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ÏÐÎ ÏÎÂÅÄIÍÊÓ ÐÎÇÂ'ßÇÊIÂ ÑÈÑÒÅÌÈ ÄÂÎÕ ÇÃÀÑÀÞ×ÈÕ
ÑÒÎÕÀÑÒÈ×ÍÈÕ ÎÑÖÈËßÒÎÐIÂ

The behavior of the solutions of two conjugate harmonic oscillators under the random perturbations
of the ”white noise” type of the Ito form is investigated. The explicit form of the amplitude, phase
of the system of damped oscillators is found. The behavior of the amplitude, phase of the system
of damped oscillators is investigated.

Ó ðîáîòi ïðîâîäèòüñÿ äîñëiäæåííÿ ïîâåäiíêè ðîçâ'ÿçêiâ äâîõ ñïðÿæåíèõ ãàðìîíi÷íèõ îñöè-
ëÿòîðiâ ïðè âèïàäêîâèõ çáóðåíü òèïó "áiëîãî øóìó" ó ôîðìi Iòî. Îòðèìàíî ÿâíèé âèãëÿä i
äîñëiäæåíî ïîâåäiíêó àìïëiòóäè òà ôàçè ñèñòåìè çãàñàþ÷èõ ñòîõàñòè÷íèõ ãàðìîíi÷íèõ îñöè-
ëÿòîðiâ.

Âñòóï. Ðîçãëÿäà¹òüñÿ ñèñòåìà äâîõ ãàðìîíi÷íèõ îñöèëÿòîðiâ ç òåðòÿì, ùî
îïèñó¹òüñÿ ñèñòåìîþ äâîõ ëiíiéíèì äèôåðåíöiàëüíèõ ðiâíÿííü äðóãîãî ïîðÿäêó

{
ü1(t) + 2h1u̇1(t) + k2

1u1(t) = 0, u1(0) = u10, u̇1(0) = u̇10,

ü2(t) + 2h2u̇2(t) + k2
2u2(t) = 0, u2(0) = u20, u̇2(0) = u̇20

(1)

äå u0i, u̇0i - ïî÷àòêîâi ïîëîæåííÿ i øâèäêîñòi îñöèëÿòîðiâ (u2
i0 + u̇2

i0 > 0); ki >
0, hi - êîåôiöi¹íòè òåðòÿ îñöèëÿòîðiâ; ui(t), u̇i(t) - ïîëîæåííÿ i øâèäêiñòü îñöè-
ëÿòîðiâ â ìîìåíò ÷àñó t > 0; i = 1, 2.
Ñèñòåìà (1) åêâiâàëåíòíà ñèñòåìi äèôåðåíöiàëüíèõ ðiâíÿíü ïåðøîãî ïîðÿäêó





ẋ1(t) = x2(t),

ẋ2(t) = −k2
1x1 − 2h1x2,

ẋ3(t) = x4(t),

ẋ4(t) = −k2
2x3 − 2h2x4

(2)

äå
x1(t) = u1(t); x2(t) = u̇1(t); x3(t) = u2(t); x4(t) = u̇2(t).

Â äåêàðòîâié ñèñòåìi êîîðäèíàò ñòàí ñèñòåìè (2) çîáðàæà¹òüñÿ òî÷êîþ Ì
ç êîîðäèíàòàìè (x1(t), x2(t), x3(t), x4(t)), ÿêà ðóõà¹òüñÿ ïî ôàçîâié òðà¹êòîði¨.
Ôàçîâà øâiäêiñòü òî÷êè Ì íàïðàâëåíà âçäîâæ äîòè÷íîãî âåêòîðà

(x2(t),−k2
1x1(t)− 2h1x2(t), x4(t),−k2

2x3(t)− 2h2x4(t)).

Ïîðòðåò ìîæëèâèõ ðóõiâ òî÷êè Ì ó ôàçîâîìó ïðîñòîði çàëåæèòü âiä çíàêiâ
h2

i − k2
i , i = 1, 2.

Äîñëiäæåííÿ ïîâåäiíêè çîáðàæóâàëüíî¨ òî÷êè Ì íà ôàçîâié ïëîùèíi X1OX2

ïðè âèïàäêîâèõ çáóðåííÿõ âçäîâæ âåêòîðà ôàçîâî¨ øâèäêîñòi, ó âèïàäêó îäíî-
ãî ãàðìîíi÷íîãî îñöèëÿòîðà, ïðîâåäåíî â [3]. Äëÿ âèïàäêó äâîõ ñïðÿæåíèõ ãàð-
ìîíi÷íèõ îñöèëÿòîðiâ çáóðåíèõ äâîìà íåçàëåæíèìè âiíåðîâñüêèìè ïðîöåñàìè,
äîñëiäæåííÿ ïîâåäiíêè çîáðàæóâàëüíî¨ òî÷êè Ì ïðè 0 < h < k (çãàñàþ÷èé
îñöèëÿòîðíèé ïðîöåñ) áóëî ïðîâåäåíî â [4].
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Ïîñòàíîâêà çàäà÷i.
Â äàííié ðîáîòi äîñëiäæó¹òüñÿ ïîâåäiíêà çîáðàæóâàëüíî¨ òî÷êè Ì ó ôàçî-

âîìó ïðîñòîði ïðè âèïàäêîâîìó çáóðåííi âåêòîðà ôàçîâî¨ øâèäêîñòi

(x2(t),−k2
1x1(t)− 2h1x2(t), x4(t),−k2

2x3(t)− 2h2x4(t))

"áiëèì øóìîì" ó ôîðìi Iòî äëÿ âèïàäêó |hi| < ki i = 1, 2 (çãàñàþ÷èé àïåðiîäè-
÷íèé ïðîöåñ).

Ïðè çàäàíèõ âèïàäêîâèõ çáóðåííÿõ ñèñòåìà (2) ïåðåòâîðþ¹òüñÿ â ñèñòåìó
ñòîõàñòè÷íèõ äèôåðåíöiàëüíèõ ðiâÿíü Iòî. Äëÿ äîñëiäæåííÿ òàêî¨ ñèñòåìè, ðîç-
ãëÿäà¹òüñÿ çàãàëüíà ñèñòåìà ðiâíÿíü âèãëÿäó:

ẋ(t) = Bx(t)ξ̇; ξ = (ξ1(t), ξ2(t)), (3)

äå

B =




0 1 0 0
−k2

1 −2h1 0 0
0 0 0 1
0 0 −k2

2 −2h2


 ,

ξ̇1(t) = g11(t) + g21(t)ẇ1(t);

ξ̇2(t) = g12(t) + g22(t)ẇ2(t);

gij(t) � íåâèïàäêîâi ôóíêöi¨; ẇi(t) � "ïîõiäíà" âiä âiíåðiâñüêîãî ïðîöåñó ("áiëèé
øóì" ó ôîðìi Iòî).

Ðiâíÿííÿ (3) ïðèðîäíüî ðîçãëÿíóòè ÿê ðiâíÿííÿ Iòî

dx(t) = Bx(t)dξi(t);i = 1, 4; (4)

ξ1(t) =

t∫

0

g11(s)ds+

t∫

0

g21(s)dw1(s); ξ2(t) =

t∫

0

g12(s)ds+

t∫

0

g22(s)dw2(s).

Ââåäåìî íàñòóïíi ïîçíà÷åííÿ: µi =
√

k2
i − h2

i ; λ1i = −hi + µi, λ2i = −hi − µi,

α1j =
t∫

0

g1j(s)ds; α2j =
t∫

0

g2
2j(s)ds; j = 1, 2, i = 1, 2.

Ìà¹ ìiñöå íàñòóïíà òåîðåìà:
Òåîðåìà 1. Íåõàé x(t) - ðîçâ'ÿçîê (3), òîäi ç éìîâiðíiñòþ 1 äëÿ âñiõ t > 0
ìàþòü ìiñöå ðiâíîñòi:

x1(t) = A1(t)
√

2 cos(φ1(t) +
π

4
), x2(t) = A1(t)(λ

2
11 + λ2

12) sin(φ1(t) + γ1),

x3(t) = A2(t)
√

2 cos(φ2(t) +
π

4
), x4(t) = A2(t)(λ

2
21 + λ2

22)(sin φ2(t) + γ2).

äå

A1(t) =
1

λ11 − λ12

√
(y2

11(t)− y2
12(t)), A2(t) =

1

λ21 − λ22

√
(y2

21(t)− y2
22(t)),

yij(t) = yij(0) exp{−λ2
ij

2
α2i(t) + λijξ(t)}, i = 1, 2, j = 1, 2,

y11(0) = −λ12u10 + u̇10, y21(0) = −λ11u10 + u̇10,

y21(0) = −λ22u20 + u̇20, y22(0) = −λ21u20 + u̇20,
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tgφ1(t) =
y12(0)

y11(0)
exp{−2µ1[h1α2i(t) + ξ(t)]}, tgγ1 = −λ11

λ12

,

tgφ2(t) =
y21(0)

y21(0)
exp{−2µ2[h2α2i(t) + ξ(t)]}, tgγ2 = −λ21

λ22

, i = 1, 2.

Äîâåäåííÿ. Ðîçãëÿíåìî ëiíiéíå ïåðåòâîðåííÿ ïðîöåñó x(t), ïðè ÿêîìó ìàòðè-
öÿ B â ðiâíÿííi (4) ïðèéìå æîðäàíîâó ôîðìó. Ðîçãëÿíåìî ïðîöåñ y(t) = Tx(t)
ç ìàòðèöåþ

T =




−λ21 1 0 0
−λ21 1 0 0

0 0 −λ22 1
0 0 −λ22 1


 .

Òîäi âiäïîâiäíî

TBT−1 =




λ11 0 0 0
1 λ21 0 0
0 0 λ12 0
0 0 1 λ22




� æîðäàíîâà ôîðìà ìàòðèöi Â. Çàâäÿêè ðiâíÿííþ (4) äëÿ ïðîöåñó y(t) îòðèìà-
¹ìî ñòîõàñòè÷íå äèôåðåíöiàëüíå ðiâíÿííÿ Iòî

dy(t) = TBT−1y(t)dξ(t),

ç êîåôiöi¹íòîì ïåðåíîñó

a1(t, y) = g11(t) (λ11y11, y11 + λ21y12) ; a2(t, y) = g12(t) (λ12y11, y11 + λ22y12) ;

a3(t, y) = g11(t) (λ11y21, y21 + λ21y22) ; a4(t, y) = g12(t) (λ12y21, y21 + λ22y22) ;

òà êîåôiöi¹íòîì äèôóçi¨

b1(t, y) = g21(t) (λ11y11, y11 + λ21y12) ; b2(t, y) = g22(t) (λ12y11, y11 + λ22y12) ;

b3(t, y) = g21(t) (λ11y21, y21 + λ21y22) ; b4(t, y) = g22(t) (λ12y21, y21 + λ22y22) .

Çãiäíî [2] çíàõîäèìî ÿâíèé âèãëÿä ðîçâ'ÿçêiâ:

yij(t) = yij(0) exp{−λ2
ij

2
α2i(t) + λijξ(t)}, i = 1, 2, j = 1, 2,

y11(0) = −λ12u10 + u̇10, y12(0) = −λ12u10 + u̇10,

y21(0) = −λ22u20 + u̇20, y22(0) = −λ21u20 + u̇20.

Îñêiëüêè x(t) = T−1y(t), òî âðàõîâóþ÷è ÿâíèé âèãëÿä ïðîöåñó y(t), îòðèìà-
¹ìî çàâåðøåííÿ äîâåäåííÿ òåîðåìè.

Çàóâàæåííÿ. Ìàþ÷è ÿâíèé âèãëÿä ðîçâ'ÿçêó ðiâíÿííÿ (4) çàëåæíî âiä ïî-
âåäiíêè ôóíêöié gij(t) ìîæíà áóäóâàòè ìîäåëi íåçàòóõàþ÷èõ îñöèëÿòîðiâ ç äî-
âiëüíèì ïîðÿäêîì ðîñòó àìïëiòóä.
Òåîðåìà 2.Íåõàé x(t) - ðîçâ'ÿçîê (3), (4) i âèêîíó¹òüñÿ ïðè t →∞ çáiæíiñòü:

1) α2i
P=1→ ∞; i = 1, 2;

2) βi1
P=1→ ∞; i = 1, 2;
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3)
√

α2i(t) ln ln α2i(t)

βi1

P=1→ 0, i = 1, 2; äå

β11 = −λ2
11

2
α12 − λ11α11(t), β21 = −λ2

21

2
α22 − λ21α21(t) ïðè h > k,

β11 = −λ2
12

2
α12 − λ12α11(t), β21 = −λ2

22

2
α22 − λ22α21(t) ïðè h < −k.

Òîäi
1)A1i(t)

P=1→ 0 ïðè t →∞,
2)φi(t)

P=1→ ∞, ÿêùî hi > ki; φi(t)
P=1→ π

2
, ÿêùî hi < −ki, ïðè äîäàòêîâié óìîâi,

ùî âèêîíóþòüñÿ íåðiâíîñòi −λ1iu10 + u̇10 > 0 i −λ2iu20 + u̇20 > 0, i = 1, 2.
Äîâåäåííÿ. Îñêiëüêè λi2 < λi1 i λi1λi2 = ki

2 > 0, i = 1, 2, òî âðàõîâóþ÷è óìîâó
2) äëÿ i = 1, 2, íåâàæêî ïîêàçàòè, ùî ïðè t →∞

−λ2
1i

2
α12 − λ1iα11(t)

P=1→ −∞, −λ2
2i

2
α22 − λ2iα21(t)

P=1→ −∞.

Äàëi, ðîçãëÿíåìî çàãàëüíèé ðîçâ'ÿçîê ðiâíÿííÿ àìïëiòóä ñèñòåìè

Ai(t) = Ai(0) exp

{
βi1(t)− (λi1 + λi2)

t∫
0

g2i(s)dωi(s)

}
,

äå
t∫

0

g2i(s)dωi(s) =ω̃i(α2i(t)), ω̃i(t) � âiíåðiâñüêèé ïðîöåñ. Âèêîðèñòîâóþ÷è "çàêîí
ïîâòîðíîãî ëîãàðèôìà"

P

{
lim
t→∞

|ω̃i(α2i(t))|

[2α2i(t) ln ln α2i(t)]
1
/2

= 1

}
= 1,

i óìîâ òåîðåìè ìà¹ìî, ùî Ai(t)
P=1→ 0 ïðè t →∞, i = 1, 2. Äîâåäåííÿ òâåðäæåíü

òåîðåìè âiäíîñíî ïîâåäiíêè ôàç φi(t), i = 1, 2, ïðîâîäÿòüñÿ àíàëîãi÷íèìè ìið-
êóâàííÿìè äîâåäåííþ òåîðåìè â [4].

Âèñíîâêè. Ó ðîáîòi ïðîâåäåíî ÿêiñíèé àíàëiç âïëèâó íà ñèñòåìó äâîõ ãàð-
ìîíi÷íèõ îñöèëÿòîðiâ âèïàäêîâèõ çáóðåíü òèïó "áiëîãî øóìó" ó ôîðìi Iòî
âçäîâæ âåêòîðà ôàçîâî¨ øâèäêîñòi. Äëÿ îòðèìàíî¨ ñèñòåìè äâîõ ñòîõàñòè÷íèõ
ñïðÿæåíèõ îñöèëÿòîðiâ ç òåðòÿì çíàéäåíî ÿâíèé âèãëÿä i äîñëiäæåíî ïîâåäiíêó
àìïëiòóä òà ôàç. Ìàþ÷è ÿâíèé âèãëÿä àìïëiòóä òà ôàç ñèñòåìè äâîõ ñòîõàñòè-
÷íèõ îñöèëÿòîðiâ çàëåæíî âiä ïîâåäiíêè íåâèïàäêîâèõ ôóíêöié gij(t) ìîæíà
áóäóâàòè ðiçíi ìîäåëi îñöèëÿòîðiâ ç äîâiëüíèì ïîðÿäêîì ðîñòó àìïëiòóä.
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