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×ÈÑÅËÜÍÈÉ ÌÅÒÎÄ ÒÈÏÓ ÒÐÀÏÅÖIÉ ÐÎÇÂ'ßÇÓÂÀÍÍß
ÇÀÄÀ×I ÊÎØI ÄËß ÎÄÍÎÃÎ ÊËÀÑÓ ÇÂÈ×ÀÉÍÈÕ
ÄÈÔÅÐÅÍÖIÀËÜÍÈÕ ÐIÂÍßÍÜ ÄÐÓÃÎÃÎ ÏÎÐßÄÊÓ
The constructing of numerical method of trapezium type of solving the Cauchy problem for one
class of ordinary differential equation of the second order is considered. Iterative process conver-
gence for searching approximate values of solution is proved.

Ïîáóäîâàíî iíòåðïîëÿöiéíèé ÷èñåëüíèé ìåòîä òèïó òðàïåöié ðîçâ'ÿçóâàííÿ çàäà÷i Êîøi äëÿ
îäíîãî êëàñó çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü äðóãîãî ïîðÿäêó òà iòåðàöiéíèé ïðîöåñ äëÿ
âiäøóêàííÿ íàáëèæåíèõ çíà÷åíü ðîçâ'ÿçêó. Äîâåäåíî çáiæíiñòü iòåðàöiéíîãî ïðîöåñó.

1. Âñòóï. Ó ñòàòòi ðîçãëÿäà¹òüñÿ ïîáóäîâà ÷èñåëüíîãî ìåòîäó òèïó òðàïåöié
ðîçâ'ÿçóâàííÿ çàäà÷i Êîøi äëÿ çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü äðóãîãî
ïîðÿäêó, ïðàâà ÷àñòèíà ÿêèõ íå çàëåæèòü âiä ïîõiäíî¨ øóêàíî¨ ôóíêöi¨. Ïåð-
øi ñïðîáè ïîáóäîâè ñïåöiàëüíèõ ìåòîäiâ äëÿ òàêèõ ðiâíÿíü íàëåæàòü Øòåðìå-
ðó (1907), Êàóåëëó i Êðîììåëiíó (1910), Íóìåðîâó (1924).

Äëÿ ïîáóäîâè iíòåðïîëÿöiéíîãî ÷èñåëüíîãî ìåòîäó òèïó òðàïåöié âèêîðè-
ñòàíî àïðîêñèìàöiþ ôóíêöi¨ iíòåðïîëÿöiéíèì ìíîãî÷ëåíîì Ëàãðàíæà ïåðøîãî
ñòåïåíÿ. Ïîáóäîâàíèé iòåðàöiéíèé ïðîöåñ äëÿ âiäøóêàííÿ íàáëèæåíèõ çíà÷åíü
ðîçâ'ÿçêó i äîâåäåíî éîãî çáiæíiñòü.
2. Ôîðìóëþâàííÿ çàäà÷i. Ðîçãëÿíåìî çàäà÷ó Êîøi

y′′ = f(x, y), (1)

y(x0) = y0, y′(x0) = y′0. (2)
Íåõàé â îáëàñòi G, ÿêà ìiñòèòü ïðÿìîêóòíèê R = {x0 ≤ x ≤ x0 + a, |y − y0| ≤ b},
ôóíêöiÿ f(x, y) ¹ íåïåðåðâíîþ i çàäîâîëüíÿ¹ óìîâó Ëiïøèöÿ ïî y, òîáòî iñíó¹
òàêà ñòàëà L, ùî äëÿ äîâiëüíèõ òî÷îê (x, y1), (x, y2) îáëàñòi G âèêîíó¹òüñÿ
íåðiâíiñòü

| f(x, y1)− f(x, y2) | ≤ L | y1 − y2 | .
Ïðèïóñòèìî, ùî ðîçâ'ÿçîê çàäà÷i (1), (2) òðåáà çíàéòè íà ïðîìiæêó [x0, x0 + a],
äå a > 0. Ó öüîìó âèïàäêó çàäà÷à (1), (2) ìà¹ ¹äèíèé ðîçâ'ÿçîê íà ïðîìiæ-
êó [x0, x0 + a]. Øóêàòèìåìî ðîçâ'ÿçîê çàäà÷i y = y(x) íàáëèæåíî â òî÷êàõ
x1, x2, ..., xn ïðîìiæêà [x0, x0 + a], äå xk = x0 + kh (k = 0, 1, ..., n); h = a/n.
3. Ïîáóäîâà ìåòîäó. Ïðåäñòàâèìî ðîçâ'ÿçîê y = y(x) â îêîëi òî÷êè x =
xk ó âèãëÿäi ôîðìóëè Òåéëîðà iç çàëèøêîâèì ÷ëåíîì â iíòåãðàëüíié ôîðìi.
Îäåðæèìî

y(x) = y(xk) + y′(xk)(x− xk) +

x∫

xk

y′′(u) (x− u) du.

Ïðè x = xk−1 òà x = xk+1, âiäïîâiäíî, ìàòèìåìî

y(xk−1) = y(xk)− h y′(xk) +

xk−1∫

xk

y′′(x) (xk−1 − x) dx,

Íàóê. âiñíèê Óæãîðîä óí-òó, 2011, âèï. 22 , N 1



148 Ë. I. ÔÓÍÄÀÊ, Ã. Ã. ÖÅÃÅËÈÊ

y(xk+1) = y(xk) + h y′(xk) +

xk+1∫

xk

y′′(x) (xk+1 − x) dx.

ßêùî äîäàòè îáèäâi ðiâíîñòi, òî

y(xk+1) = 2y(xk)− y(xk−1)+

+

xk+1∫

xk

f (x, y(x)) (xk+1 − x) dx +

xk∫

xk−1

f (x, y(x)) (x− xk−1) dx. (3)

Çàìiíèìî ó ïåðøîìó iíòåãðàëi ôóíêöiþ f(x, y(x)) iíòåðïîëÿöiéíèì ìíîãî÷ëå-
íîì Ëàãðàíæà ïåðøîãî ñòåïåíÿ L1(x), ïîáóäîâàíèì çà çíà÷åííÿìè ôóíêöi¨
f(x, y(x)) ó òî÷êàõ xk òà xk+1,
äå

L1(x) =
x− xk+1

xk − xk+1

f (xk, y(xk)) +
x− xk

xk+1 − xk

f (xk+1, y(xk+1)) .

Îäåðæèìî
xk+1∫

xk

f (x, y(x)) (xk+1 − x) dx ≈
xk+1∫

xk

L1(x) (xk+1 − x) dx =

=
1

h

xk+1∫

xk

(xk+1 − x)2f (xk, y(xk)) dx+
1

h

xk+1∫

xk

(x− xk) (xk+1 − x) f (xk+1, y(xk+1)) dx.

Âèêîíàâøè îá÷èñëåííÿ, ìàòèìåìî
xk+1∫

xk

f (x, y(x)) (xk+1 − x) dx ≈ h2

3
f (xk, y(xk)) +

h2

6
f (xk+1, y(xk+1)) . (4)

Çàìiíèìî ó äðóãîìó iíòåãðàëi ôîðìóëè (3) ôóíêöiþ f(x, y(x)) iíòåðïîëÿöié-
íèì ìíîãî÷ëåíîì Ëàãðàíæà ïåðøîãî ñòåïåíÿ L̃1(x), ïîáóäîâàíèì çà çíà÷åííÿ-
ìè ôóíêöi¨ f(x, y(x)) ó òî÷êàõ xk−1 òà xk,
äå

L̃1(x) =
x− xk

xk−1 − xk

f (xk−1, y(xk−1)) +
x− xk−1

xk − xk−1

f (xk, y(xk)) .

Îäåðæèìî
xk∫

xk−1

f (x, y(x)) (x− xk−1) dx ≈
xk∫

xk−1

L̃1(x) (x− xk−1) dx =

=
1

h

xk∫

xk−1

(xk − x) (x− xk−1)f (xk−1, y(xk−1)) dx+
1

h

xk∫

xk−1

(x− xk−1)
2 f (xk, y(xk)) dx.
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Âèêîíàâøè îá÷èñëåííÿ, ìàòèìåìî
xk∫

xk−1

f (x, y(x)) (x− xk−1) dx ≈ h2

6
f (xk−1, y(xk−1)) +

h2

3
f (xk, y(xk)) . (5)

ßêùî ïiäñòàâèòè (4) i (5) ó ôîðìóëó (3), òî äiñòàíåìî

y(xk+1) = 2y(xk)− y(xk−1)+

+
h2

6
(f (xk−1, y(xk−1)) + 4 f (xk, y(xk)) + f (xk+1, y(xk+1))) .

Òîäi äëÿ îá÷èñëåííÿ íàáëèæåíîãî çíà÷åííÿ yk+1 ðîçâ'ÿçêó y = y(x) çàäà÷i (1),
(2) â òî÷öi x = xk+1 äiñòà¹ìî òàêó ôîðìóëó

yk+1 = 2yk − yk−1 +
h2

6
(f (xk−1, yk−1) + 4 f (xk, yk) + f (xk+1, yk+1)) , (6)

äå k = 1, 2, ..., n− 1.
Ñëiä çàçíà÷èòè, ùî äëÿ ðîáîòè ìåòîäó òðåáà ìàòè íàáëèæåíå çíà÷åííÿ y1

ðîçâ'ÿçêó y = y(x) â òî÷öi x1. Éîãî ìîæíà çíàéòè, âèêîðèñòîâóþ÷è iíøèé ìåòîä.
4. Ïîáóäîâà iòåðàöiéíîãî ïðîöåñó òà éîãî çáiæíiñòü. Ôîðìóëà (6) ¹ ôà-
êòè÷íî ðiâíÿííÿì äëÿ çíàõîäæåííÿ yk+1. Òîìó äëÿ îá÷èñëåííÿ yk+1 óòâîðèìî
iòåðàöiéíèé ïðîöåñ

y
(i+1)
k+1 = 2yk − yk−1 +

h2

6

(
f (xk−1, yk−1) + 4 f (xk, yk) + f

(
xk+1, y

(i)
k+1

))
, (7)

äå k = 1, 2, ..., n− 1; i = 0, 1, ...; y
(0)
k+1 � âèáðàíå íóëüîâå íàáëèæåííÿ.

Çíàéäåìî, çà ÿêî¨ óìîâè öåé iòåðàöiéíèé ïðîöåñ çáiãà¹òüñÿ.
Ðîçãëÿíåìî

∣∣∣y(i+1)
k+1 − yk+1

∣∣∣ =
h2

6

∣∣∣ f
(
xk+1, y

(i)
k+1

)
− f (xk+1, yk+1)

∣∣∣ .

Âèêîðèñòàâøè óìîâó Ëiïøèöÿ, îäåðæèìî
∣∣∣y(i+1)

k+1 − yk+1

∣∣∣ ≤ L
h2

6

∣∣∣ y
(i)
k+1 − yk+1

∣∣∣ .

Çâiäñè
∣∣∣y(i+1)

k+1 − yk+1

∣∣∣ ≤ L
h2

6

∣∣∣ y
(i)
k+1 − yk+1

∣∣∣ ≤ ... ≤
(

Lh2

6

)i+1 ∣∣∣ y
(0)
k+1 − yk+1

∣∣∣ .

Öå îçíà÷à¹, ùî
∣∣∣ y

(i+1)
k+1 − yk+1

∣∣∣ → 0 ïðè çðîñòàííi i, ÿêùî Lh2

6
< 1. Òîáòî, ïðè

âèêîíàííi óìîâè h <

√
6

L
iòåðàöiéíèé ïðîöåñ (7) çáiãà¹òüñÿ.

5. Ïðèêëàä. Çíàéòè ÷èñåëüíèé ðîçâ'ÿçîê çàäà÷i Êîøi

y′′ =
1

y3
; y(−1) = 1; y′(−1) = 0
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íà ïðîìiæêó [−1; 0] ç êðîêîì h = 0, 1. Òî÷íèé ðîçâ'ÿçîê çàäà÷i y∗ =
√

x2 + 2 x + 2.
Äëÿ çíàõîäæåííÿ íàáëèæåíîãî çíà÷åííÿ y1 âèêîðèñòà¹ìî ìåòîä Ðóíãå-Êóòòà
÷åòâåðòîãî ïîðÿäêó [1].

Ðåçóëüòàòè ðîçâ'ÿçóâàííÿ çàäà÷i ïîðiâíÿ¹ìî ç ìåòîäîì Íóìåðîâà [2] ÷åòâåð-
òîãî ïîðÿäîêó òî÷íîñòi:

yk+1 = 2yk − yk−1 +
h2

12
(f (xk−1, yk−1) + 10 f (xk, yk) + f (xk+1, yk+1)) ,

äå k=1, 2,..., n-1.
Ðåçóëüòàòè ÷èñåëüíîãî ðîçâ'ÿçóâàííÿ çàäà÷i ïîáóäîâàíèì âèùå ìåòîäîì, ìå-

òîäîì Íóìåðîâà, à òàêîæ çíà÷åííÿ òî÷íîãî ðîçâ'ÿçêó íàâåäåíi â òàáëèöi 1.

Òàáëèöÿ 1.
Ïîðiâíÿëüíà õàðàêòåðèñòèêà ìåòîäiâ

xi Ìåòîä òèïó
òðàïåöié (6)

Ìåòîä
Íóìåðîâà

Òî÷íèé
ðîçâ'ÿçîê y∗i

-1 1 1 1
-0,9 1,0049876 1,0049876 1,0049876
-0,8 1,0197812 1,0198041 1,0198039
-0,7 1,0439679 1,0440310 1,0440307
-0,6 1,0769199 1,0770336 1,077033
-0,5 1,1178676 1,1180347 1,118034
-0,4 1,1659736 1,1661912 1,1661904
-0,3 1,2203953 1,2206563 1,2206556
-0,2 1,2803304 1,2806255 1,2806248
-0,1 1,3450439 1,3453629 1,3453624
0 1,4138808 1,4142139 1,4142136

6. Âèñíîâêè. Ðîçãëÿíóòî ÷èñåëüíèé ìåòîä òèïó òðàïåöié ðîçâ'ÿçóâàííÿ çàäà÷i
Êîøi äëÿ çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü äðóãîãî ïîðÿäêó, ïðàâà ÷àñòèíà
ÿêèõ íå çàëåæèòü âiä ïîõiäíî¨ øóêàíî¨ ôóíêöi¨. Ïîáóäîâàíèé iòåðàöiéíèé ïðî-
öåñ äëÿ âiäøóêàííÿ íàáëèæåíèõ çíà÷åíü ðîçâ'ÿçêó i äîâåäåíî éîãî çáiæíiñòü.
1. Öåãåëèê Ã. Ã. ×èñåëüíi ìåòîäè: ïiäðó÷íèê. � Ëüâiâ, 2004. � 408 ñ.
2. Õàéðåð Ý., Íåðñåòò Ñ., Âàííåð Ã. Ðåøåíèå îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíå-

íèé. Íåæåñòêèå çàäà÷è: Ïåð. ñ àíãë. � Ì.: Ìèð, 1990. � 512 ñ.

Îäåðæàíî 19.04.2011

Íàóê. âiñíèê Óæãîðîä óí-òó, 2011, âèï. 22, N 1


