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ÓÇÀÃÀËÜÍÅÍÍß ÔÓÍÊÖIÉ ÁÅÑÑÅËß

The transformation of the ordinary linear fourth-order differential equations with constant coeffi-
cients by means of fractional integro-differential operator is considered. As a result the generalized
Bessel functions are obtained. The problem of generalization to higher orders of the same functions
is stated.

Ðîçãëÿäàþòüñÿ ïåðåòâîðåííÿ ëiíiéíîãî äèôåðåíöiàëüíîãî ðiâíÿííÿ ÷åòâåðòîãî ïîðÿäêó iç ïî-
ñòiéíèìè êîåôiöi¹íòàìè çà äîïîìîãîþ îïåðàòîðà äðîáîâîãî iíòåãðî-äèôåðåíöiþâàííÿ. Ðå-
çóëüòàòîì ïåðåòâîðåííÿ ¹ óçàãàëüíåíi ôóíêöi¨ Áåññåëÿ. Ñòàâèòüñÿ çàäà÷à íà âèùèé ðiâåíü
óçàãàëüíåííÿ öèõ æå ôóíêöié.

Ìåòîþ ðîáîòè ¹ ïîïóëÿðèçàöiÿ ìîæëèâîñòåé äðîáîâîãî iíòåãðî-äèôåðåíöiþ-
âàííÿ.

Ó ñòàòòi ðîçãëÿäàþòüñÿ ïåðåòâîðåííÿ ëiíiéíîãî äèôåðåíöiàëüíîãî ðiâíÿííÿ
÷åòâåðòîãî ïîðÿäêó çà äîïîìîãîþ îïåðàòîðà íåâèçíà÷åíîãî äðîáîâîãî iíòåãðî-
äèôåðåíöiþâàííÿ. Ðîçâ'ÿçêè ïåðåòâîðåíîãî ðiâíÿííÿ óçàãàëüíþþòü ôóíêöi¨ Áåñ-
ñåëÿ. Ìåòîäèêà ïåðåòâîðåíü ïîâòîðþ¹ äi¨, îïèñàíi â [1] òà [2]. Òîìó äëÿ äåòàëü-
íîãî îçíàéîìëåííÿ iç îñîáëèâîñòÿìè íàñòóïíîãî âèêëàäó âàðòî çâåðíóòèñü äî
çãàäàíèõ äæåðåë.

Ðîçãëÿíåìî äèôåðåíöiàëüíå ðiâíÿííÿ

y(4) + 2y′′ + y = 0, y = y(x),

ÿêå óòâîðåíå äîäàâàííÿì äâîõ ðiâíÿíü ãàðìîíiéíèõ êîëèâàíü òà äâi÷i ïðîäè-
ôåðåíöiéîâàíîãî çà x öüîãî æ ðiâíÿííÿ. Âèêîíó¹ìî çàìiíó íåçàëåæíî¨ çìiííî¨:

z = x2,

i, ïiñëÿ î÷åâèäíèõ ïåðåòâîðåíü, îäåðæó¹ìî
16z2u(4) + 48zu′′′ + (12 + 8z)u′′ + 4u′ + u = 0, u = u(z). (1)

Ïîçíà÷èìî ÷åðåç Dr îïåðàòîð íåâèçíà÷åíîãî äðîáîâîãî iíòåãðî-äèôåðåíöiþ-
âàííÿ, äå r � ïîðÿäîê îïåðàòîðà, r ∈ R. Çâàæàþ÷è íà íàñòóïíå äèôåðåíöiþ-
âàííÿ òà éîãî îñîáëèâîñòi [2], äîïîâíþ¹ìî (1) ïðàâîþ ÷àñòèíîþ � äîäàòêîâèìè
ôóíêöiÿìè iíòåãðî-äèôåðåíöiþâàííÿ:

16z2u(4) + 48zu′′′ + (12 + 8z)u′′ + 4u′ + u =
∞∑

k=1

Ck
zr−k

Γ(r + 1− k)
. (2)

Äèôåðåíöiþ¹ìî (2) îïåðàòîðîì Dr.

16z2Dr+4u + 32
(
r + 3

2

)
Dr+3u + 16

(
r2 + 2r + 3

4
+ 1

2
z
)
Dr+2+

+8
(
r + 1

2

)
Dr+1u + Dru =

∞∑
i=1

Ei
z−r−i

Γ(r−1−i)
,

äå Ei =const � äîâiëüíi ñòàëi iíòåãðî-äèôåðåíöiþâàííÿ (íàäàëi ââàæà¹ìî Ei =0).
Ïðîâîäèìî çàìiíó

Dru = zsv, s = const :
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16z4v(4) + 16z3(2r + 4s + 3)ν ′′′+

+16z2
[
6s(s− 1) + 6s

(
r + 3

2

)
+

(
r + 1

2

) (
r + 3

2

)
+ 1

2
z
]
ν ′′+

+8z
[
8s(s−1)(s−2) + 12s(s−1)

(
r+ 3

2

)
+ 4s

(
r+ 1

2

)(
r+ 3

2

)
+

(
r+2s+ 1

2
z
)]

ν ′+

+
[
16s(s− 1)(s− 2)(s− 3) + 32s(s− 1)(s− 2)

(
r + 3

2

)
+ 4s

(
r + 1

2

) (
r + 3

2

)
+

+16s(s− 1)
(
r + 1

2

) (
r + 3

2

)
+ 8s

(
r + s− 1

2

)
z + z2

]
ν = 0.

Íàðåøòi, ïåðåõîäèìî äî ïî÷àòêîâî¨ íåçàëåæíî¨ çìiííî¨

x = z
1
2 , ν(z) → W (x).

x4W (4)+4(r+2s)x3W ′′′+
[
24s(s−1)+24s

(
r+ 3

2

)−24s+4r(r−1)+2x2
]
x2W ′′+

+[32s(s−1)(s−2)+48s(s−1)(r+1)+16sr
(
r + 2

2

)−4r(r−1)+4(r+2s)x2]xW ′+

+
[
16s(s− 1)(s− 2)(s− 3)+32s(s− 1)(s− 2)

(
r + 3

2

)
+

+16s(s− 1)
(
r + 1

2

) (
r + 3

2

)
+ 8s

(
r + s− 1

2

)
x2 + x4

]
W = 0.

(3)

Ðîçâ'ÿçîê (3) øóêà¹ìî ó âèãëÿäi ñòåïåíåâîãî ðÿäó

W = a0x
λ + a1x

λ+2 + a2x
λ+4 + a3x

λ+6 + · · · ; λ = const. (4)

Ïiäñòàâëÿ¹ìî ðÿä (4) ó ðiâíÿííÿ (3). Çàñòîñîâó¹ìî ìåòîä íåâèçíà÷åíèõ êîå-
ôiöi¹íòiâ. Äëÿ ïîêàçíèêà λ çíàõîäèìî âèðàç:

λ2 + (4r + 8s− 6)λ2 + (24s2 + 24rs + 4r2 − 16r − 16s + 11)λ2+

+(32s3 + 48rs2 + 16r2s− 72s2 − 64rs− 8r2 + 16r + 44s− 6)λ+

+16s4 + 32rs3 + 16rs3 + 16r2s2 − 48s3 − 64rs2 − 16r2s + 44s2 + 32rs− 12s = 0.

Éîãî ðîçâ'ÿçêàìè áóäóòü ÷îòèðè çíà÷åííÿ λ:
λ1 = 1− 2r − 2s; λ = 3− 2r − 2s; λ3 = 2− 2s; λ4 = −2s. (5)

Çíàõîäèìî òàêîæ ñïiââiäíîøåííÿ êîåôiöi¹íòiâ ðÿäó (4).
a1

a0
= 2

(λ+2s+2)(λ+2r+2s+1)
; a2

a1
=− 3

2(λ+2s+4)(λ+2r+2s+3)
;

a3

a2
= − 4

3(λ+2s+6)(λ+2r+2s+5)
; · · ·

an

an−1
= −

(n+1)
n

(λ+2s+2n)(λ+2r+2s+2n−1)
= −

n+1
n

22(λ
2
+s+n)(λ−1

2
+r+s+n)

.

Ïîäà¹ìî (4) iç âðàõóâàííÿì (5).
W =

(
x
2

)λ
[

1

Γ(λ
2
+s+1)Γ(λ+1

2
+r+s)

− 2(x
2 )

2

Γ(λ
2
+s+2)Γ(λ+3

2
+r+s)

+

+
3(x

2 )
4

Γ(λ
2
+s+3)Γ(λ+5

2
+r+s)

− · · ·
]

=

=
(

x
2

)λ
∞∑
i=0

(−1)i(i+1)(x
2 )

2i

Γ(λ
2
+s+1+i)Γ(λ+1

2
+r+s+i)

.
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Çâàæàþ÷è íà (5), çàïèñó¹ìî iíòåãðàëè (3) � óçàãàëüíåíi ôóíêöi¨ Áåññåëÿ:

W1 =
(x

2

)1−2r−2s
∞∑
i=0

(−1)i (i + 1)
(

x
2

)2i

i!Γ
(

3
2
− r + i

) ; (6)

W2 =
(x

2

)3−2r−2s
∞∑
i=0

(−1)i

(
x
2

)2i

i!Γ
(

5
2
− r + i

) ;

W3 =
(x

2

)2−2s
∞∑
i=0

(−1)i

(
x
2

)2i

i!Γ
(

3
2

+ r + i
) ;

W4 =
(x

2

)−2s
∞∑
i=0

(−1)i (i + 1)
(

x
2

)2i

i!Γ
(

1
2

+ r + i
) . (7)

ßêùî r = 1
2
, òî äâi iç ÷îòèðüîõ ôóíêöié ñòàþòü ëiíiéíî çàëåæíèìè

W1

(
1

2
, s, x

)
= W4

(
1

2
, s, x

)
; W2

(
1

2
, s, x

)
= W3

(
1

2
, s, x

)
.

Ó òàêîìó âèïàäêó ìîæíà çíàéòè ëiíiéíî íåçàëåæíi ëîãàðèôìi÷íi ðîçâ'ÿçêè çà
âiäîìèì ó ìàòåìàòè÷íîìó àíàëiçi ïðàâèëîì.

Äîñëiäèìî òàêîæ, ÿê ïîâ'ÿçàíi iíòåãðàëè (1) iç óçàãàëüíåíèìè ôóíêöiÿìè
Áåññåëÿ. ßêùî u(z) � ÿêèé-íåáóäü ðîçâ'ÿçîê ðiâíÿííÿ (1), òî âiäïîâiäíî äî âè-
êîíàíèõ ïåðåòâîðåíü, ôóíêöi¨ (6)�(7) ìàþòü òàêå ïîäàííÿ:

W (x) = z−s Dru(z)| z = x2.

Òîìó çâîðîòíèì ïåðåòâîðåííÿì

u(z) = D−ru(z) (zsW (z))

ìîæíà âñòàíîâèòè, ÿêi ðîçâÿçêè (1) ãåíåðóþòü ôóíêöi¨ Áåññåëÿ. Ïîêàæåìî öå
äëÿ W1(x) iç (6):

W1(z) = z
1
2
−r−s

∞∑
i=0

(−1)i (i + 1)zi

i!22iΓ
(

3
2
− r + i

) ;

zsW1(z) =
∞∑
i=0

(−1)i (i + 1)z
1
2
−r+i

i!22iΓ
(

3
2
− r + i

) ;

u1(z) = D−r (zsW1(z)) =
∞∑
i=0

(−1)i (i + 1)z
1
2
+i

i!22iΓ
(

3
2

+ i
) =

=
1

Γ
(

3
2

)
(

z
1
2

1!
− 2z

3
2

3!
+

3z
5
2

5!
− · · ·

)
=

1

2Γ
(

3
2

)
(
sin z

1
2 + z

1
2 cos z

1
2

)
.

Öiëêîì àíàëîãi÷íî çíàõîäèìî iíøi ãåíåðóþ÷i ðîçâ'ÿçêè:

u2(z) =
3!

Γ
(

5
2

)
(
sin z

1
2 − z

1
2 cos z

1
2

)
;
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u3(z) =
zr+1

Γ(r + 2)Γ
(
r + 3

2

) − 2zr+2

22Γ(r + 3)Γ
(
r + 5

2

) +
3zr+3

24Γ(r + 4)Γ
(
r + 7

2

) − · · · ;

u4(z) =
zr

Γ(r + 1)Γ
(
r + 1

2

) − 2zr+1

Γ(r + 2)Γ
(
r + 3

2

) +
3zr+2

Γ(r + 3)Γ
(
r + 5

2

) − · · · .

Íåâàæêî ïåðåêîíàòèñü, ùî u3(z) òà u4(z) íå ñïðàâäæóþòü îäíîðiäíå ðiâíÿí-
íÿ (1). Òîìó øóêà¹ìî ¨õ ñåðåä ÷àñòèííèõ ðîçâ'ÿçêiâ íåîäíîðiäíîãî ðiâíÿííÿ (2),
ç ÿêîãî i çíàõîäèìî, âèêîðèñòîâóþ÷è äâà ïåðøèõ ÷ëåíè ïðàâî¨ ÷àñòèíè.

u3(z) = N1D
−1−r

[
z

1
2
−rD−r

(
sin z

1
2 + z

1
2 cos z

1
2

)
;

u4(z) = N2D
1−r

[
z

3
2
−rD2−r

(
sin z

1
2 − z

1
2 cos z

1
2

)]
,

äå N1 i N2 � íîðìóâàëüíi ìíîæíèêè.
Ç ÷èñëåííî¨ ìíîæèíè öiêàâèõ âëàñòèâîñòåé îïèñàíèõ ôóíêöié ðîçãëÿíåìî

ëèøå ¨õ àñèìïòîòè÷íó ïîâåäiíêó äëÿ äîñòàòíüî âåëèêèõ x, ÿêà öiëêîì âèçíà÷à¹-
òüñÿ ñïiââiäíîøåííÿì îñíîâíèõ ïàðàìåòðiâ r òà s. ßêùî, íàïðèêëàä, r+2s=1, òî
àìïëiòóäà êîëèâàíü àñèìïòîòè÷íî ïîñòiéíà. Êîëè æ r + 2s > 1, òîäi àìïëiòóäà
ñïàäà¹; äëÿ r+2s<1 ìà¹ìî àñèìïòîòè÷íå çðîñòàííÿ àìïëiòóäè (äèâ. ðèñ. 1�3).

Ðèñ. 1. r = 1, 0, s = 0.
W1(x) � ñóöiëüíà òîíêà êðèâà; W2(x) � ñóöiëüíà æèðíà êðèâà;

W3(x) � ïóíêòèðíà òîíêà êðèâà; W4(x) � ïóíêòèðíà æèðíà êðèâà.

Íà çàêií÷åííÿ âiäçíà÷èìî, ùî iñíó¹ âåëèêèé êëàñ äèôåðåíöiàëüíèõ ðiâíÿíü,
ðîçâ'ÿçêè ÿêèõ ãåíåðóþòü óçàãàëüíåíi ôóíêöi¨ Áåññåëÿ. Öåé êëàñ îïèñó¹òüñÿ
âèðàçîì

n∑

k=0

(
n

k

)
D2(n−k)y(x) = 0, n ∈ N.

Ìè ñêîðèñòàëèñÿ ëèøå îäíèì ðiâíÿííÿì, ùî âiäïîâiäà¹ n = 2. Êàíîíi÷íå
ðiâíÿííÿ Áåññåëÿ ïîõîäèòü iç ðiâíÿííÿ ãàðìîíiéíèõ êîëèâàíü (n = 1), à âiäïî-
âiäíi éîãî êàíîíi÷íi ôóíêöi¨ ìàþòü ïîäàííÿ

Jv = z−sDr
(
sin z

1
2

)∣∣∣
z=x2

; J−v = z
1
2
−r−sD1−r

(
sin z

1
2

)∣∣∣
z=x2

,

ÿêùî ïîêëàñòè r = 1
2
−ν, s = ν

2
. Êëàñè÷íi ôóíêöi¨ Áåññåëÿ ãåíåðóþòüñÿ ïåðåòâî-

ðåííÿì sin x. Äëÿ óçàãàëüíåíèõ ôóíêöié Áåññåëÿ òâiðíèìè âèñòóïàþòü ñêëàäîâi
sin x, x cos x, x2 sin x, x3 cos x òà ií.
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Ðèñ. 2. r = 1, 0, s = 0, 1.
W1(x) � ñóöiëüíà òîíêà êðèâà; W2(x) � ñóöiëüíà æèðíà êðèâà;

W3(x) � ïóíêòèðíà òîíêà êðèâà; W4(x) � ïóíêòèðíà æèðíà êðèâà.

Ðèñ. 3. r = 1, 0, s = 0, 1.
W1(x) � ñóöiëüíà òîíêà êðèâà; W2(x) � ñóöiëüíà æèðíà êðèâà;

W3(x) � ïóíêòèðíà òîíêà êðèâà; W4(x) � ïóíêòèðíà æèðíà êðèâà.

Âèñíîâêè. Íàâåäåíèé ìåòîä ïåðåòâîðåííÿ äîçâîëÿ¹:
1) ðîçâèâàòè äèôåðåíöiàëüíi ðiâíÿííÿ i ïiäâèùóâàòè ¨õ iíôîðìàòèâíiñòü

âíàñëiäîê çðîñòàííÿ ïîðÿäêó i ââåäåííÿ íîâèõ ïàðàìåòðiâ;
2) óçàãàëüíþâàòè ñïåöiàëüíi ôóíêöi¨ òà íàäàâàòè ¨ì íîâi âëàñòèâîñòi.
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