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ÎÁÃÐÓÍÒÓÂÀÍÍß ÇÀÑÒÎÑÓÂÀÍÍß ÌÅÒÎÄÓ ÔÓÐ'� ÄÎ
ÇÀÄÀ×I ÏÐÎ ÊÎËÈÂÀÍÍß ÏÐßÌÎÊÓÒÍÎ� ÌÅÌÁÐÀÍÈ Ç
ÂÈÏÀÄÊÎÂÈÌÈ ÏÎ×ÀÒÊÎÂÈÌÈ ÓÌÎÂÀÌÈ Ç ÏÐÎÑÒÎÐÓ
ÎÐËI×À
The boundary-value problems for the hyperbolic type equations of mathematical physics with
random initial conditions from Orlicz space are investigated in the paper. The conditions of
existence of twice continuously differentiated solution of this problem with probability one are
found.

Çíàéäåíî óìîâè iñíóâàííÿ äâi÷i íåïåðåðâíî äèôåðåíöiéîâíîãî ðîçâ'ÿçêó çàäà÷i ãiïåðáîëi÷íîãî
òèïó ïðî êîëèâàííÿ ïðÿìîêóòíî¨ ìåìáðàíè ìàòåìàòè÷íî¨ ôiçèêè ç âèïàäêîâèìè ïî÷àòêîâèìè
óìîâàìè ç ïðîñòîðó Îðëi÷à.

Âñòóï. Çîáðàæåííÿ ðîçâ'ÿçêiâ ðiâíÿííÿ ìàòåìàòè÷íî¨ ôiçèêè ç âèïàäêîâèìè
ïî÷àòêîâèìè óìîâàìè çà äîïîìîãîþ âèïàäêîâèõ ôóíêöiîíàëüíèõ ðÿäiâ òà âè-
â÷åííÿ ¨õ âëàñòèâîñòåé, çîêðåìà óìîâ òà øâèäêîñòi çáiæíîñòi â ðiçíèõ ïðî-
ñòîðàõ ¹ äîñèòü öiêàâîþ òà âàæëèâîþ çàäà÷åþ òåîði¨ éìîâiðíîñòåé. Â ðîáîòi
ðîçãëÿäà¹òüñÿ êðàéîâà çàäà÷à ìàòåìàòè÷íî¨ ôiçèêè ãiïåðáîëi÷íîãî òèïó, à ñàìå
çàäà÷à ïðî êîëèâàííÿ ïðÿìîêóòíî¨ ìåìáðàíè, êîëè ïî÷àòêîâi óìîâè ¹ âèïàäêîâi
ïðîöåñè ç ïðîñòîðó Îðëi÷à. Äîñëiäæåíî äîñòàòíi óìîâè iñíóâàííÿ ç iìîâiðíiñòþ
îäèíèöÿ äâi÷i íåïåðåðâíî äèôåðåíöiéîâíîãî ðîçâ'ÿçêó òàêî¨ çàäà÷i.

Ïîäiáíà çàäà÷à äëÿ ðiâíÿííÿ ãiïåðáîëi÷íîãî òèïó ìàòåìàòè÷íî¨ ôiçèêè ó áà-
ãàòîâèìiðíîìó âèïàäêó êîëè ïî÷àòêîâi óìîâè ¹ ïðîöåñè Îðëi÷à ðîçãëÿäàëèñü
â [2] Â ìîíîãðàôiÿõ [1] i [4] ìîæíà çíàéòè ïîñèëàííÿ íà iíøi ðîáîòè, ÿêi ïðîâî-
äèëèñü â öüîìó íàïðÿìêó.

1. Âèïàäêîâi ïðîöåñè ç ïðîñòîðó Îðëi÷à.
Îçíà÷åííÿ 1 ( [1]). Íåõàé T - íå ïîðîæíÿ ìíîæèíà. Ôóíêöiÿ ρ : T ×T →

[0;∞) íàçèâà¹òüñÿ ïñåâäîìåòðèêîþ, ÿêùî âîíà çàäîâîëüíÿ¹ óìîâàì:
1) ρ (t, s) = ρ (s, t), t, s ∈ T ;

2) ρ (t, s) ≤ ρ (t, v) + ρ (v, s), t, s, v ∈ T ;

3) ρ (t, s) = 0, ÿêùî t = s.
Ïàðà (T, ρ) íàçèâà¹òüñÿ ïñåâäîìåòðè÷íèì ïðîñòîðîì.
Îçíà÷åííÿ 2 ( [1]). Ïàðíà íåïåðåðâíà îïóêëà ôóíêöiÿ u (x) íàçèâà¹òüñÿ

Ñ-ôóíêöi¹þ, ÿêùî u (0) = 0 i u (x) çðîñòà¹ ïðè x > 0.
Îçíà÷åííÿ 3 ( [1]). Áóäåìî ãîâîðèòè, ùî C-ôóíêöiÿ u çàäîâîëüíÿ¹ g-óìîâi,

ÿêùî iñíóþòü òàêi ñòàëi z0 > 0, k > 0, A > 0, ùî äëÿ âñiõ x > z0, y > z0

âèêîíó¹òüñÿ íåðiâíiñòü
u(x)u(y) ≤ Au(kxy).

Îçíà÷åííÿ 4 ( [1]). Íåõàé (T, ρ) � íåïóñòèé ìåòðè÷íèé ïðîñòið i ε > 0.
Ïîçíà÷èìî ÷åðåç Nρ (t, ε) íàéìåíøó ìîæëèâó êiëüêiñòü òî÷îê ε-ñiòêè ìíî-
æèíè T âiäíîñíî ïñåâäîìåòðèêè ρ. Ôóíêöiþ (Nρ (t, ε),ε > 0) áóäåìî íàçèâàòè
ìàñèâíiñòþ ìíîæèíè âiäíîñíî ïñåâäîìåòðèêè ρ.
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Íåõàé {Ω,=, P} ñòàíäàðòíèé éìîâiðíiñíèé ïðîñòið.
Îçíà÷åííÿ 5 ( [1]). Ïðîñòîðîì Îðëi÷à Lu (Ω) âèïàäêîâèõ âåëè÷èí, ïîðî-

äæåíèì Ñ-ôóíêñi¹þ u (x), íàçèâà¹òüñÿ òàêèé ïðîñòið âèïàäêîâèõ âåëè÷èí
ξ (ω) = ξ, ω ∈ Ω, ùî äëÿ êîæíî¨ ξ ∈ Lu (Ω) iñíó¹ òàêà êîíñòàíòà rξ, ùî
Eu

(
ξ
rξ

)
≤ ∞.

Ïðîñòið Îðëi÷à Lu (Ω) ¹ áàíàõîâèì ïðîñòîðîì âiäíîñíî íîðìè

‖ξ‖Lu
= inf

{
r > 0 : Eu

(
ξ

rξ

)
≤ 1

}
.

Îçíà÷åííÿ 6 ( [1]). Ïðîöåñ X = {X (t) , t ∈ T} íàëåæèòü ïðîñòîðó Îðëi÷à
Lu (Ω), ÿêùî äëÿ âñiõ t ∈ T âèïàäêîâà âåëè÷èíà X (t) íàëåæèòü Lu (Ω).

Îçíà÷åííÿ 7 ( [1]). Ñiì'ÿ âèïàäêîâèõ âåëè÷èí ξ ç ïðîñòîðó Îðëi÷à (Eξ = 0),
íàçèâà¹òüñÿ ñòðîãî îðëi÷åâîþ, ÿêùî iñíó¹ ñòàëà C∆, ùî äëÿ ñêií÷åííî¨ êiëü-
êîñòi ξi ∈ ∆, i ∈ I i äëÿ áóäü-ÿêîãî λi ∈ R1 âèêîíó¹òüñÿ íåðiâíiñòü

∥∥∥∥∥
∑
i∈I

λiξi

∥∥∥∥∥
Lu

≤ C∆


E

(∑
i∈I

λiξi

)2



1/2

.

Îçíà÷åííÿ 8 ( [1]). Âèïàäêîâèé ïðîöåñ X = {X (t) , t ∈ T}, (X ∈ Lu (Ω)) íà-
çèâà¹òüñÿ ñòðîãî îðëi÷åâèì, ÿêùî ñiì'ÿ âèïàäêîâèõ âåëè÷èí X = {X (t) , t ∈ T}
- ¹ ñòðîãî îðëi÷åâîþ. Âèïàäêîâi ïðîöåñè X ={X (t) , t ∈ T} òà Y ={Y (t) , t ∈ T}
íàçèâàþòüñÿ ñóìiñíî ñòðîãî îðëi÷åâèìè, ÿêùî ñiì'ÿ âèïàäêîâèõ âåëè÷èí
{X (t) , Y (t) , t ∈ T} ¹ ñòðîãî îðëi÷åâîþ.

Òåîðåìà 1 ( [1]). Íåõàé Xi = {Xi (t) , t ∈ T, i ∈ I} - ñiì'ÿ ñóìiñíî ñòðîãî
îðëi÷åâèõ ïðîöåñiâ, ïðè÷îìó iñíó¹ iíòåãðàë â ñåðåäíüîìó êâàäðàòè÷íîìó

ξki =

∫

T

ϕk (t) xi (t) dµ (t) .

Òîäi ñiì'ÿ âèïàäêîâèõ âåëè÷èí ∆ξ =
{
ξki, i ∈ I, k = 1,∞}

¹ ñòðîãî îðëi÷åâîþ
ñiì'¹þ.

Òåîðåìà 2 ( [1]). Íåõàé (T, d) - êîìïàêòíèé ìåòðè÷íèé ïðîñòið, Xn =
{Xn (t) , t ∈ T} - ïîñëiäîâíiñòü âèïàäêîâèõ ïðîöåñiâ, ÿêi íàëåæàòü ïðîñòîðó
Lu (Ω) òàêîìó, ùî äëÿ ôóíêöi¨ u âèêîíó¹òüñÿ g-óìîâà, ïðè÷îìó âñi ïðîöåñè
Xn(t) ñåïàðàáåëüíi íà (T, d) i

ρn(t, s) = ‖Xn(t)−Xn(s)‖Lu
.

Íåõàé âèêîíóþòüñÿ óìîâè:

1) ρ(t, s) ≤ z(d(t, s)),
äå ρ(t, s) = sup

n≥1
ρn(t, s), z = {z(x), x > 0} òàêà ôóíêöiÿ, ùî z(x) → 0 êîëè

x → 0;
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2) Nρ(u) - ìåòðè÷íà ìàñèâíiñòü ïðîñòîðó (T, ρ);

3) äëÿ áóäü-ÿêîãî ε > 0
ε∫
0

(Nρ(u))du < ∞.

Òîäi äëÿ áóäü-ÿêîãî δ > 0

lim
ε→0

sup
n≥1

P



 sup

t,s∈T

d(t,s)<ε

|Xn(t)−Xn(s)| > δ



 = 0.

Òåîðåìà 3 ( [1]). Íåõàé (T, d) - êîìïàêòíèé ìåòðè÷íèé ïðîñòið, C(T )
- ïðîñòið Áàíàõà íåïåðåðâíèõ ôóíêöié ç ðiâíîìiðíîþ íîðìîþ. Íåõàé Xn =
{Xn (t) , t ∈ T}, n ≥ 1 - ïîñëiäîâíiñòü âèïàäêîâèõ âåëè÷èí ç ïðîñòîðó C(T ).
Ïîñëiäîâíiñòü Xn(t) çáiãà¹òüñÿ çà éìîâiðíiñòþ â C(T ), ÿêùî âèêîíóþòüñÿ
óìîâè:

1) äëÿ áóäü-ÿêîãî t ∈ Ts, äå Ts äîâiëüíà ùiëüíà â T ìíîæèíà, ïîñëiäîâíiñòü
{Xn(t), n ≥ 1} çáiãà¹òüñÿ çà éìîâiðíiñòþ;

2) äëÿ áóäü-ÿêîãî δ > 0

lim
ε→0

sup
n≥1

P



 sup

t,s∈T

d(t,s)<ε

|Xn(t)−Xn(s)| > δ



 = 0.

Òåîðåìà 4 ( [2]). Íåõàé Rk - k-âèìiðíèé ïðîñòið,

d(t, s) = max
1≤i≤k

|ti − si| ,

T = {0 ≤ ti ≤ Ti, i = 1, 2, . . . , k}, Xn = {Xn(t), t ∈ T}, n = 1, 2, . . . - ïîñëiäîâ-
íiñòü âèïàäêîâèõ ïðîöåñiâ, ùî íàëåæàòü ïðîñòîðó Îðëi÷à âèïàäêîâèõ âåëè-
÷èí, äå äëÿ ôóíêöi¨ u âèêîíó¹òüñÿ g-óìîâà. Íåõàé âèêîíóþòüñÿ óìîâè:

1) ïðîöåñè Xn(t) - ñåïàðàáåëüíi;

2) Xn(t) → X(t) ïðè n →∞, t ∈ T çà éìîâiðíiñòþ;

3) sup
d(t,s)≤h

sup
n=1,∞

‖Xn(t)−Xn(s)‖ ≤ σ(h), äå σ = {σ(h), h > 0} òàêà íåïåðåðâíà

ìîíîòîííà çðîñòàþ÷à ôóíêöiÿ, ùî σ(h) → 0 êîëè h → 0;

4) äëÿ äåÿêîãî ε > 0

ε∫

0

u(−1)

(
k∏

i=1

(
Ti

2σ(−1)(u)
+ 1

))
du < ∞,

äå σ(−1)(u) - ôóíêöiÿ îáåðíåíà äî σ(u).

Òîäi ïðîöåñè Xn(t) çáiãàþòüñÿ çà éìîâiðíiñòþ â ïðîñòîði C(T ).
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Òåîðåìà 5 ( [3]). Íåõàé ξ(X), Eξ(X) = 0, X ∈ T , T = {(x, y) |ai ≤ xi ≤ bi, i = 1, . . . , n}
- íåïåðåðâíå ç éìîâiðíiñòþ îäèíèöÿ âèïàäêîâå ïîëå. Íåõàé ôóíêöiÿ B(X,Y ) =
Eξ(X)ξ(Y ) - êîðåëÿöiéíà ôóíêöiÿ ïîëÿ ξ(X). Íåõàé iñíóþòü ÷àñòèííi ïîõi-
äíi Bii(X, Y ) = ∂2B(X,Y )

∂Xi∂Yi
, i = 1, 2. Bii(X,Y ) - êîðåëÿöiéíi ôóíêöi¨ ïîõiäíèõ â

ñåðåäíüîìó êâàäðàòè÷íîìó ∂ξ(X)
∂xi

. ßêùî iñíó¹ íåïåðåðâíà ç éìîâiðíiñòþ îäè-
íèöÿ ìîäèôiêàöiÿ ïîëÿ ∂ξ(X)

∂xi
, i = 1, . . . , n, òîäi, öÿ ìîäèôiêàöiÿ ¹ çâè÷àéíîþ

÷àñòèííîþ ïîõiäíîþ âèïàäêîâîãî ïîëÿ ξ(X).
2. Îñíîâíèé ðåçóëüòàò.
Äîñëiäèìî êîëèâàííÿ îäíîðiäíî¨ ïðÿìîêóòíî¨ ìåìáðàíè iç ñòîðîíàìè a i b,

ÿêi çäiéñíþþòüñÿ âíàñëiäîê ïî÷àòêîâîãî âiäõèëåííÿ i ïî÷àòêîâî¨ øâèäêîñòi,
ÿêùî êðàé ìåìáðàíè íåðóõîìî çàêðiïëåíèé [5].

Ðîçãëÿíåìî ðiâíÿííÿ âèãëÿäó:

∂2u

∂x2
+

∂2u

∂y2
− ∂2u

∂t2
= 0, (1)

u = u(t, x, y),

x ∈ [0, a] , y ∈ [0, b] , t ∈ [0, T ] ,

ÿêå çàäîâîëüíÿ¹ ïî÷àòêîâèì óìîâàì

u|t=0 = ξ(x, y),
∂u

∂t

∣∣∣∣
t=0

= η(x, y), (2)

êðàéîâié óìîâi
u|x=0 = u|x=a = u|y=0 = u|y=b = 0. (3)

Ïî÷àòêîâi óìîâè (ξ(x, y), x ∈ [0; a] , y ∈ [0; b]) i (η(x, y), x ∈ [0; a] , y ∈ [0; b]) ¹
âèïàäêîâi ïðîöåñè ç ïðîñòîðó Îðëi÷à, äëÿ ÿêèõ âèêîíóþòüñÿ óìîâè:

ξ(0, y) = ξ(a, y) = ξ(x, 0) = ξ(x, b) = 0, (4)

η(0, y) = η(a, y) = η(x, 0) = η(x, b) = 0. (5)
Ïîçíà÷èìî êîðåëÿöiéíi ôóíêöi¨ öèõ ïðîöåñiâ:

Bξ(x, y, x1, y1) = Eξ(x, y)ξ(x1, y1),

x, x1 ∈ [0; a] , y, y1 ∈ [0; b] ;

Bη(x, y, x1, y1) = Eη(x, y)η(x1, y1),

x, x1 ∈ [0; a] , y, y1 ∈ [0; b] ;

Ïðè âèêîðèñòàííi ìåòîäó Ôóð'¹, íåçàëåæíî âiä òîãî ÷è ¹ ïî÷àòêîâi óìîâè
äåòåðìiíîâàíèìè ÷è âèïàäêîâèìè, ðîçâ'ÿçîê øóêà¹òüñÿ ó âèãëÿäi:

u =
∞∑
i=1

vi(x, y)(ai cos λit + bi sin λit), (6)

äå âëàñíi ôóíêöi¨ vi(x, y) ¹ ðîçâ'ÿçêîì ðiâíÿííÿ:

∆vi(x, y) + λ2
i vi(x, y) = 0, (7)
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ÿêi çàäîâîëüíÿþòü óìîâàì (3). Âèêîðèñòîâóþ÷è ìåòîä âiäîêðåìëåííÿ çìiííèõ
âëàñíi ôóíêöi¨ vi ìîæíà çàïèñàòè ó âèãëÿäi:

vi(x, y) =
2√
ab

sin
πkix

a
sin

πliy

b
. (8)

Âëàñíi ôóíêöi¨ vi(x, y) âiäïîâiäàþòü âëàñíèì çíà÷åííÿì λi ðiâíÿííÿ (7):

λ2
i = π2

(
k2

i

a2
+

l2i
b2

)
, (9)

äå êîåôiöiåíòè ai i bi çîáðàæóþòüñÿ òàê:

ai =

a∫

0

b∫

0

ξ(x, y)vi(x, y)dxdy;

bi =

a∫

0

b∫

0

η(x, y)vi(x, y)dxdy.

Ïîçíà÷èìî ÷åðåç D = [0; a]× [0; b].
Òåîðåìà 6. Íåõàé (ξ(x, y), x ∈ [0; a] , y ∈ [0; b]), (η(x, y), x ∈ [0; a] , y ∈ [0; b])

¹ âèïàäêîâi ïðîöåñè ç ïðîñòîðó Îðëi÷à LU(Ω). Äëÿ òîãî, ùîá ç éìîâiðíiñòþ
îäèíèöÿ â îáëàñòi D iñíóâàâ äâi÷i íåïåðåðâíî äèôåðåíöiéîâíèé ðîçâ'ÿçîê çàäà÷i
(1)-(3), ùî çîáðàæó¹òüñÿ ó âèãëÿäi ðiâíîìiðíî çáiæíîãî çà éìîâiðíiñòþ ðÿäó
(6), äîñòàòíüî ùîá âèêîíóâàëèñü óìîâè:

1) iñíóâàëè ç éìîâiðíiñòþ îäèíèöÿ ïîõiäíi:
∂2ξ(x, y)

∂x2
,
∂2ξ(x, y)

∂y2
,
∂2ξ(x, y)

∂x∂y
,
∂η(x, y)

∂x
,
∂η(x, y)

∂y
;

2) äëÿ âñiõ (x, y) ∈ D ðÿä (6) i ðÿäè
∞∑
i=1

λivi(x, y)(ai sin λit− bi cos λit), (10)

∞∑
i=1

πki

a

2√
ab

cos
πkix

a
sin

πliy

b
(ai cos λit + bi sin λit), (11)

∞∑
i=1

πli
b

2√
ab

sin
πkix

a
cos

πliy

b
(ai cos λit + bi sin λit), (12)

∞∑
i=1

λ2
i vi(x, y)(ai cos λit + bi sin λit), (13)

∞∑
i=1

(
πki

a

)2

vi(x, y)(ai cos λit + bi sin λit), (14)

∞∑
i=1

(
πli
b

)2

vi(x, y)(ai cos λit + bi sin λit), (15)

çáiãàëèñÿ ðiâíîìiðíî çà éìîâiðíiñòþ.
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Äîâåäåííÿ. Îñêiëüêè iñíóþòü ïiäïîñëiäîâíîñòi ÷àñòêîâèõ ñóì ðÿäiâ (6),
(10)-(15), ÿêi çáiãàþòüñÿ ðiâíîìiðíî çà éìîâiðíiñòþ, òî òåîðåìà äîâîäèòüñÿ ÿê i
â äåòåðìiíîâàíîìó âèïàäêó.

Ëåìà 1 ( [2]). Íåõàé ïî÷àòêîâi óìîâè (ξ(x, y), x ∈ [0; a] , y ∈ [0; b]), (η(x, y),
x ∈ [0; a] , y ∈ [0; b]) ¹ ñòðîãî îðëi÷åâi ç ïðîñòîðó Lu(Ω) i âèêîíóþòüñÿ óìî-
âè òåîðåìè 6. Òîäi ñóìè âèïàäêîâèõ ðÿäiâ (6), (10)�(15) ¹ òàêîæ âèïàäêîâi
ïðîöåñè iç ïðîñòîðó Îðëi÷à.

Ïîçíà÷èìî äëÿ n ≥ 0

S(0)
n =

n∑
i=1

vi(x, y)(ai cos λit + bi sin λit),

S(1)
n =

n∑
i=1

λivi(x, y)(ai sin λit− bi cos λit),

S(2)
n =

n∑
i=1

πki

a

2√
ab

cos
πkix

a
sin

πliy

b
(ai cos λit + bi sin λit),

S(3)
n =

n∑
i=1

πli
b

2√
ab

sin
πkix

a
cos

πliy

b
(ai cos λit + bi sin λit),

S(4)
n =

n∑
i=1

λ2
i vi(x, y)(ai cos λit + bi sin λit),

S(5)
n =

n∑
i=1

(
πki

a

)2

vi(x, y)(ai cos λit + bi sin λit),

S(6)
n =

n∑
i=1

(
πli
b

)2

vi(x, y)(ai cos λit + bi sin λit).

Òåîðåìà 7. Íåõàé (ξ(x, y), x ∈ [0; a] , y ∈ [0; b]), (η(x, y), x ∈ [0; a] , y ∈ [0; b]) ¹
ñóìiñíî ñòðîãî Îðëi÷åâi âèïàäêîâi ïðîöåñè iç ïðîñòîðó Lu(Ω). Äëÿ òîãî, ùîá ç
éìîâiðíiñòþ îäèíèöÿ iñíóâàâ äâi÷i íåïåðåðâíî äèôåðåíöiéîâíèé ðîçâ'ÿçîê (1)-
(3) â îáëàñòi [0, a]× [0, b]× [0; T ], ùî çîáðàæó¹òüñÿ ó âèãëÿäi ðÿäó (6) ðiâíî-
ìiðíî çáiæíîãî çà éìîâiðíiñòþ, äîñòàòíüî, ùîá âèêîíóâàëèñü óìîâè:

1) iñíóâàëè íåïåðåðâíi ç éìîâiðíiñòþ îäèíèöÿ ïîõiäíi:

∂2ξ(x, y)

∂x2
,
∂2ξ(x, y)

∂y2
,
∂2ξ(x, y)

∂x∂y
,
∂η(x, y)

∂x
,
∂η(x, y)

∂y
;

2) äëÿ âñiõ (x, y) ∈ D çáiãàëèñÿ òàêi ðÿäè:
∞∑
i=1

∞∑
j=1

vi(x, y)vj(x, y) (Eaiaj cos λit cos λjt + Ebibj sin λit sin λjt+

+2Eaibj cos λit sin λjt) ,
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∞∑
i=1

∞∑
j=1

λiλjvi(x, y)vj(x, y) (Eaiaj sin λit sin λjt + Ebibj cos λit cos λjt−

−2Eaibj sin λit cos λjt) ,

∞∑
i=1

∞∑
j=1

πki

a

πkj

a
cos

πkix

a
sin

πliy

b
cos

πkjx

a
sin

πljy

b
(Eaiaj cos λit cos λjt+

+Ebibj sin λit sin λjt + 2Eaibj cos λit sin λjt) ,

∞∑
i=1

∞∑
j=1

πli
b

πlj
b

sin
πkix

a
cos

πliy

b
sin

πkjx

a
cos

πljy

b
(Eaiaj cos λit cos λjt+

+Ebibj sin λit sin λjt + 2Eaibj cos λit sin λjt) ,

∞∑
i=1

∞∑
j=1

λ2
i λ

2
jvi(x, y)vj(x, y) (Eaiaj cos λit cos λjt + Ebibj sin λit sin λjt+

+2Eaibj cos λit sin λjt) ,

∞∑
i=1

∞∑
j=1

(
πki

a

)2 (
πkj

a

)2

vi(x, y)vj(x, y) (Eaiaj cos λit cos λjt + Ebibj sin λit sin λjt+

+2Eaibj cos λit sin λjt) ,

∞∑
i=1

∞∑
j=1

(
πli
b

)2 (
πlj
b

)2

vi(x, y)vj(x, y) (Eaiaj cos λit cos λjt + Ebibj sin λit sin λjt+

+2Eaibj cos λit sin λjt) .

3) äëÿ n ≥ k = 0, 1, . . . , 6

sup
|x−x1|≤h
|y−y1|≤h
|t−t1|≤h

(
E

∣∣S(k)
n (x, y, t)− S(k)

n (x1, y1, t1)
∣∣2

)1/2

≤ σk(h),

äå σk(h) íåïåðåðâíi ìîíîòîííî çðîñòàþ÷i ôóíêöi¨, òàêi, ùî σk(h) → 0
ïðè h → 0 i âèêîíóâàëèñü óìîâè:

ε∫

0

U (−1)

[(
a

2σ
(−1)
k (u)

+ 1

)(
b

2σ
(−1)
k (u)

+ 1

)(
T

2σ
(−1)
k (u)

+ 1

)]
du < ∞,

σ
(−1)
k (u) - îáåðíåíi äî ôóíêöié σk(u).

Äîâåäåííÿ. Óìîâà 2) çàáåçïå÷ó¹ çáiæíiñòü â ñåðåäíüîìó êâàäðàòè÷íîìó
ðÿäiâ (6), (10)�(15). Çãiäíî òåîðåìè 4 i ëåìè 1 ðÿäè (6), (10)�(15) çáiãàþòüñÿ çà
éìîâiðíiñòþ â C([0, a] × [0, b]× [0; T ]). Òîäi äàíà òåîðåìà âèïëèâà¹ ç òåîðåìè
6.
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Òåîðåìà 8. Íåõàé (ξ(x, y), x ∈ [0; a] , y ∈ [0; b]), (η(x, y), x ∈ [0; a] , y ∈ [0; b])
ñóìiñíî ñòðîãî îðëi÷åâi ïðîöåñè ç ïðîñòîðó Lu(Ω), äå p > 1. Ïîêëàäåìî

Bξ(x, y, x1, y1) = Eξ(x, y)ξ(x1, y1),

Bη(x, y, x1, y1) = Eη(x, y)η(x1, y1).

Äëÿ òîãî, ùîá ç éìîâiðíiñòþ îäèíèöÿ iñíóâàâ äâi÷i íåïåðåðâíî äèôåðåíöiéîâ-
íèé ðîçâ'ÿçîê (1)-(3) â îáëàñòi [0, a] × [0, b] × [0; T ], ùî çîáðàæó¹òüñÿ ó
âèãëÿäi ðÿäó (6), ÿêèé ¹ ðiâíîìiðíî çáiæíèì çà éìîâiðíiñòþ, äîñòàòíüî, ùîá
âèêîíóâàëèñü óìîâè:

1) iñíóþòü íåïåðåðâíi ÷àñòèííi ïîõiäíi:

Bξ11 =
∂4Bξ(x, y, x1, y1)

∂x2∂x2
1

,

Bξ22 =
∂4Bξ(x, y, x1, y1)

∂y2∂y2
1

,

Bξ12 =
∂4Bξ(x, y, x1, y1)

∂x∂x1∂y∂y1

,

Bη11 =
∂2Bη(x, y, x1, y1)

∂x∂x1

,

Bη22 =
∂2Bη(x, y, x1, y1)

∂y∂y1

,

i äëÿ äîñòàòíüî ìàëèõ h âèêîíóþòüñÿ íåðiâíîñòi:

sup
|x−x1|≤h
|y−y1|≤h

(Bξs(x, y, x, y) + Bξs(x1, y1, x1, y1)− 2Bξs(x, y, x1, y1))
1/2 ≤ cs|h|δ,

sup
|x−x1|≤h
|y−y1|≤h

(Bηs1(x, y, x, y) + Bηs1(x1, y1, x1, y1)− 2Bηs1(x, y, x1, y1))
1/2 ≤ cs1|h|δ,

äå δ > 3
p

s = 11, 12, 22; s1 = 11, 22.

2) çáiãàþòüñÿ íàñòóïíi ðÿäè:
∞∑
i=1

∞∑
j=1

λ2
i λ

2
j [|Eaiaj|+ |Ebibj − 2 |Eaibj||] ,

∞∑
i=1

∞∑
j=1

k2
i k

2
j [|Eaiaj|+ |Ebibj + 2 |Eaibj||] ,

∞∑
i=1

∞∑
j=1

l2i l
2
j [|Eaiaj|+ |Ebibj + 2 |Eaibj||] ;
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3) äëÿ äîâiëüíèõ δ > 3
p
i |h| < 1 âèêîíóþòüñÿ íàñòóïíi óìîâè:

∞∑
i=1

λ2
i

[(
Ea2

i

)1/2
+

(
Eb2

i

)1/2
] (

(ln ki)
δ + (ln li)

δ
)

< ∞,

∞∑
i=1

k2
i

[(
Ea2

i

)1/2
+

(
Eb2

i

)1/2
] (

(ln ki)
δ + (ln li)

δ
)

< ∞,

∞∑
i=1

l2i

[(
Ea2

i

)1/2
+

(
Eb2

i

)1/2
] (

(ln ki)
δ + (ln li)

δ
)

< ∞.

Äîâåäåííÿ. Óìîâà 1) äàíî¨ òåîðåìè çàáåçïå÷ó¹ âèêîíàííÿ óìîâè 1) òåîðå-
ìè 7. Óìîâà 2) äàíî¨ òåîðåìè çàáåçïå÷ó¹ âèêîíàííÿ óìîâè 2) òi¹¨ æ òåîðåìè.
Äîâåäåìî, ùî iç âèêîíàííÿ óìîâè 3) äàíî¨ òåîðåìè âèïëèâà¹ âèêîíàííÿ óìîâè
3) òåîðåìè 7. Ðîçãëÿíåìî

(
E

∣∣S(0)
n (x, y, t)− S(0)

n (x1, y1, t1)
∣∣2

) 1
2

=

=

(
E

∣∣∣∣∣
n∑

i=1

√
4

ab
sin

πkix

a
sin

πliy

b
(ai cos λit + bi sin λit) −

−
n∑

i=1

√
4

ab
sin

πkix1

a
sin

πliy1

b
(ai cos λit1 + bi sin λit1)

∣∣∣∣∣

2



1
2

≤

≤
√

4

ab

n∑
i=1

[(
Ea2

i

) 1
2

∣∣∣∣sin
πkix

a
sin

πliy

b
cos λit− sin

πkix1

a
sin

πliy1

b
cos λit1

∣∣∣∣ +

+
(
Eb2

i

) 1
2

∣∣∣∣sin
πkix

a
sin

πliy

b
sin λit − sin

πkix1

a
sin

πliy1

b
sin λit1

∣∣∣∣
]

.

Âèêîðèñòà¹ìî íåðiâíiñòü [4]

| sin uv| ≤ (ln(|v|+ eδ))δ

(| ln |u‖)δ
, δ > 0.

∣∣∣∣sin
πkix

a
sin

πliy

b
cos λit− sin

πkix1

a
sin

πliy1

b
cos λit1

∣∣∣∣ ≤

≤
[∣∣∣∣sin

πkix

a
− sin

πkix1

a

∣∣∣∣ +

∣∣∣∣sin
πliy

b
− sin

πliy1

b

∣∣∣∣ + [|cos λit− cos λit1|] ≤

≤ 2

(∣∣∣∣sin
πki(x− x1)

2a

∣∣∣∣ +

∣∣∣∣sin
πli(y − y1)

2b

∣∣∣∣ +

∣∣∣∣sin
λi(t− t1)

2

∣∣∣∣
)
≤

≤ 2

((
ln

(
πki

2a
+ eδ

))δ

|ln |x− x1||δ
+

(
ln

(
πli
2b

+ eδ
))δ

|ln |y − y1||δ
(
ln

(
λi

2
+ eδ

))δ

|ln |−t1||δ
)
≤
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≤ 2

|ln |h||δ
((

ln

(
πki

2a
+ eδ

))δ

+

(
ln

(
πli
2b

+ eδ

))δ

+

+


ln


π

√
k2

i

a2 +
l2i
b2

2
+ eδ







δ

 ≤

≤ 2

|ln |h||δ
(

(ln ki)
δ + (ln li)

δ +
1

2

(
(ln ki)

δ + (ln li)
δ
))

=

=
3

|ln |h||δ
(
(ln ki)

δ + (ln li)
δ
)

.

Àíàëîãi÷íî ìîæíà îòðèìàòè, ùî
∣∣∣∣sin

πkix

a
sin

πliy

b
sin λit− sin

πkix1

a
sin

πliy1

b
sin λit1

∣∣∣∣ ≤

≤ 3

|ln |h||δ
(
(ln ki)

δ + (ln li)
δ
)

.

Îòæå (
E

∣∣S(0)
n (x, y, t)− S(0)

n (x1, y1, t1)
∣∣2

) 1
2 ≤ C0

|ln |h||δ ,

äå

C0 =

√
36

ab

∞∑
i=1

[(
Ea2

i

) 1
2 +

(
Eb2

i

) 1
2

] (
(ln ki)

δ + (ln li)
δ
)

.

(
E

∣∣S(1)
n (x, y, t)− S(1)

n (x1, y1, t1)
∣∣2

) 1
2

(
E

∣∣∣∣∣
n∑

i=1

λi

√
4

ab
sin

πkix

a
sin

πliy

b
(ai sin λit− bi cos λit) −

−
n∑

i=1

λi

√
4

ab
sin

πkix1

a
sin

πliy1

b
(ai sin λit1 − bi cos λit1)

∣∣∣∣∣

2



1
2

≤

≤
√

4

abc

n∑
i=1

λi

[(
Ea2

i

) 1
2

∣∣∣∣sin
πkix

a
sin

πliy

b
sin λit − sin

πkix1

a
sin

πliy1

b
sin λit1

∣∣∣∣ +

+
(
Eb2

i

) 1
2

∣∣∣∣sin
πkix

a
sin

πliy

b
cos λit − sin

πkix1

a
sin

πliy1

b
cos λit1

∣∣∣∣
]

.

Òîäi (
E

∣∣S(1)
n (x, y, t)− S(1)

n (x1, y1, t1)
∣∣2

) 1
2 ≤ C1

|ln |h||δ ,

äå

C1 =

√
36

ab

∞∑
i=1

λi

[(
Ea2

i

) 1
2 +

(
Eb2

i

) 1
2

] (
(ln ki)

δ + (ln li)
δ
)

.
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(
E

∣∣S(2)
n (x, y, t)− S(2)

n (x1, y1, t1)
∣∣2

) 1
2

=

=

(
E

∣∣∣∣∣
n∑

i=1

πki

a

√
4

ab
cos

πkix

a
sin

πliy

b
(ai cos λit + bi sin λit) −

−
n∑

i=1

πki

a

√
4

ab
cos

πkix1

a
sin

πliy1

b
(ai cos λit1 + bi sin λit1)

∣∣∣∣∣

2



1
2

≤

≤ π

√
4

a3b

n∑
i=1

ki

[(
Ea2

i

) 1
2

∣∣∣∣cos
πkix

a
sin

πliy

b
cos λit − cos

πkix1

a
sin

πliy1

b
cos λit1

∣∣∣∣ +

+
(
Eb2

i

) 1
2

∣∣∣∣cos
πkix

a
sin

πliy

b
sin λit − cos

πkix1

a
sin

πliy1

b
sin λit1

∣∣∣∣
]

.

Òîìó (
E

∣∣S(2)
n (x, y, t)− S(2)

n (x1, y1, t1)
∣∣2

) 1
2 ≤ C2

|ln |h||δ ,

äå

C2 = π

√
36

a3b

∞∑
i=1

ki

[(
Ea2

i

) 1
2 +

(
Eb2

i

) 1
2

] (
(ln ki)

δ + (ln li)
δ
)

.

(
E

∣∣S(3)
n (x, y, t)− S(3)

n (x1, y1, t1)
∣∣2

) 1
2

=

=

(
E

∣∣∣∣∣
n∑

i=1

πli
b

√
4

ab
sin

πkix

a
cos

πliy

b
(ai cos λit + bi sin λit) −

−
n∑

i=1

πli
b

√
4

ab
sin

πkix1

a
cos

πliy1

b
(ai cos λit1 + bi sin λit1)

∣∣∣∣∣

2



1
2

≤

≤ π

√
8

ab3c

n∑
i=1

li

[(
Ea2

i

) 1
2

∣∣∣∣sin
πkix

a
cos

πliy

b
cos λit−− sin

πkix1

a
cos

πliy1

b
cos λit1

∣∣∣∣ +

+
(
Eb2

i

) 1
2

∣∣∣∣sin
πkix

a
cos

πliy

b
sin λit − sin

πkix1

a
cos

πliy1

b
sin λit1

∣∣∣∣
]

.

Îòæå, (
E

∣∣S(3)
n (x, y, t)− S(3)

n (x1, y1, t1)
∣∣2

) 1
2 ≤ C3

|ln |h||δ ,

äå

C3 = π

√
72

ab3c

∞∑
i=1

li

[(
Ea2

i

) 1
2 +

(
Eb2

i

) 1
2

] (
(ln ki)

δ + (ln li)
δ
)

.

(
E

∣∣S(4)
n (x, y, t)− S(4)

n (x1, y1, t1)
∣∣2

) 1
2

=
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=

(
E

∣∣∣∣∣
n∑

i=1

λ2
i

√
4

ab
sin

πkix

a
sin

πliy

b
(ai cos λit + bi sin λit) −

−
n∑

i=1

λ2
i

√
4

ab
sin

πkix1

a
sin

πliy1

b
(ai cos λit1 + bi sin λit1)

∣∣∣∣∣

2



1
2

≤

≤
√

4

ab

n∑
i=1

λ2
i

[(
Ea2

i

) 1
2

∣∣∣∣sin
πkix

a
sin

πliy

b
cos λit − sin

πkix1

a
sin

πliy1

b
cos λit1

∣∣∣∣ +

+
(
Eb2

i

) 1
2

∣∣∣∣sin
πkix

a
sin

πliy

b
sin λit − sin

πkix1

a
sin

πliy1

b
sin λit1

∣∣∣∣
]

.

Òîäi (
E

∣∣S(4)
n (x, y, t)− S(4)

n (x1, y1, t1)
∣∣2

) 1
2 ≤ C4

|ln |h||δ ,

äå

C4 =

√
36

ab

∞∑
i=1

λ2
i

[(
Ea2

i

) 1
2 +

(
Eb2

i

) 1
2

] (
(ln ki)

δ + (ln li)
δ
)

.

(
E

∣∣S(5)
n (x, y, t)− S(5)

n (x1, y1, t1)
∣∣2

) 1
2

=

=

(
E

∣∣∣∣∣
n∑

i=1

(
πki

a

)2
√

4

ab
sin

πkix

a
sin

πliy

b
(ai cos λit + bi sin λit) −

−
n∑

i=1

(
πki

a

)2
√

4

ab
sin

πkix1

a
sin

πliy1

b
(ai cos λit1 + bi sin λit1)

∣∣∣∣∣

2



1
2

≤

≤ π2

√
4

a5b

n∑
i=1

k2
i

[(
Ea2

i

) 1
2

∣∣∣∣sin
πkix

a
sin

πliy

b
cos λit − sin

πkix1

a
sin

πliy1

b
cos λit1

∣∣∣∣ +

+
(
Eb2

i

) 1
2

∣∣∣∣sin
πkix

a
sin

πliy

b
sin λit − sin

πkix1

a
sin

πliy1

b
sin λit1

∣∣∣∣
]

.

Îòæå, (
E

∣∣S(5)
n (x, y, t)− S(6)

n (x1, y1, t1)
∣∣2

) 1
2 ≤ C5

|ln |h||δ ,

äå

C5 = π2

√
72

a5b

∞∑
i=1

k2
i

[(
Ea2

i

) 1
2 +

(
Eb2

i

) 1
2

] (
(ln ki)

δ + (ln li)
δ
)

.

(
E

∣∣S(6)
n (x, y, t)− S(7)

n (x1, y1, t1)
∣∣2

) 1
2

=

=

(
E

∣∣∣∣∣
n∑

i=1

(
πki

a

)2
√

4

ab
sin

πliy

b
sin

πliy

b
(ai cos λit + bi sin λit) −
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−
n∑

i=1

(
πli
b

)2
√

4

ab
sin

πkix1

a
sin

πliy1

b
(ai cos λit1 + bi sin λit1)

∣∣∣∣∣

2



1
2

≤

≤ π2

√
8

ab5c

n∑
i=1

l2i

[(
Ea2

i

) 1
2

∣∣∣∣sin
πkix

a
sin

πliy

b
cos λit − sin

πkix1

a
sin

πliy1

b
cos λit1

∣∣∣∣ +

+
(
Eb2

i

) 1
2

∣∣∣∣sin
πkix

a
sin

πliy

b
sin λit − sin

πkix1

a
sin

πliy1

b
sin λit1

∣∣∣∣
]

.

Òîìó (
E

∣∣S(6)
n (x, y, t)− S(6)

n (x1, y1, t1)
∣∣2

) 1
2 ≤ C6

|ln |h||δ ,

äå

C6 = π2

√
72

ab5c

∞∑
i=1

l2i

[(
Ea2

i

) 1
2 +

(
Eb2

i

) 1
2

] (
(ln ki)

δ + (ln li)
δ
)

.
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