≥, ≤
òà îïåðàöi¨ max, min ìiæ âåêòîðàìè ðîçóìiþòüñÿ ïîêîìïîíåíòíî.

Äëÿ z ∈ D, λ ∈ D âèãëÿäó (7) ââåäåìî â ðîçãëÿä âåêòîð β : D × D → Rn:

β (z, λ) :=
T

2
δD(f) + |d (z, λ)− (A + In) z| . (10)
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Ïðèïóñòèìî, ùî äëÿ êðàéîâî¨ çàäà÷i (1), (2) âèêîíóþòüñÿ íàñòóïíi óìîâè:
À) ôóíêöiÿ f íåïåðåðâíà â îáëàñòi [0, T ]×D òà çàäîâîëüíÿ¹ óìîâó Ëiïøèöÿ:

|f(t, u)− f(t, v)| ≤ K |u− v| , (11)

äëÿ âñiõ t ∈ [0, T ] , {u, v} ⊂ D, äå K = (kij)
n
i,j=1 � äåÿêà ñòàëà ìàòðèöÿ ç

íåâiä'¹ìíèìè êîìïîíåíòàìè;
Â) ìíîæèíà

Dβ := {z ∈ D : B(z, β(z, λ)) ⊂ D, ∀λ ∈ D ⊂ Rn}
íåïîðîæíÿ, äå β � îêië B(z, β(z, λ)) òî÷êè z ∈ D, ùî âèçíà÷à¹òüñÿ íàñòóïíèì
÷èíîì:

B(z, β(z, λ)) := {x ∈ Rn : |x− z| ≤ β(z, λ), äëÿ âñiõ λ ∈ D ⊂ Rn} ;

Ñ) ñïåêòðàëüíèé ðàäióñ r(K) ìàòðèöi K çàäîâîëüíÿ¹ íåðiâíiñòü:

r(K) <
10

3T
. (12)

Äëÿ äîñëiäæåííÿ ðîçâ'ÿçêiâ ïàðàìåòðèçîâàíî¨ êðàéîâî¨ çàäà÷i (1), (8) ââåäå-
ìî â ðîçãëÿä ïîñëiäîâíiñòü ôóíêöié {xm}, ùî âèçíà÷à¹òüñÿ ðåêóðåíòíèì ñïiâ-
âiäíîøåííÿì:

xm(t, z, λ) := z +

∫ t

0

f(s, xm−1(s, z, λ))ds−

− t

T

∫ T

0

f(s, xm−1(s, z, λ))ds +
t

T
[d (z, λ)− (A + In) z] , (13)

äå m = 1 , 2 , 3 , . . . , x0(t, z, λ) = col(z1, z2, . . . , zn) = z ∈ Dβ,
xm (t, z, λ) = col (xm,1 (t, z, λ) , xm,2 (t, z, λ) , . . . , xm,n (t, z, λ)), à z òà λ ðîçãëÿäà-
þòüñÿ ÿê ïàðàìåòðè.

Ëåãêî ïåðåêîíàòèñÿ, ùî äëÿ âñiõ m ≥ 1, λ ∈ D i z ∈ Rn, ôóíêöi¨ xm çàäî-
âîëüíÿþòü ëiíiéíi ãðàíè÷íi óìîâè (8).

Âèçíà÷èìî ðiâíîìiðíó çáiæíiñòü ïîñëiäîâíîñòi (13) òà ñïiââiäíîøåííÿ ¨¨ ãðà-
íè÷íî¨ ôóíêöi¨ äî ðîçâ'ÿçêó âèõiäíî¨ êðàéîâî¨ çàäà÷i (1), (2).

Òåîðåìà 1. Íåõàé ôóíêöiÿ f : [0, T ] × D → Rn ó ïðàâié ÷àñòèíi ñèñòå-
ìè äèôåðåíöiàëüíèõ ðiâíÿíü (1), à òàêîæ ïàðàìåòðèçîâàíi êðàéîâi óìîâè (8)
çàäîâîëüíÿþòü óìîâè À) � Ñ).

Òîäi ïðè âñiõ ôiêñîâàíèõ λ ∈ D òà z ∈ Dβ:
1. Âñi ôóíêöi¨ ïîñëiäîâíîñòi (13) íåïåðåðâíî�äèôåðåíöiéîâíi òà çàäîâîëü-

íÿþòü ïàðàìåòðèçîâàíi êðàéîâi óìîâè (8):

Axm(0) + xm(T ) = d (z, λ) , (14)

m=1,2,3,. . . .
2. Ïîñëiäîâíiñòü ôóíêöié (13) ðiâíîìiðíî çáiãà¹òüñÿ âiäíîñíî t ∈ [0, T ] ïðè

m →∞ äî ãðàíè÷íî¨ ôóíêöi¨

x∗(t, z, λ) = lim
m→∞

xm(t, z, λ). (15)
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3. Ãðàíè÷íà ôóíêöiÿ x∗ çàäîâîëüíÿ¹ ïî÷àòêîâó óìîâó

x∗(0, z, λ) = z,

à òàêîæ ïàðàìåòðèçîâàíi ëiíiéíi êðàéîâi óìîâè:

Ax∗(0) + x∗(T ) = d (z, λ) .

4. Ãðàíè÷íà ôóíêöiÿ (15) äëÿ âñiõ t ∈ [0, T ] ÿâëÿ¹òüñÿ ¹äèíèì íåïåðåðâíî�
äèôåðåíöiéîâíèì ðîçâ'ÿçêîì iíòåãðàëüíîãî ðiâíÿííÿ

x(t) = z +

∫ t

0

f(s, x(s))ds− t

T

∫ T

0

f(s, x(s))ds +
t

T
[d (z, λ)− (A + In) z] , (16)

÷è åêâiâàëåíòíî¨ éîìó çàäà÷i Êîøi äëÿ ìîäèôiêîâàíî¨ ñèñòåìè äèôåðåíöiàëü-
íèõ ðiâíÿíü:

dx

dt
= f(t, x) + ∆(z, λ), (17)

x(0) = z, (18)
äå ∆ : Dβ ×D → Rn � âiäîáðàæåííÿ, ùî âèçíà÷à¹òüñÿ ñïiââiäíîøåííÿì:

∆ (z, λ) :=
1

T
[d (z, λ)− (A + In) z]− 1

T

∫ T

0

f(s, x(s))ds. (19)

5. Ñïðàâåäëèâà îöiíêà âiäõèëåííÿ ôóíêöi¨ x∗ âiä ¨¨ m�ãî íàáëèæåííÿ xm äëÿ
âñiõ t ∈ [0, T ]:

|x∗(t, z, λ)− xm(t, z, λ)| ≤ 20

9
t

(
1− t

T

)
Qm(In −Q−1)h(z, λ), (20)

äå
h(z, λ) := QδD(f) + K |d (z, λ)− (A + In) z| , (21)

Q :=
3T

10
K. (22)

Äîâåäåííÿ. Äîâåäåìî, ùî ïîñëiäîâíiñòü ôóíêöié (13) ¹ ïîñëiäîâíiñòþ Êîøi
â áàíàõîâîìó ïðîñòîði C([0, T ],Rn). Ñïî÷àòêó ïîêàæåìî, ùî xm(t, z, λ) ∈ D, äëÿ
âñiõ (t, z, λ) ∈ [0, T ] × Dβ × D, m ∈ N.

Äiéñíî, âèêîðèñòîâóþ÷è îöiíêó Ëåìè 2.3 ç [1] (äèâ. òàêîæ Ëåìó 3 [2] òà
Ëåìó 2 [3]):

∣∣∣∣
∫ t

0

[
f(τ)− 1

T

∫ T

0

f(s)ds

]
dτ

∣∣∣∣ ≤
1

2
α1(t)

[
max
t∈[0.T ]

f(t)− min
t∈[0,T ]

f(t)

]
, (23)

äå
α1(t) = 2t

(
1− t

T

)
, |α1(t)| ≤ T

2
, t ∈ [0, T ] , (24)

iç ñïiââiäíîøåííÿ (13) ïðè m = 0 îòðèìó¹ìî:

|x1 (t, z, λ)− z| ≤
∣∣∣∣
∫ t

0

[
f(t, z)− 1

T

∫ T

0

f(t, s)ds

]
dt

∣∣∣∣ +

Íàóê. âiñíèê Óæãîðîä óí-òó, 2011, âèï. 22 , N 1



ÏÐÎ ÄÎÑËIÄÆÅÍÍß ÊÐÀÉÎÂÈÕ ÇÀÄÀ× Ç . . . 77

+ |d (z, λ)− (A + In) z| ≤ α1(t)δD(f) + |d (z, λ)− (A + In) z| ≤ β(z, λ). (25)
Âèõîäÿ÷è ç íåðiâíîñòi (25), ïðèõîäèìî äî âèñíîâêó, ùî x1(t, z, λ) ∈ D ïðè

(t, z, λ) ∈ [0, T ] × Dβ × D.
Çà iíäóêöi¹þ íåâàæêî ïîêàçàòè, ùî âñi ôóíêöi¨ (13) òàêîæ íàëåæàòü ìíî-

æèíi D, ∀m = 1 , 2 , 3 , . . . , t ∈ [0, T ], z ∈ Dβ, λ ∈ D.
Ðîçãëÿíåìî íàñòóïíó ðiçíèöþ:

xm+1(t, z, λ)− xm(t, z, λ) =

∫ t

0

[f(s, xm(s, z, λ))− f(s, xm−1(s, z, λ))] ds−

− t

T

∫ T

0

[f (s, xm(s, z, λ))− f (s, xm−1(s, z, λ))] ds, (26)

m=1,2,3, . . . .
Ïîçíà÷èìî rm(t, z, λ) := |xm(t, z, λ)− xm−1(t, z, λ)|, m=1,2,3, . . . .
Âèêîðèñòîâóþ÷è îöiíêó (23) òà âðàõîâóþ÷è óìîâó Ëiïøèöÿ (11), îäåðæèìî:

rm+1(t, z, λ) ≤ K

[(
1− t

T

) ∫ t

0

rm(s, z, λ)ds +
t

T

∫ T

t

rm(s, z, λ)ds

]
, (27)

∀m=0,1,2, . . . .
Íà îñíîâi íåðiâíîñòi (25) ìà¹ìî:

r1(t, z, λ) = |x1(t, z, λ)− z| ≤ α1(t)δD(f) + |d(z, λ)− (A + In) z| . (28)

Âèêîðèñòà¹ìî îöiíêó Ëåìè 3 ç [3]:

αm+1(t) ≤ 10

9

(
3

10
T

)m

α1(t),m=0,1,2,. . . (29)

äëÿ ïîñëiäîâíîñòi ôóíêöié

αm+1(t) =

(
1− t

T

) ∫ t

0

αm(s)ds +
t

T

∫ T

t

αm(s)ds, m= 0 , 1 , 2 , . . . (30)

α0(t) = 1, α1(t) = 2t

(
1− t

T

)
.

Ç âðàõóâàííÿì ðiâíîñòi (30), ç (27) ïðè m= 1 âèïëèâà¹:

r2(t, z, λ) ≤ KδD(f)

[(
1− t

T

) ∫ t

0

α1(s)ds +
t

T

∫ T

t

α1(s)ds

]
+

+K |d (z, λ)− (A + In) z|
[(

1− t

T

) ∫ t

0

ds +
t

T

∫ T

t

ds

]
≤

≤ K [α2 (t) δD(f) + α1(t) |d (z, λ)− (A + In) z|] .
Çà iíäóêöi¹þ ìîæíà ïîêàçàòè, ùî

rm+1(t, z, λ) ≤ Km
[
αm+1(t)δD(f) + αm(t)

∣∣d (z, λ)− (A + In) z
∣∣
]
, (31)
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m=0,1,2,. . . ,
äå αm+1(t), αm(t) âèçíà÷àþòüñÿ çãiäíî ç (30), à δD(f) ìà¹ âèãëÿä (9).

Ç âèêîðèñòàííÿì íåðiâíîñòi (29), iç ñïiââiäíîøåííÿ (31) îäåðæó¹ìî:

rm+1(t, z, λ) ≤ 10

9
α1(t)

[
QmδD(f) + KQm−1

∣∣d (z, λ)− (A + In) z
∣∣
]
, (32)

∀m=1,2,3,. . . ,
äå ìàòðèöÿ Q ìà¹ âèãëÿä (22).

Òîäi, ç âðàõóâàííÿì îöiíêè (32), ðîçãëÿíåìî íàñòóïíó ðiçíèöþ:

|xm+j(t, z, λ)− xm(t, z, λ)| ≤ |xm+j(t, z, λ)− xm+j−1(t, z, λ)|+
+ |xm+j−1(t, z, λ)− xm+j−2(t, z, λ)|+ . . . + |xm+1(t, z, λ)− xm(t, z, λ)| =

=

j∑
i=1

rm+i(t, z, λ) ≤ 10

9
α1(t)

j∑
i=1

(
Qm+iδD(f) + KQm+i−1 |d (z, λ)− (A + In) z|) =

=
10

9
α1(t)

[
Qm

j−1∑
i=0

QiδD(f) + KQm

j−1∑
i=0

Qi |d (z, λ)− (A + In) z|
]
. (33)

Íà îñíîâi óìîâè Ñ), ñïåêòðàëüíèé ðàäióñ ìàòðèöi Q âèãëÿäó (22) íå ïåðåâè-
ùó¹ 1. Òîäi ìà¹ìî:

j−1∑
i=0

Qi ≤ (In −Q)−1 , lim
m→∞

Qm = On,

äå On � íóëüîâà ìàòðèöÿ ðîçìiðíîñòi n× n.
Òîìó ç íåðiâíîñòi (33) ìîæåìî çðîáèòè âèñíîâîê, ùî, çãiäíî ç êðèòåði¹ì

Êîøi, ïîñëiäîâíiñòü ôóíêöié {xm}, ÿêà âèçíà÷à¹òüñÿ ôîðìóëîþ (13), ðiâíîìiðíî
çáiãà¹òüñÿ íà ìíîæèíi [0, T ]×Dβ ×D äî äåÿêî¨ ãðàíè÷íî¨ ôóíêöi¨ x∗.

Îñêiëüêè ôóíêöi¨ xm ïîñëiäîâíîñòi (13) çàäîâîëüíÿþòü êðàéîâi óìîâè (8)
ïðè áóäü�ÿêèõ çíà÷åííÿõ ïàðàìåòðiâ, x∗ òàêîæ çàäîâîëüíÿ¹ öi óìîâè.

Ïðè ïåðåõîäi â (13) äî ãðàíèöi ïðè m → ∞, îäåðæó¹ìî, ùî ãðàíè÷íà ôóí-
êöiÿ çàäîâîëüíÿ¹ iíòåãðàëüíå ðiâíÿííÿ (16), à îòæå, ¹ ðîçâ'ÿçêîì çàäà÷i Êîøi
(17), (18), äå ∆ (z, λ) âèçíà÷à¹òüñÿ çãiäíî ç (19). Îöiíêà (20) ¹ áåçïîñåðåäíiì
íàñëiäêîì íåðiâíîñòi (33).

Òåîðåìó äîâåäåíî.
4. Iñíóâàííÿ ðîçâ'ÿçêiâ. Ïîðÿä ç (1) áóäåìî ðîçãëÿäàòè ðiâíÿííÿ ç ïî-

ñòiéíèì çáóðåííÿì ó ïðàâié ÷àñòèíi:
dx

dt
= f(t, x) + µ, t ∈ [0, T ] (34)

ç ïî÷àòêîâèìè óìîâàìè
x(0) = z, (35)

äå µ = col(µ1, . . . , µn) � êåðóþ÷èé ïàðàìåòð. Ïîêàæåìî, ùî äëÿ âñÿêîãî ôiêñî-
âàíîãî z ∈ Dβ, λ ∈ D ïàðàìåòð µ ìîæíà âèáðàòè òàêèì ÷èíîì, ùî ðîçâ'ÿçîê
x = x(t, z, λ, µ) çàäà÷i Êîøi (34), (35) â òîé æå ÷àñ ¹ ðîçâ'ÿçêîì ëiíiéíî¨ ïàðà-
ìåòðèçîâàíî¨ êðàéîâî¨ çàäà÷i (34), (8).
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Òåîðåìà 2. Íåõàé z ∈ Dβ i λ ∈ D � äîâiëüíèì ÷èíîì çàäàíi âåêòîðè.
Ïðèïóñòèìî, ùî âèêîíóþòüñÿ âñi óìîâè Òåîðåìè 1.

Òîäi ðîçâ'ÿçîê x = x (t, z, λ, µ) ïî÷àòêîâî¨ çàäà÷i (34), (35) çàäîâîëüíÿ¹ êðà-
éîâi óìîâè (8) òîäi i òiëüêè òîäi, êîëè x = x(t, z, λ, µ) ñïiâïàäà¹ ç ãðàíè÷íîþ
ôóíêöi¹þ x∗ ïîñëiäîâíîñòi (13). Êðiì òîãî,

µ = µz,λ =
1

T
[d(z, λ)− (A + In) z]− 1

T

∫ T

0

f(s, x∗(s, z, λ))ds. (36)

Äîâåäåííÿ. Äîñòàòíiñòü. Íåõàé â ïðàâié ÷àñòèíi ñèñòåìè äèôåðåíöiàëü-
íèõ ðiâíÿíü (34) µz,λ ìà¹ âèãëÿä (36). Iç Òåîðåìè 1 âèïëèâà¹, ùî ïðè çàäàíèõ z
òà λ ãðàíèöÿ (15) ïîñëiäîâíîñòi (13) ¹ ¹äèíèì ðîçâ'ÿçêîì êðàéîâî¨ çàäà÷i (34),
(8), êîëè µ = µz,λ. Êðiì òîãî, ãðàíè÷íà ôóíêöiÿ x∗ = x∗(t, z, λ, µ) çàäîâîëüíÿ¹
é ïî÷àòêîâi óìîâè (35), òîáòî ¹ ðîçâ'ÿçêîì çàäà÷i Êîøi (34), (35) ïðè çíà÷åííi
ïàðàìåòðó µ = µz,λ.
Íåîáõiäíiñòü. Çàôiêñó¹ìî äîâiëüíå çíà÷åííÿ µ̄ ∈ Rn òà ïðèïóñòèìî, ùî ïî÷àò-
êîâà çàäà÷à (37), (35):

dx

dt
= f(t, x) + µ̄, t ∈ [0, T ] (37)

ìà¹ ðîçâ'ÿçîê x̄ = x̄(t), ÿêèé çàäîâîëüíÿ¹ êðàéîâi óìîâè (8). Òîäi x̄ ¹ ðîçâ'ÿçêîì
iíòåãðàëüíîãî ðiâíÿííÿ:

x̄(t) = z +

∫ t

0

f(s, x̄(s))ds + µ̄t (38)

äëÿ âñiõ t ∈ [0, T ].
Ïðè t = T iç (38) ìà¹ìî:

T µ̄ = x̄(T )− z −
∫ T

0

f(s, x̄(s))ds. (39)

Çà ïðèïóùåííÿì ôóíêöiÿ x̄ çàäîâîëüíÿ¹ êðàéîâi óìîâè (8):

Ax̄(0) + x̄(T ) = d (z, λ) , (40)

à òàêîæ ïî÷àòêîâi óìîâè
x̄(0) = z,

çâiäêè âèïëèâà¹ ðiâíiñòü:

x̄(T ) = d (z, λ)− Az. (41)

Ïiäñòàâëÿþ÷è (41) ó (39), îòðèìà¹ìî:

µ̄ =
1

T
d(z, λ)− 1

T
(A + In) z − 1

T

∫ T

0

f(s, x̄(s))ds. (42)

Ç iíøîãî áîêó âæå äîâåäåíî, ùî ãðàíè÷íà ôóíêöiÿ x∗ ¹ ðîçâ'ÿçêîì ïî÷àò-
êîâî¨ çàäà÷i (34), (35) ïðè µ = µz,λ âèãëÿäó (36) òà çàäîâîëüíÿ¹ êðàéîâi óìîâè
(8).
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Àíàëîãi÷íî îòðèìà¹ìî:

x∗(t, z, λ, µ) = z +

∫ t

0

f(s, x∗(s, z, λ, µ))ds + µz,λt, (43)

Tµz,λ = x∗(T, z, λ, µ)− z −
∫ T

0

f(s, x∗(s, z, λ, µ))ds, (44)

Ax∗(0, z, λ, µ) + x∗(T, z, λ, µ) = d(z, λ), (45)

x∗(0, z, λ, µ) = z.

Íà îñíîâi ôîðìóë (43)�(45) ëåãêî îäåðæàòè, ùî

µz,λ =
1

T
d(z, λ)− 1

T
(A + In) z − 1

T

∫ T

0

f(s, x∗(s, z, λ, µ))ds. (46)

Ïiäñòàâëÿþ÷è (42) ó (38), à (46) ó (43), ìà¹ìî, ùî äëÿ êîæíîãî t ∈ [0, T ]

x̄(t) = z +

∫ t

0

f(s, x̄(s))ds +
1

T
[d(z, λ)− (A + In) z]− 1

T

∫ T

0

f(s, x̄(s))ds, (47)

x∗(t, z, λ, µ) = z +

∫ t

0

f(s, x∗(s, z, λ, µ))ds +
1

T
[d(z, λ)− (A + In) z]−

− 1

T

∫ T

0

f(s, x∗(s, z, λ, µ))ds. (48)

Íàãàäà¹ìî, ùî ç Òåîðåìè 1 x̄ ∈ D i x∗ ∈ D. Î÷åâèäíî, ùî ç (47), (48) âèïëè-
âà¹ ðiâíiñòü:

x∗(t, z, λ, µ)− x̄(t) =

∫ t

0

[f(s, x∗(s, z, λ, µ))− f(s, x̄(s))]ds−

− 1

T

∫ T

0

[f(s, x∗(s, z, λ, µ))− f(s, x̄(s))]ds. (49)

Iç ñïiââiäíîøåííÿ (49), íà îñíîâi óìîâè Ëiïøèöÿ (11), ìà¹ìî, ùî ôóíêöiÿ

ω(t) = |x∗(t, z, λ, µ)− x̄(t)|, t ∈ [0, T ] (50)

çàäîâîëüíÿ¹ iíòåãðàëüíi íåðiâíîñòi:

ω(t) ≤ K

[∫ t

0

ω(s)ds +
t

T

∫ T

0

ω(s)ds

]
≤ Kα1(t) max

s∈[0,T ]
ω(s), t ∈ [0, T ], (51)

äå α1(t) ìà¹ âèãëÿä (24).
Âèêîðèñòîâóþ÷è (51) ðåêóðåíòíî, ïðèõîäèìî äî îöiíêè:

ω(t) ≤ Kmαm(t) max
s∈[0,T ]

ω(s), t ∈ [0, T ], (52)
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äå m � äîâiëüíå íàòóðàëüíå ÷èñëî, à ôóíêöi¨ αm âèçíà÷àþòüñÿ ñïiââiäíîøåí-
íÿì (30). Ç âðàõóâàííÿì îöiíîê (29), ç íåðiâíîñòi (52) äëÿ êîæíîãî m ∈ N
îòðèìà¹ìî:

ω(t) ≤ 10

9
Kα1(t)

(
3T

10
K

)m−1

· max
s∈[0,T ]

ω(s), t ∈ [0, T ]. (53)

Ñïðÿìîâóþ÷è â îñòàííié íåðiâíîñòi m →∞ òà âðàõîâóþ÷è âëàñòèâiñòü (12),
ïðèõîäèìî äî âèñíîâêó, ùî

max
s∈[0,T ]

ω(s) ≤ Qm max
s∈[0,T ]

ω(s) → 0.

Öå îçíà÷à¹, çãiäíî ç (50), ùî ôóíêöiÿ x̄ ñïiâïàäà¹ ç x∗. Âèõîäÿ÷è ç (42) òà
(46), îäåðæó¹ìî, ùî µ̄ = µz,λ.

Òåîðåìó äîâåäåíî.
Âèÿñíèìî âiäíîøåííÿ ãðàíè÷íî¨ ôóíêöi¨ x∗ ïîñëiäîâíîñòi (13) äî ðîçâ'ÿçêó

ïàðàìåòðèçîâàíî¨ êðàéîâî¨ çàäà÷i (1), (8) ÷è åêâiâàëåíòíî¨ ¨é çàäà÷i (1), (2).
Òåîðåìà 3. Íåõàé äëÿ êðàéîâî¨ çàäà÷i (1), (2) âèêîíóþòüñÿ óìîâè À)�Ñ).
Òîäi ïàðà (x∗(·, z∗, λ∗), λ∗) ¹ ðîçâ'ÿçêîì ïàðàìåòðèçîâàíî¨ êðàéîâî¨ çàäà÷i

(1), (8) òîäi i òiëüêè òîäi, êîëè z∗ = (z∗1 , z
∗
2 , . . . , z

∗
n), λ∗ = (λ∗1, λ

∗
2, . . . , λ

∗
n) áó-

äóòü çàäîâîëüíÿòè ñèñòåìó àëãåáðà¨÷íèõ ÷è òðàíñöåíäåíòíèõ ðiâíÿíü:

∆(z, λ) =
1

T
[d(z, λ)− (A + In) z]− 1

T

∫ T

0

f(s, x∗(s, z, λ))ds = 0, (54)

x∗ (T, z, λ) = λ. (55)
Äîâåäåííÿ. Äîñòàòíüî âèêîðèñòàòè Òåîðåìó 2 òà âiäìiòèòè, ùî äèôåðåí-

öiàëüíå ðiâíÿííÿ (17) ñïiâïàäà¹ ç (1) òîäi i òiëüêè òîäi, êîëè (z∗, λ∗) çàäîâîëüíÿ¹
ðiâíÿííÿ:

∆(z∗, λ∗) = 0.

Ç âðàõóâàííÿì çàìiíè çìiííèõ (3) òà åêâiâàëåíòíîñòi (1), (2) i (1), (8), î÷å-
âèäíî, ùî (x∗(·, z∗, λ∗), λ∗) ñïiâïàäà¹ ç ðîçâ'ÿçêîì ïàðàìåòðèçîâàíî¨ êðàéîâî¨
çàäà÷i (1), (3), (8) òîäi i òiëüêè òîäi, êîëè (x∗(·, z∗, λ∗), λ∗) áóäå çàäîâîëüíÿòè
ðiâíÿííÿ:

x∗ (T, z, λ∗) = λ∗.

Òîáòî ïàðà (x∗(·, z∗, λ∗), λ∗) ¹ ðîçâ'ÿçêîì ïàðàìåòðèçîâàíî¨ êðàéîâî¨ çàäà÷i
(1), (8) òîäi i òiëüêè òîäi, êîëè âèêîíó¹òüñÿ (54), (55).

Òåîðåìó äîâåäåíî.
Íàñòóïíå òâåðäæåííÿ äîâîäèòü, ùî âèçíà÷àëüíà ñèñòåìà ðiâíÿíü (54), (55)

âèçíà÷à¹ âñåìîæëèâi ðîçâ'ÿçêè âèõiäíî¨ êðàéîâî¨ çàäà÷i (1), (2).
Ëåìà 1. Íåõàé âèêîíóþòüñÿ âñi óìîâè Òåîðåìè 1. Êðiì òîãî, iñíóþòü äå-

ÿêi âåêòîðè z ∈ Dβ i λ ∈ D, ùî çàäîâîëüíÿþòü ñèñòåìó âèçíà÷àëüíèõ ðiâíÿíü
(54), (55).

Òîäi íåëiíiéíà êðàéîâà çàäà÷à (1), (2) ìà¹ ðîçâ'ÿçîê x(·) òàêèé, ùî:

x(0) = z,
x(T ) = λ.

(56)
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Áiëüøå òîãî, âií ìà¹ âèãëÿä:
x(t) = x∗(t, z, λ), t = [0, T ], (57)

äå x∗ � ãðàíè÷íà ôóíêöiÿ ïîñëiäîâíîñòi (13). I íàâïàêè: ÿêùî êðàéîâà çàäà÷à
(1), (2) ìà¹ ðîçâ'ÿçîê x(·), òîäi âií îáîâ'ÿçêîâî ìà¹ âèãëÿä (57), à ñèñòåìà
âèçíà÷àëüíèõ ðiâíÿíü (54), (55) çàäîâîëüíÿ¹òüñÿ ïðè

z = x(0),
λ = x(T ).

Äîâåäåííÿ. Áóäåìî âèêîðèñòîâóâàòè Òåîðåìè 2 òà 3. ßêùî iñíóþòü òàêi
z ∈ Dβ i λ ∈ D, ùî çàäîâîëüíÿþòü ñèñòåìó âèçíà÷àëüíèõ ðiâíÿíü (54), (55),
òîäi, íà îñíîâi Òåîðåìè 3, ôóíêöiÿ (57) ¹ ðîçâ'ÿçêîì êðàéîâî¨ çàäà÷i (1), (2). Ç
iíøîãî áîêó, ÿêùî x(·) ¹ ðîçâ'ÿçêîì êðàéîâî¨ çàäà÷i (1), (2), òîäi öÿ ôóíêöiÿ �
ðîçâ'ÿçîê çàäà÷i Êîøi (34), (35) ïðè

µ = 0,
z = x(0).

Òàê ÿê x(·) çàäîâîëüíÿ¹ êðàéîâi óìîâè (2), à ç âðàõóâàííÿì (3), i ïàðàìåò-
ðèçîâàíi êðàéîâi óìîâè (8), òî ç Òåîðåìè 2 âèïëèâà¹, ùî ìà¹ ìiñöå ðiâíiñòü (57).
Êðiì òîãî,

µ = µz,λ = 0,
z = x(0),

(58)

äå âåêòîð λ âèçíà÷à¹òüñÿ çãiäíî ç (7). Îäíàê, µz,λ ìà¹ âèãëÿä (36), òîìó ïåðøå
ðiâíÿííÿ (54) âèçíà÷àëüíî¨ ñèñòåìè çàäîâîëüíÿ¹òüñÿ, ÿêùî

z = x(0), λ = col(x1(T ), . . . , xn(T )) :

∆(x(0), λ) = 0. (59)
Çðåøòîþ iç (8) áåçïîñåðåäíüî âèïëèâà¹, ùî é äðóãå ðiâíÿííÿ (55) âèçíà÷àëü-

íî¨ ñèñòåìè òàêîæ âèêîíó¹òüñÿ.
Òàêèì ÷èíîì, ìè âêàçàëè ïàðè (z, λ) = (x(0), x(T )), ùî çàäîâîëüíÿþòü

ñèñòåìó âèçíà÷àëüíèõ ðiâíÿíü (54), (55), ùî i äîâîäèòü äàíó ëåìó.
Ëåìó äîâåäåíî.
Çàóâàæåííÿ 2. Ãîëîâíà ñêëàäíiñòü ðåàëiçàöi¨ äàíîãî ìåòîäó ïîâ'ÿçàíà ç

âiäøóêàííÿì ãðàíè÷íî¨ ôóíêöi¨ x∗. Îäíàê â áiëüøîñòi âèïàäêiâ öþ ïðîáëåìó
ìîæíà âèðiøèòè, âèêîðèñòîâóþ÷è âëàñòèâîñòi íàáëèæåíîãî ðîçâ'ÿçêó xm, ïî-
áóäîâàíîãî â àíàëiòè÷íié ôîðìi.

Ïðè äåÿêîìó m ≥ 1 âèçíà÷èìî ôóíêöiþ ∆m : Dβ×D → Rn çãiäíî ôîðìóëè:

∆m (z, λ) :=
1

T
[d(z, λ)− (A + In) z]− 1

T

∫ T

0

f(s, xm(s, z, λ))ds, (60)

äå z òà λ âèçíà÷àþòüñÿ ñïiââiäíîøåííÿì (7). Äëÿ äîñëiäæåííÿ ðîçâ'ÿçíîñòi
ïàðàìåòðèçîâàíî¨ êðàéîâî¨ çàäà÷i (1), (8) áóäåìî ðîçãëÿäàòè íàáëèæåíó âèçíà-
÷àëüíó ñèñòåìó àëãåáðà¨÷íèõ ÷è òðàíñöåíäåíòíèõ ðiâíÿíü, ÿêà âèãëÿäà¹ íàñòó-
ïíèì ÷èíîì:

∆m(z, λ) =
1

T
[d(z, λ)− (A + In) z]− 1

T

∫ T

0

f(s, xm(s, z, λ))ds = 0, (61)

Íàóê. âiñíèê Óæãîðîä óí-òó, 2011, âèï. 22 , N 1



ÏÐÎ ÄÎÑËIÄÆÅÍÍß ÊÐÀÉÎÂÈÕ ÇÀÄÀ× Ç . . . 83

xm (T, z, λ) = λ, (62)
äå xm � âåêòîð�ôóíêöiÿ, âèçíà÷åíà ðåêóðåíòíèì ñïiââiäíîøåííÿì (13).

Ïðèðîäíüî, ùî çà âiäïîâiäíèõ óìîâ çi çáiëüøåííÿì m ñèñòåìè (54), (55) òà
(61), (62) áóäóòü äîñòàòíüî áëèçüêèìè i öèì ñàìèì çàáåçïå÷óâàòèìåòüñÿ ïî-
òðiáíà òî÷íiñòü âiäøóêàííÿ íàáëèæåíîãî ðîçâ'ÿçêó âèõiäíî¨ êðàéîâî¨ çàäà÷i
(1), (2).

5. Iëþñòðàòèâíèé ïðèêëàä. Ðîçãëÿíåìî ñèñòåìó íåëiíiéíèõ äèôåðåíöiàëü-
íèõ ðiâíÿíü

{
dx1

dt
= 0.05x2 − 0.005t2 + 0.1 = f1(t, x1, x2),

dx2

dt
= −x2

2 + 0.5x1 + 0.01t4 + 0.15t = f2(t, x1, x2),
(63)

äå t ∈ [0, 1],
ç íåëiíiéíèìè äâîòî÷êîâèìè ãðàíè÷íèìè óìîâàìè âèãëÿäó:

{
g1(x(0), x(1)) := x1(1)− x2(1)2 + x2(0)− 0.09 = 0,
g2(x(0), x(1)) := x1(0) + x2(1)− x1(1) = 0.

(64)

Çàóâàæèìî, ùî òî÷íèì ðîçâ'ÿçêîì çàäà÷i (63), (64) ¹ ôóíêöi¨:
{

x∗1 = 0.1t,
x∗2 = 0.1t2.

(65)

Êðàéîâó çàäà÷ó (63), (64) áóäåìî ðîçãëÿäàòè íà ìíîæèíi:

D = {(x1, x2) : |x1| ≤ 0.42, |x2| ≤ 0.4} . (66)

Ïåðåòâîðèìî ãðàíè÷íi óìîâè (64) íàñòóïíèì ÷èíîì:

Ax (0) + Cx (1) + g (x (0) , x (1)) = Ax (0) + Cx (1) , (67)

äå A =

(
1 0
0 0

)
, C ≡ I2 =

(
1 0
0 1

)
,

g (x (0) , x (1)) = col (g1 (x (0) , x (1)) , g2 (x (0) , x (1))).
Çàìiíèìî çíà÷åííÿ êîìïîíåíò ðîçâ'ÿçêó çàäà÷i (63), (64) ó òî÷êàõ t = 0 i

t = 1 ïàðàìåòðàìè z1, z2 òà λ1, λ2 âiäïîâiäíî:

x(0) = col (x1(0), x2(0)) = col (z1, z2),
x(1) = col (x1(1), x2(1)) = col (λ1, λ2).

(68)

Ç âèêîðèñòàííÿì ïàðàìåòðèçàöi¨ (68), ïåðåòâîðåíi êðàéîâi óìîâè (67) çàïè-
øóòüñÿ òàê:

Az + λ + g (z, λ) = Ax (0) + x (1) , (69)
äå

z = col (z1, z2),
λ = col (λ1, λ2).

(70)

Ââåäåìî ïîçíà÷åííÿ:

d (z, λ) := Az + λ + g (z, λ) , (71)
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äå z òà λ ìàþòü âèãëÿä (70).
Ç âðàõóâàííÿì ïîçíà÷åííÿ (71), ïàðàìåòðèçîâàíi êðàéîâi óìîâè (69) ïåðå-

ïèøóòüñÿ ó âèãëÿäi:
Ax (0) + x (1) = d (z, λ) . (72)

Ëåãêî ïåðåêîíàòèñÿ, ùî ìàòðèöÿ, ÿêà ôiãóðó¹ â óìîâi Ëiïøèöÿ (11), ¹ òàêîþ:

K =

(
0 0.05

0.5 1

)
,

ïðè÷îìó
r (K) < 1.03 <

10

3T
,

ïðè T = 1.
Âåêòîðè δD (f) òà β (z, λ) ìîæíà âèáðàòè íàñòóïíèì ÷èíîì:

δD (f) ≤
(

0.03125
0.515

)
,

β (z, λ) :=
1

2
δD (f) +

∣∣∣d(z, λ)− (A + In) z
∣∣∣ =

=

(
0.015625
0.2575

)
+

∣∣∣∣
−z1 + 2λ1 − λ2

2 + z2 − 0.09
2λ2 + z1 − λ1 − z2

∣∣∣∣ .

Îòæå, äî çàäàíî¨ êðàéîâî¨ çàäà÷i ìîæíà çàñòîñóâàòè ÷èñåëüíî�àíàëiòè÷íó
ñõåìó, ïðî ÿêó éäåòüñÿ â äàíié ðîáîòi, òà ïîáóäóâàòè ïîñëiäîâíiñòü íàáëèæåíèõ
ðîçâ'ÿçêiâ, ÿêà ìà¹ âèãëÿä:

xm,1(t, z, λ) := z1 +
∫ t

0
f(s, xm−1,1(s, z, λ))ds−

−t
∫ 1

0
f(s, xm−1,1(s, z, λ))ds + t(−z1 + z2 + 2λ1 − λ2

2 − 0.09),

xm,2(t, z, λ) := z2 +
∫ t

0
f(s, xm−1,2(s, z, λ))ds−

−t
∫ 1

0
f(s, xm−1,2(s, z, λ))ds + t(z1 − z2 − λ1 + 2λ2),

m = 1,2,3, . . . .
Øóêàíi çíà÷åííÿ ââåäåíèõ ïàðàìåòðiâ ÿâëÿþòüñÿ ðîçâ'ÿçêàìè íàáëèæåíî¨

âèçíà÷àëüíî¨ ñèñòåìè àëãåáðà¨÷íèõ ðiâíÿíü, ùî âèãëÿäà¹ òàê:

∆m,1(z, λ) = (−z1 + z2 + 2λ1 − λ2
2 − 0.09)− ∫ 1

0
f(s, xm, 1(s, z, λ))ds = 0,

∆m,2(z, λ) = (z1 − z2 − λ1 + 2λ2)−
∫ 1

0
f(s, xm, 1(s, z, λ))ds = 0,

xm,1 (1, z, λ) = λ1,
xm,2 (1, z, λ) = λ2,

m = 1,2,3, . . . .
Îá÷èñëåííÿ ïîêàçóþòü, ùî íà ïåðøié iòåðàöi¨ íàáëèæåíi çíà÷åííÿ ââåäåíèõ

ïàðàìåòðiâ ¹ íàñòóïíèìè:
z1 := z11 = −0.0006496464515,
z2 := z12 = 0.0004959209133,
λ1 := λ11 = 0.09954255665,
λ2 := λ12 = 0.1001922031.
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Öi ïàðàìåòðè âèçíà÷àþòü ïåðøå íàáëèæåííÿ äî òî÷íîãî ðîçâ'ÿçêó çàäà÷i
(63), (64), ÿêå ìà¹ âèãëÿä:

x11 = −0.001666666667t3 + 0.1018588697t− 0.0006496464515,
x12 = 0.002t5 + 0.075t2 + 0.02269628208t + 0.0004959209133.

Íà Ðèñ. 1 çîáðàæåíî ãðàôiêè êîìïîíåíò òî÷íîãî òà íàáëèæåíîãî ðîçâ'ÿçêiâ
ó ïåðøié iòåðàöi¨.
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Ðèñ. 1. Ïåðøà òà äðóãà êîìïîíåíòè òî÷íîãî ðîçâ'ÿçêó (ëiíiÿ) òà ¨õ ïåðøå
íàáëèæåííÿ (ïóíêòèð)

Ìàêñèìàëüíå âiäõèëåííÿ òî÷íîãî ðîçâ'ÿçêó âiä éîãî ïåðøîãî íàáëèæåííÿ
ïðè t ∈ [0, 1] äà¹òüñÿ íåðiâíîñòÿìè:

max
t∈[0,1]

|x∗1(t)− x11(t)| ≤ 7 · 10−4,

max
t∈[0,1]

|x∗2(t)− x12(t)| ≤ 2 · 10−4.

Íàáëèæåíi çíà÷åííÿ øóêàíèõ ïàðàìåòðiâ ó òðåòié iòåðàöi¨ ¹ òàêèìè:
z1 := z31 = 0.3750027219 · 10−6,

z2 := z32 = −0.3154860291 · 10−6,
λ1 := λ31 = 0.1000003006,
λ2 := λ32 = 0.09999992573.

Ïðè öüîìó çíà÷åííÿ íàáëèæåíîãî ðîçâ'ÿçêó ó òðåòié àïðîêñèìàöi¨ âèãëÿäà¹
òàêèì ÷èíîì:

x31 = −0.1515151515 · 10−8t12 − 0.2083333333 · 10−6t9 − 0.8214371899 · 10−7t8+
+0.1502314425 · 10−11t7 + 0.7291666667 · 10−5t6 − 0.1070842383 · 10−4t5−
−0.2204015754 · 10−5t4 + 0.6944254503 · 10−5t3 + 0.1689046936 · 10−6t2+

+0.09999872523t + 0.3750027219 · 10−63,

x32 = −0.5749191519 · 10−14t23 − 0.1363636364 · 10−11t20−
−0.5030811506 · 10−12t19 + 0.8497940176 · 10−17t18 − 0.4528743316 · 10−10t17−
−0.1102824431 · 10−9t16 − 0.2006374587 · 10−10t15 + 0.9903950022 · 10−8t14−
−0.4408309534 · 10−8t13 − 0.3447737025 · 10−8t12 + 0.6146354381 · 10−6t11+
+0.4514032164 · 10−6t10 − 0.9311439082 · 10−7t9 − 0.2201334746 · 10−4t8+

+0.3190732031 · 10−4t7 + 0.5904367313 · 10−5t6 − 0.16700592 · 10−4t5−
−0.5242257108 · 10−4t4 + 0.9585544352 · 10−4t3 + 0.09995622990t2+

+0.5061 · 10−6t− 0.3154860291 · 10−6.
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Ãðàôiêè ïîõèáîê òðåòüîãî íàáëèæåííÿ ïîäàíî íà Ðèñ.2.
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Ðèñ. 2. Ïîõèáêà ïåðøî¨ òà äðóãî¨ êîìïîíåíò ðîçâ'ÿçêó ó òðåòüîìó íàáëèæåííi

Ïîáóäîâó ïîñëiäîâíèõ íàáëèæåíü ìîæíà ïðîäîâæóâàòè é äàëi, îòðèìóþ÷è
ïðè öüîìó ùå áiëüø òî÷íå íàáëèæåííÿ äî òî÷íîãî ðîçâ'ÿçêó âèõiäíî¨ êðàéîâî¨
çàäà÷i (63), (64). Ïðî öå ñâiä÷èé òîé ôàêò, ùî âæå íà òðåòié iòåðàöi¨ ìè ìà¹ìî
ïîõèáêó ïåðøî¨ êîìïîíåíòè ðîçâ'ÿçêó ðiâíó 1.5 · 10−7, à äðóãî¨ êîìïîíåíòè �
2.5 · 10−6.
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