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ÄÎÑËIÄÆÅÍÍß ÍÅËIÍIÉÍÈÕ ÊÐÀÉÎÂÈÕ ÇÀÄÀ× ÒÈÏÓ
ÊÎØI-ÍIÊÎËÅÒÒI ÇÀ ×ÀÑÒÈÍÎÞ ÇÌIÍÍÈÕ

We obtain some results concerning the investigation of non-linear boundary value problems with
boundary conditions of Cauchy-Nicoletti type on some of variables. We show that it is useful to
reduce the given boundary value problem, using an appropriate substitution, to a parametrized two-
point boundary value problem containing some unknown parameters in the boundary conditions.
To study the transformed parametrized problem, we use a method which is based upon special
types of successive approximations constructed in an analytic form. The parametrized problem
should be investigated together with certain so-called determining equations, which have algebraic
or transcendental form.

Îòðèìàíi ðåçóëüòàòè, ÿêi ñòîñóþòüñÿ äîñëiäæåííÿ íåëiíiéíèõ êðàéîâèõ çàäà÷ ç óìîâàìè òèïó
Êîøi-Íiêîëåòòi çà ÷àñòèíîþ çìiííèõ. Îá ðóíòîâàíî åôåêòèâíiñòü çâåäåííÿ âèõiäíî¨ çàäà÷i, çà
äîïîìîãîþ âiäïîâiäíî¨ çàìiíè, äî ïàðàìåòðèçîâàíî¨ äâîòî÷êîâî¨ êðàéîâî¨ çàäà÷i ç íåâiäîìè-
ìè ïàðàìåòðàìè ó êðàéîâèõ óìîâàõ. Äëÿ âèâ÷åííÿ ìîäèôiêîâàíî¨ çàäà÷i âèêîðèñòîâó¹òüñÿ
ìåòîä, ùî  ðóíòó¹òüñÿ íà ïîñëiäîâíèõ àïðîêñèìàöiÿõ ñïåöiàëüíîãî âèãëÿäó, ñêîíñòðóéîâà-
íèõ ó àíàëiòè÷íié ôîðìi. Ïàðàìåòðèçîâàíà çàäà÷à äîñëiäæó¹òüñÿ ðàçîì ç âiäïîâiäíèìè, òàê
çâàíèìè, âèçíà÷àëüíèìè àëãåáðà¨÷íèìè, àáî òðàíñöåíäåíòíèìè ðiâíÿííÿìè.

1. Âñòóï. Ðîáîòà ïðèñâÿ÷åíà âèêëàäåííþ îäíîãî ñïîñîáó äîñëiäæåííÿ áà-
ãàòîòî÷êîâèõ íåëiíiéíèõ êðàéîâèõ çàäà÷ ç óìîâàìè òèïó Êîøi-Íiêîëåòòi çà ÷à-
ñòèíîþ çìiííèõ. Çà äîïîìîãîþ ïåâíî¨ çàìiíè, âèõiäíà çàäà÷à çâîäèòüñÿ äî ñiì'¨
ïàðàìåòðèçîâàíèõ çàäà÷ óæå ç äâîòî÷êîâèìè óìîâàìè, ÿêó ïîòðiáíî ðîçãëÿäàòè
ðàçîì ç äåÿêèì âèçíà÷àëüíèì àëãåáðà¨÷íèì àáî òðàíñöåíäåíòíèì ðiâíÿííÿì.

Âèêîðèñòîâóþ÷è ìîäèôiêàöiþ ÷èñåëüíî-àíàëiòè÷íîãî ìåòîäó [1], áóäóþòüñÿ
ïîñëiäîâíi àïðîêñèìàöi¨ ðîçâ'ÿçêó, äîâîäèòüñÿ ¨õ ðiâíîìiðíà çáiæíiñòü äî òî-
÷íîãî ðîçâ'ÿçêó âèõiäíî¨ çàäà÷i.

2. Ïîñòàíîâêà çàäà÷i òà ¨¨ çâåäåííÿ äî äâîòî÷êîâî¨ çàäà÷i ç ïàðàìå-
òðîì ó êðàéîâèõ óìîâàõ. Ðîçãëÿäà¹ìî ñèñòåìó íåëiíiéíèõ äèôåðåíöiàëüíèõ
ðiâíÿíü

dx(t)

dt
= f(t, x(t)) (1)

ç êðàéîâèìè óìîâàìè òèïó Êîøi-Íiêîëåòòi çà ÷àñòèíîþ çìiííèõ

xs (t1) = xs0, s = 1, 2...p,
k−p−1∑

j=1

xi (tp+j) = dp+1, i ∈ {1, 2...n} ,

xp+1+m (T ) = dp+1+m, m = 1, 2...n− (p + 1),

(2)

äå ôóíêöiÿ f : [0, T ] × D → Rn ¹ íåïåðåðâíîþ, ìíîæèíà D � çàìêíåíà òà
îáìåæåíà îáëàñòü â Rn, t1 = 0 ≤ t2 ≤ ... ≤ tp < tp+1 < ... < tk−1 < tk = T.

Ïðèïóñêà¹ìî, ùî ôóíêöiÿ f çàäîâîëüíÿ¹ óìîâó Ëiïøèöÿ, òîáòî çíàéäåòüñÿ
òàêà ñòàëà ìàòðèöÿ K ç íåâiä'¹ìíèìè êîìïîíåíòàìè {kij}n

i,j=1, ùî ïðè äîâiëüíèõ
{u, v} ⊂ D ìà¹ ìiñöå íåðiâíiñòü

|f(t, u)− f(t, v)| ≤ K |u− v| . (3)
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Òóò, i âñþäè â ïîäiáíèõ ñïiââiäíîøåííÿõ íàäàëi, çíàêè ≤, ≥, |·|, max, min
ðîçóìi¹ìî ïîêîìïîíåíòíî.

Îáìåæèìîñÿ ðîçãëÿäîì êëàñó êðàéîâèõ çàäà÷ âèãëÿäó (1), (2), äëÿ ÿêèõ
ìàêñèìàëüíå âëàñíå çíà÷åííÿ r(K) ìàòðèöi K ç óìîâè Ëiïøèöÿ (3) çàäîâîëüíÿ¹
íåðiâíiñòü

r(K) <
10

3T
. (4)

Ââåäåìî íàñòóïíi ïîçíà÷åííÿ.
Ïîçíà÷åííÿ 1. ßêùî ôóíêöiÿ β : D × I → Rn

+, ïðè÷îìó I ⊂ Rp+1 òà
z ∈ Rn, òîäi ÷åðåç BI(z, β(z, λ)) ïîçíà÷èìî ìíîæèíó

BI(z, β(z, λ)) := {x ∈ Rn : |x− z| ≤ β(z, λ) äëÿ âñiõ λ ∈ I}.
Ïîçíà÷åííÿ 2. ßêùî ìíîæèíà D ⊂ Rn òà ôóíêöiÿ f : [0, T ] × D → Rn

òîäi,
δD(f) :=

1

2

[
max

(t,x)∈[0,T ]×D
f (t, x)− min

(t,x)∈[0,T ]×D
f (t, x)

]
. (5)

Êðàéîâi óìîâè (2) ìîæåìî ïðåäñòàâèòè â ìàòðè÷íî-âåêòîðíîìó âèãëÿäi

Ax (0) +

k−p−1∑
j=1

Bxi (tp+j) +C1x (T ) = d, i ∈ {1, ..., n} , (6)

äå A =

(
Ep 0
0 0

)
, B = {bil} , i, l ∈ {1, ..., n} , bil =

{
0, i 6= l
1, i = l

, C1 =
(

0 0
0 En−(p+1)

)
, Ep, En−(p+1) � öå p- òà n− (p + 1)-âèìiðíi îäèíè÷íi ìàòðèöi,

òà âåêòîð d = col (x10, ..., xp0, dp+1, dp+2, ..., dn).
Òóò íåîáõiäíî çàóâàæèòè, ùî ìàòðèöi â êðàéîâèõ óìîâàõ (6) ¹ âèðîäæåíè-

ìè. Öåé ôàêò ñóòò¹âî óñêëàäíþ¹ çàñòîñóâàííÿ âiäîìèõ ÷èñåëüíî-àíàëiòè÷íèõ
àëãîðèòìiâ äî äîñëiäæåííÿ äàíî¨ çàäà÷i (1), (6) [1�3].

Î÷åâèäíî, âiä áàãàòîòî÷êîâèõ êðàéîâèõ óìîâ (6) ìîæåìî ïåðåéòè äâîòî÷êî-
âèõ

Ax(0) + C1x(T ) = col (x10, ..., xp0, 0, dp+2, ..., dn) . (7)
Äëÿ òîãî, ùîá îáiéòè âèðîäæåíiñòü ìàòðèöi C1, ââåäåìî íàñòóïíó ïàðàìå-

òðèçàöiþ. Çàìiíèìî çíà÷åííÿ p + 1 êîìïîíåíòè ðîçâ'ÿçêó çàäà÷i (1), (6) ó òî÷öi
T ïàðàìåòðàìè λ1, λ2, ..., λp+1 :

λ1 = x1 (T ) , λ2 = x2 (T ) , ..., λp+1 = xp+1 (T ) . (8)
Áóäü ÿêà ôóíêöiÿ x, äëÿ ÿêî¨ ñïðàâåäëèâi ñïiââiäíîøåííÿ (7), (8), î÷åâèäíî,

çàäîâîëüíÿòèìå ðiâíiñòü
Ax(0) + Cx(T ) = d(λ), (9)

äå λ = col (λ1, λ2, ..., λp+1) , C = En� n−âèìiðíà îäèíè÷íà ìàòðèöÿ, ïðè÷îìó
det C 6= 0,

d (λ) = col (x10 + λ1, ..., xp0 + λp, λp+1, dp+2, ..., dn) .

Òàêèì ÷èíîì, ðîçãëÿäàòèìåìî çàäà÷ó (1), (9), â ÿêié äâîòî÷êîâà êðàéîâà
óìîâà (9) ìiñòèòü íåâiäîìèé (p + 1)-âèìiðíèé âåêòîð-ïàðàìåòð λ.
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Çàóâàæåííÿ 1. Ìíîæèíà ðîçâ'ÿçêiâ âèõiäíî¨ íåëiíiéíî¨ áàãàòîòî÷êîâî¨
êðàéîâî¨ çàäà÷i òèïó Êîøi-Íiêîëåòòi çà ÷àñòèíîþ çìiííèõ (1), (2) ñïiâïàäà¹
ç ìíîæèíîþ òèõ ðîçâ'ÿçêiâ äâîòî÷êîâî¨ êðàéîâî¨ çàäà÷i (1), (9), ÿêi çàäîâîëü-
íÿþòü äîäàòêîâó óìîâó (8).

Ïîêàæåìî, ùî ïàðàìåòðèçîâàíà êðàéîâà çàäà÷à (1), (9) ìîæå áóòè äîñëi-
äæåíà, âèêîðèñòîâóþ÷è âiäïîâiäíó ìîäèôiêàöiþ ÷èñåëüíî-àíàëiòè÷íîãî ìåòî-
äó, ÿêèé  ðóíòó¹òüñÿ íà ïîñëiäîâíèõ íàáëèæåííÿõ [1].

3. Ðiâíîìiðíà çáiæíiñòü ïîñëiäîâíèõ àïðîêñèìàöié. Ïðèïóñòèìî, ùî
ìíîæèíà Dβ := {z ∈ D : BI(z, β(z, λ)) ⊂ D}, äå ôóíêöiÿ β : D× I → Rn

+ çàäàíà
ðiâíiñòþ

β(z, λ) :=
T

2
δD(f) + |d(λ)− (A + E) z| (10)

òà ìíîæèíà I ⊂ Rp+1,

I :=
{

λ = col(λ1, λ2, ..., λp+1) ∈ Rp+1, col (λ1, λ2, ..., λp, λp+1, dp+2, ..., dn) ∈ D
}

,

¹ íåïîðîæíüîþ:
Dβ 6= Ø. (11)

Âèçíà÷èìî ìíîæèíó U ⊂ Rn−p íàñòóïíèì ÷èíîì:

U =
{
col (u1, u2, ..., un−p) ∈ Rn−p : col (x10, x20, ..., xp0, u1, u2, ..., un−p) ∈ Dβ

}
.

Ðîçãëÿíåìî ïîñëiäîâíiñòü ôóíêöié

xm(t, u, λ) := z +

t∫

0

f(s, xm−1(s, u, λ))ds−

− t

T

T∫

0

f(s, xm−1(s, u, λ))ds +
t

T
[d(λ)− (A + E)z] , (12)

äå m = 1, 2, 3..., x0(t, u, λ) = col(x10, x20, ..., xp0, u1, u2, ..., un−p) =: z ∈ Dβ, u ∈
U, λ ∈ I, t ∈ [0, T ]. Ëåãêî ïåðåêîíàòèñÿ, ùî ïðè âñiõ m ≥ 1 òà âñiõ çíà÷åí-
íÿõ ïàðàìåòðiâ u ∈ U, λ ∈ I ñïðàâåäëèâà ðiâíiñòü xm(0, u, λ) = z, à òàêîæ
xm(T, u, λ) = d(λ) − Az, òîáòî, âñi ôóíêöi¨, çàäàíi ôîðìóëîþ (12), çàäîâîëüíÿ-
þòü äâîòî÷êîâó óìîâó (9).

Íàñòóïíi òâåðäæåííÿ âêàçóþòü óìîâè, äîñòàòíi äëÿ ðiâíîìiðíî¨ çáiæíîñòi
ðåêóðåíòíî¨ ïîñëiäîâíîñòi ôóíêöié (12), òà âñòàíîâëþþòü çâ'ÿçîê ¨¨ ãðàíèöi ç
ìíîæèíîþ ðîçâ'ÿçêiâ çàäà÷ (1), (2) òà (1), (9).

Òåîðåìà 1. Ïðèïóñòèìî, ùî äëÿ íåïåðåðâíî¨ ôóíêöi¨ f : [0, T ] × D → Rn

âèêîíó¹òüñÿ óìîâà Ëiïøèöÿ (3) ç ìàòðèöåþ K, äëÿ ÿêî¨ ñïðàâåäëèâà íåðiâ-
íiñòü (4), à òàêîæ ìà¹ ìiñöå óìîâà (11). Òîäi:

1) ïîñëiäîâíiñòü (12) ïðè m → +∞ çáiãà¹òüñÿ ðiâíîìiðíî çà t ∈ [0, T ] â
îáëàñòi (t, u, λ) ∈ [0, T ]× U × I;

2) ãðàíè÷íà ôóíêöiÿ

x∗(t, u, λ) := lim
m→+∞

xm(t, u, λ) (13)
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ïîñëiäîâíîñòi (12) ïðè âñiõ u ∈ U, λ ∈ I ¹ ¹äèíèì ðîçâ'ÿçêîì iíòåãðàëüíîãî
ðiâíÿííÿ

x(t) = z +

t∫

0

f(s, x(s))ds− t

T

T∫

0

f(s, x(s))ds +
t

T
[d (λ)− (A + E) z] , t ∈ [0, T ],

(14)
àáî, ùî òå ñàìå, ¹ ¹äèíèì ðîçâ'ÿçêîì iíòåãðî-äèôåðåíöiàëüíîãî ðiâíÿííÿ

dx(t)

dt
= f(t, x(t)) + ∆(u, λ), (15)

äå

∆(u, λ) := − 1

T

T∫

0

f(s, x∗(s, u, λ))ds +
1

T
[d (λ)− (A + E) z] , (16)

ÿêèé çàäîâîëüíÿ¹ êðàéîâi óìîâè (9) òà ïî÷àòêîâó óìîâó x∗(0, u, λ) = z =
col(x10, x20, ..., xp0, u1, ..., un−p) äëÿ u ∈ U, λ ∈ I;

3) äëÿ âñiõ (t, u, λ) ∈ [0, T ]× U × I ñïðàâåäëèâà îöiíêà
|x∗(t, u, λ)− xm(t, u, λ)| ≤

≤ 20

9
t

(
1− 1

T

)
Qm−1(E −Q−1) [δD(f)Q + K |d (λ)− (A + E) z|] , (17)

äå ìàòðèöÿ Q := 3T
10

K.

Äîâåäåííÿ. Äîâåäåìî, ùî ïðè çðîáëåíèõ ïðèïóùåííÿõ ïîñëiäîâíiñòü (12)
¹ ôóíäàìåíòàëüíîþ i, ÿê íàñëiäîê, ðiâíîìiðíî çáiæíîþ ïîñëiäîâíiñòþ ó Áàíà-
õîâîìó ïðîñòîði C ([0, T ] ,Rn) iç çàäàíîþ ñòàíäàðòíîþ íîðìîþ. Ñïî÷àòêó ïî-
êàæåìî, ùî ïðè (u, λ) ∈ U × I çíà÷åííÿ âñiõ ôóíêöié (12) ìiñòÿòüñÿ â D. Äëÿ
êîæíî¨ íåïåðåðâíî¨ ôóíêöi¨ f : [0, T ] → Rn ìà¹ ìiñöå îöiíêà (äèâ., íàïð. ëåìà
3.13 [3] )

∣∣∣∣∣∣

t∫

0


f(τ)− 1

T

T∫

0

f(s)ds


 dτ

∣∣∣∣∣∣
≤ 1

2
α1(t)

[
max
t∈[0.T ]

f(t)− min
t∈[0,T ]

f(t)

]
,

äå α1(t) := 2t
(
1− t

T

)
, |α1(t)| ≤ T

2
, t ∈ [0, T ] .

Òîìó, ïðè m = 0 iç (12), âèïëèâà¹, ùî äëÿ äîâiëüíèõ (t, u, λ) ∈ [0, T ]×U × I

|x1 (t, u, λ)− z| ≤ α1(t)δD(f) + β1(z, λ) ≤ β(z, λ), (18)
äå β1(z, λ) := |d (λ)− (A + E)z|. ßê íàñëiäîê, âèõîäÿ÷è ç (18), ìà¹ìî, ùî x1(t, u, λ) ∈
D, äëÿ äîâiëüíèõ (t, u, λ) ∈ [0, T ] × U × I. Âèêîðèñòîâóþ÷è ìåòîä ìàòåìàòè-
÷íî¨ iíäóêöi¨, íåâàæêî ïîêàçàòè, ùî âñi ôóíêöi¨ (12) íàëåæàòü ìíîæèíi D, ïðè
m = 1, 2, ..., t ∈ [0, T ], u ∈ U , λ ∈ I.

Ìiðêóþ÷è ïî àíàëîãi¨ ç äîâåäåííÿì òåîðåìè 1 iç [4], ìîæíà ïîêàçàòè, ùî
ïðè âñiõ m ≥ 1, j > 0 è (t, u, λ) ∈ [0, T ]× U × I

|xm+j(t, u, λ)− xm(t, u, λ)| ≤ 10t

9
α1(t)Q

m−1

[
Q

j−1∑
i=0

QiδD(f) + K

j−1∑
i=0

Qiβ1(z, λ)

]
.

(19)
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Îñêiëüêè, â ñèëó íåðiâíîñòi (4), lim
m→+∞

Qm = 0 i
+∞∑
i=0

Qi ≤ (E −Q)−1, iç (19)
î÷åâèäíî, ùî ïîñëiäîâíiñòü (12) ôóíäàìåíòàëüíà â ðiâíîìiðíié ìåòðèöi. Ñïðÿ-
ìîâóþ÷è â (19) j → +∞, îòðèìó¹ìî, ùî ðiâíîìiðíà ãðàíèöÿ (13) ïîñëiäîâíîñòi
(12) çàäîâîëüíÿ¹ íåðiâíiñòü (17). Ïåðåõîäÿ÷è äî ãðàíèöi ïðè m → +∞ â (12),
îòðèìó¹ìî, ùî ôóíêöiÿ (13) çàäîâîëüíÿ¹ ðiâíÿííÿ (14) àáî (15).

Âðàõîâóþ÷è òå, ùî ôóíêöi¨ xm(t, u, λ) ïîñëiäîâíîñòi (12) çàäîâîëüíÿþòü äâî-
òî÷êîâi êðàéîâi óìîâè (9) ïðè äîâiëüíèõ çíà÷åííÿõ ïàðàìåòðiâ, ãðàíè÷íà ôóí-
êöiÿ x∗(t, u, λ) òàêîæ áóäå çàäîâîëüíÿòè öi óìîâè, à òàêîæ x∗(0, u, λ) = z =
col(x10, x20, ..., xp0, u1, ..., un−p).

4. Iñíóâàííÿ ðîçâ'ÿçêiâ. Ïàðàìåòðèçîâàíó êðàéîâó çàäà÷ó (1), (9) ìîæíà
iíòåðïðåòóâàòè ÿê ñiì'þ ïî÷àòêîâèõ çàäà÷ çi çáóðåíîþ ïðàâîþ ÷àñòèíîþ. Ðîç-
ãëÿíåìî çàäà÷ó Êîøi

dx(t)

dt
= f(t, x(t)) + µ, t ∈ [0, T ], (20)

x(0) = z, (21)
äå âåêòîð ïàðàìåòðiâ µ ïðèéìà¹ çíà÷åííÿ ó âiäïîâiäíié ìíîæèíi. Ñïðàâåäëèâå
íàñòóïíå òâåðäæåííÿ.

Òåîðåìà 2. Ïðèïóñòèìî, ùî âèêîíóþòüñÿ âñi óìîâè òåîðåìè 1. Êðiì òî-
ãî, (t, u, λ) ∈ [0, T ] × U × I òà µ ∈ Rn. Òîäi äëÿ òîãî, ùîá äåÿêèé ðîçâ'ÿçîê
çàäà÷i Êîøi (20), (21) çàäîâîëüíÿâ òàêîæ äâîòî÷êîâi óìîâè (9), íåîáõiäíî òà
äîñòàòíüî, ùîá ïàðàìåòð µ â (20) áóâ çàäàíèé ðiâíiñòþ

µ = ∆(u, λ), (22)

äå âiäîáðàæåííÿ ∆ : U × I → Rn � ôóíêöiÿ, âèçíà÷åíà ôîðìóëîþ (16).
Çàóâàæåííÿ 2. Iç òåîðåìè 1 âèïëèâà¹, ùî ïðè âêàçàíèõ âèùå óìîâàõ äëÿ

âñiõ çíà÷åíü ïàðàìåòðiâ (u, λ) ∈ U×I iñíó¹ ãðàíè÷íà ôóíêöiÿ (13) ðåêóðåíòíî¨
ïîñëiäîâíîñòi (12), i, ÿê íàñëiäîê, âiäîáðàæåííÿ (16) âèçíà÷à¹òüñÿ îäíîçíà÷íî.

Äîâåäåííÿ. Äîñòàòíiñòü. Íåõàé â (20) µ = ∆(u, λ), äå u i λ � äåÿêi
çàäàíi âåêòîðè ç U i I âiäïîâiäíî, à ∆ � ôóíêöiÿ, âèçíà÷åíà ôîðìóëîþ (16).
Çãiäíî iç çàóâàæåííÿì 2, âèðàç ∆(u, λ) ìà¹ çìiñò ïðè âñiõ (u, λ) ∈ U × I. Ç
òåîðåìè 1 âèïëèâà¹, ùî ïðè çàäàíèõ u i λ ðiâíîìiðíà ãðàíèöÿ (13) âiäïîâiäíî¨
ïîñëiäîâíîñòi (12) ¹ ¹äèíèì ðîçâ'ÿçêîì äâîòî÷êîâî¨ çàäà÷i (1), (9). Öÿ ôóíêöiÿ
çàäîâîëüíÿ¹ i ïî÷àòêîâó óìîâó x∗(0, u, λ) = z, òîáòî âîíà ¹ ðîçâ'ÿçêîì çàäà÷i
Êîøi (20), (21) ïðè çàäàíîìó ôîðìóëîþ (22) çíà÷åííi ïàðàìåòðà µ.

Íåîáõiäíiñòü. Íåõàé u ∈ U , λ ∈ I i µ̄ ∈ Rn � äîâiëüíèì ÷èíîì çàäàíi
âåêòîðè, i x̄ : [0, T ] → Rn � ðîçâ'ÿçîê çàäà÷i Êîøi (21) äëÿ ðiâíÿííÿ

x′(t) = f(t, x(t)) + µ̄, t ∈ [0, T ], (23)

ïðè çàäàíîìó çíà÷åííi λ, ÿêèé çàäîâîëüíÿ¹ äâîòî÷êîâó êðàéîâó óìîâó (9). Ïðè-
ïóñòèìî, ùî çíàéäåòüñÿ äåÿêå iíøå çíà÷åííÿ ¯̄µ, ïðè ÿêîìó äåÿêèé ðîçâ'ÿçîê ¯̄x
çàäà÷i (21) äëÿ ðiâíÿííÿ

x′(t) = f(t, x(t)) + ¯̄µ, t ∈ [0, T ], (24)
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çàäîâîëüíÿ¹ äâîòî÷êîâó óìîâó (9). Ç (21), (23) i (24) î÷åâèäíî, ùî ôóíêöi¨ x̄ i
¯̄x çàäîâîëüíÿþòü iíòåãðàëüíi ðiâíÿííÿ

x̄(t) = z +

∫ t

0

f(s, x̄(s))ds + µ̄t, t ∈ [0, T ], (25)

i
¯̄x(t) = z +

∫ t

0

f(s, ¯̄x(s))ds + ¯̄µt, t ∈ [0, T ], (26)

âiäïîâiäíî. Ïðè t = T ç (25), (26) âèïëèâà¹, ùî

T µ̄ = x̄(T )− z −
∫ T

0

f(s, x̄(s))ds (27)

i
T ¯̄µ = ¯̄x(T )− z −

∫ T

0

f(s, ¯̄x(s))ds. (28)

Ôóíêöiÿ x̄, çà ïðèïóùåííÿì, çàäîâîëüíÿ¹ äâîòî÷êîâó óìîâó (9),

Ax̄(0) + Cx̄(T ) = d(λ),

i óìîâó Êîøi x̄(0) = z, çâiäêè âèïëèâà¹ ðiâíiñòü

x̄(T ) = d(λ)− Az.

Àíàëîãi÷íî ìîæíà ïåðåâiðèòè, ùî

¯̄x(T ) = d(λ)− Az.

ßê íàñëiäîê, ç (27) i (28) âèïëèâà¹, ùî

µ̄ =
1

T

[
d(λ)− Az − z −

∫ T

0

f(s, x̄(s))ds

]
(29)

i
¯̄µ =

1

T

[
d(λ)− Az − z −

∫ T

0

f(s, ¯̄x(s))ds

]
. (30)

Âíîñÿ÷è (29) i (30) âiäïîâiäíî â (25) i (26), îòðèìà¹ìî, ùî äëÿ êîæíîãî t ∈ [0, T ]

x̄(t) = z +

∫ t

0

f(s, x̄(s))ds +
t

T

[
d(λ)− Az − z −

∫ T

0

f(s, x̄(s))ds

]
(31)

i
¯̄x(t) = z +

∫ t

0

f(s, x̄(s))ds +
t

T

[
d(λ)− Az − z −

∫ T

0

f(s, ¯̄x(s))ds

]
. (32)

Íàãàäà¹ìî, ùî òóò u ∈ U , à λ ∈ I. Îòæå, àíàëîãi÷íî äî äîâåäåííÿ òåîðåìè 1,
âèõîäÿ÷è ç âèãëÿäó ðiâíÿíü (31), (32) i îçíà÷åííÿ ìíîæèíè Dβ, ìîæíà ïîêàçàòè,
ùî âñi çíà÷åííÿ ôóíêöié ¯̄x i x̄ ìiñòÿòüñÿ â ìíîæèíi D:

x̄([0, T ]) ∪ ¯̄x([0, T ]) ⊂ D. (33)
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Ç (31) i (32) î÷åâèäíî, ùî

¯̄x(t)− x̄(t) =

∫ t

0

[f(s, ¯̄x(s))− f(s, x̄(s))] ds−

− t

T

∫ T

0

[f(s, ¯̄x(s))− f(s, x̄(s))] ds, t ∈ [0, T ],

i òîìó, âiäïîâiäíî äî ñïiââiäíîøåííÿ (33) i óìîâè Ëiïøèöÿ (3), ôóíêöiÿ

r(t) := |¯̄x(t)− x̄(t)|, t ∈ [0, T ],

çàäîâîëüíÿ¹ iíòåãðàëüíó íåðiâíiñòü

r(t) ≤ K

[∫ t

0

r(s)ds +
t

T

∫ T

0

r(s)ds

]
Kα1(t) max

s∈[a,b]
r(s), t ∈ [a, b]. (34)

Âèêîðèñòîâóþ÷è (34) ðåêóðåíòíî, îòðèìà¹ìî íåðiâíiñòü

r(t) ≤ Kmαm(t) max
s∈[a,b]

r(s), t ∈ [a, b],

äå m äîâiëüíå íàòóðàëüíå ÷èñëî, äëÿ âñiõ t ç [0, T ] i k = 2, 3, . . . . Çãiäíî ç
ëåìîþ 2.4 ç [1], ôóíêöi¨ αk(t) äëÿ âñiõ t ∈ [0, T ] i k = 1, 2, . . . çàäîâîëüíÿþòü
íåðiâíiñòü

αk(t) ≤ 10

9
α1(t)

(
3T

10

)k−1

.

Òîìó ç (24) âèïëèâà¹, ùî äëÿ êîæíîãî íàòóðàëüíîãî m

r(t) ≤ 10

9
Kα1(t)

(
3T

10
K

)m−1

max
s∈[a,b]

r(s), t ∈ [a, b].

Ñïðÿìîâóþ÷è m â îñòàííié íåðiâíîñòi äî +∞ i âðàõîâóþ÷è óìîâó (4), ìîæíà
çðîáèòè âèñíîâîê, ùî r ≡ 0 íà [0, T ], òîáòî ôóíêöi¨ x̄ i ¯̄x ñïiâïàäàþòü, i òîìó
µ̄ = ¯̄µ. Îòðèìàíå ïðîòèði÷÷ÿ äîâîäèòü, ùî µ = ∆(z, λ) � ¹äèíå çíà÷åííÿ ïàðà-
ìåòðà µ ó ðiâíÿííi (20), ïðè ÿêîìó ðîçâ'ÿçîê çàäà÷i Êîøi (20), (21) çàäîâîëüíÿ¹
äâîòî÷êîâó óìîâó (9).

Íàñòóïíå òâåðäæåííÿ ïîêàçó¹ çâ'ÿçîê ôóíêöi¨ (13) ç ìíîæèíîþ ðîçâ'ÿçêiâ
äâîòî÷êîâî¨ çàäà÷i (1), (9) ç ïàðàìåòðîì λ ∈ I, à îòæå i ç ðîçâ'ÿçêàìè áàãàòî-
òî÷êîâî¨ çàäà÷i (1), (2).

Òåîðåìà 3. Ïðèïóñòèìî, ùî äëÿ íåïåðåðâíî¨ ôóíêöi¨ f : [0, T ] × D → Rn

âèêîíó¹òüñÿ óìîâà Ëiïøèöÿ (3), äëÿ ÿêî¨ ñïðàâåäëèâà íåðiâíiñòü (4), à òà-
êîæ óìîâà (11). Òîäi ôóíêöiÿ x∗(·, u∗, λ), ÿêà âèçíà÷à¹òüñÿ â òåîðåìi 1, ¹
ðîçâ'ÿçêîì äâîòî÷êîâî¨ çàäà÷i (1), (9), ç âåêòîðîì ïàðàìåòðiâ λ, òîäi i òiëü-
êè òîäi, êîëè ïàðà âåêòîðíèõ ïàðàìåòðiâ (u∗, λ), äå u∗ = col(u∗1, u

∗
2, ..., u

∗
n−p),

λ = col(λ1, λ2, ..., λp+1) çàäîâîëüíÿþòü ñïiââiäíîøåííÿ

∆(u, λ) = − 1

T

T∫

0

f(s, x∗(s, u, λ))ds +
1

T
[d(λ)− (A + E) z] = 0. (35)

Íàóê. âiñíèê Óæãîðîä óí-òó, 2011, âèï. 22 , N 1



174 Í. Ì. ÙÎÁÀÊ

Ôóíêöiÿ (13) ¹ ðîçâ'ÿçêîì âèõiäíî¨ áàãàòîòî÷êîâî¨ çàäà÷i (1), (2) òîäi i
òiëüêè òîäi, êîëè (u∗, λ∗), äå λ∗ = col(λ∗1, λ

∗
2, ..., λ

∗
p+1), çàäîâîëüíÿþòü ñèñòåìó

(35), òà, êðiì òîãî,
k−p−1∑

j=1

x∗i (tp+j, u, λ) = dp+1, i ∈ {1, ..., n}. (36)

Äîâåäåííÿ. ß âèïëèâà¹ ç äîâåäåííÿ òåîðåìè 1, ïðè âñiõ (u, λ) ∈ U×I ôóí-
êöiÿ x∗(·, u∗, λ) ¹ ðîçâ'ÿçêîì äâîòî÷êîâî¨ çàäà÷i (15), (9). Ðiâíÿííÿ (15) ñïiâ-
ïàäà¹ ç ðiâíÿííÿì (1) òîäi i òiëüêè òîäi, êîëè u∗ òà λ çàäîâîëüíÿþòü óìîâó
∆(u∗, λ) = 0, òîáòî âèêîíó¹òüñÿ ðiâíiñòü (35). Äðóãå òâåðäæåííÿ òåîðåìè âè-
ïëèâà¹ iç çàóâàæåííÿ 1.

5. Ïðàêòè÷íà ðåàëiçàöiÿ. Ïðè ïðàêòè÷íié ðåàëiçàöi¨ çðó÷íî çàôiêñóâàòè
äåÿêèé íîìåð iòåðàöi¨ m â (12) òà âèêîðèñòîâóâàòè xm(·, u, λ) â ÿêîñòi íàáëèæå-
ííÿ äî íåâiäîìî¨ ôóíêöi¨ x∗(·, u, λ), iñíóâàííÿ ÿêî¨ îá ðóíòîâó¹òüñÿ â òåîðåìi 1.
Ïðè öüîìó, çàìiñòü (35), (36) ðîçãëÿäà¹ìî ñèñòåìó iç n + 1 íàáëèæåíèõ âèçíà-
÷àëüíèõ ðiâíÿíü

∆m(u, λ) = − 1

T

T∫

0

f(s, xm(s, u, λ))ds +
1

T
[d(λ)− (A + E) z] = 0, (37)

k−p−1∑
j=1

xmi(tp+j, u, λ) = dp+1, i ∈ {1, ..., n} , (38)

ç ÿêèõ øóêà¹ìî çíà÷åííÿ n + 1 ïàðàìåòðiâ u∗ ≈ col(um1, um2, . . . , um,n−p), λ∗ ≈
col(λm1, λm2, ..., λm,p+1).

ßêùî ñèñòåìà iç n + 1 ðiâíÿííÿ (37), (38) ìà¹ içîëüîâàíèé ðîçâ'ÿçîê (ū, λ̄) ∈
U×I, òî ïðè âiäïîâiäíèõ ïðèïóùåííÿõ [1] ìîæíà äîâåñòè ðîçâ'ÿçíiñòü i ñèñòåìè
(35), (36), òèì ñàìèì âñòàíîâèâøè iñíóâàííÿ ðîçâ'ÿçêó âèõiäíî¨ êðàéîâî¨ çàäà÷i
(1), (2) òèïó Êîøi-Íiêîëåòòi çà ÷àñòèíîþ çìiííèõ. Ïðè öüîìó ôóíêöiþ

x̄m(t) = xm(·, ū, λ̄) (39)

ìîæíà ðîçãëÿíóòè, ÿê íàáëèæåííÿ äî îäíîãî iç ðîçâ'ÿçêiâ çàäà÷i (1), (2).
6. Ïðèêëàä çàäà÷i ç êðàéîâèìè óìîâàìè òèïó Êîøi-Íiêîëåòòi çà

÷àñòèíîþ çìiííèõ. Ðîçãëÿíåìî íåëiíiéíó ñèñòåìó




x′1 (t) = x2
2 (t)− x4 (t) + tx3,

x′2 (t) = x2
3 (t)− x4 (t) + x1 − 1

4
,

x′3 (t) = x4 (t)− x2
2 (t) ,

x′4 (t) = x1 (t)− x2
2 (t) + tx3 (t)− 1

2
,

(40)

äå t ∈ [0, 1], ç êðàéîâèìè óìîâàìè òèïó Êîøi-Íiêîëåòòi çà ÷àñòèíîþ çìiííèõ




x1 (0) = 1
2
,

x2 (0) = 0,
x3

(
1
3

)
+ x3

(
1
2

)
= 1,

x4 (1) = 1
4
.

(41)
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Ïðèïóñòèìî, ùî çàäàíà êðàéîâà çàäà÷à ðîçãëÿäà¹òüñÿ â îáëàñòi

D =

{
(x1, x2, x3, x4) : |x1| ≤ 1

2
, |x2| ≤ 1

3
, |x3| ≤ 1

3
, |x4| ≤ 1

2

}
.

Êðàéîâi óìîâè (41) ìîæíà ïðåäñòàâèòè â ìàòðè÷íî-âåêòîðíîìó âèãëÿäi

Ax (0) +
1∑

j=0

Bx3 (t2+j) + C1x (T ) = d, (42)

äå A =

(
1 0 0 0
0 1 0 0
0 0 0 0
0 0 0 0

)
, B =

(
0 0 0 0
0 0 0 0
0 0 1 0
0 0 0 0

)
, C1 =

(
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 1

)
, d =

(
1
2
0
1
1
4

)
. Î÷åâèäíî, ùî

ìàòðèöÿ C1 âèðîäæåíà.
Äëÿ òîãî, ùîá îáiéòè âèðîäæåíiñòü ìàòðèöi C1, çàìiíèìî çíà÷åííÿ ïåðøî¨,

äðóãî¨ òà òðåòüî¨ êîìïîíåíò ðîçâ'ÿçêó êðàéîâî¨ çàäà÷i (40), (42) â òî÷öi T âiä-
ïîâiäíî ïàðàìåòðàìè λ1, λ2, λ3:

x1(T ) = λ1, x2(T ) = λ2, x3(T ) = λ3. (43)

Ïðè÷îìó, |λ1| ≤ 1
2
, |λ2| ≤ 1

3
, |λ3| ≤ 1

3
.

Âèêîðèñòîâóþ÷è ðiâíîñòi (43), êðàéîâi óìîâè (42) ìîæíà ïðåäñòàâèòè ó íà-
ñòóïíîìó âèãëÿäi:

Ax (0) + Cx (T ) = d(λ) , (44)

äå A =

(
1 0 0 0
0 1 0 0
0 0 0 0
0 0 0 0

)
, C =

(
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

)
, d(λ) =

( 1
2
+λ1

λ2
1+λ3

1
4

)
, λ = col(λ1, λ2, λ3). Çàóâàæèìî,

ùî òóò C = E íåâèðîäæåíà ìàòðèöÿ.
Áåçïîñåðåäíiìè îá÷èñëåííÿìè ïåðåêîíó¹ìîñÿ, ùî äëÿ çàäà÷i (40), (44), â

îáëàñòi D âèêîíóþòüñÿ óìîâè (3), (4) òà (11) ç ìàòðèöåþ K òà âåêòîðàìè β (z, λ)
òà δD (f) âèãëÿäó

K =




0 2
3

1 1
1 0 2

3
1

0 2
3

0 1
1 2

3
1 0


 , β (z, λ) =




4
9

+
∣∣−1

2
+ λ1

∣∣
19
36

+ |λ2|
5
18

+ |−1− λ3 − z3|
4
9

+
∣∣z4 − 1

4

∣∣


 , δD (f) =




8
9
19
18
5
9
8
9


 .

Íàéáiëüøå âëàñíå çíà÷åííÿ ìàòðèöi K çàäîâîëüíÿ¹ íåðiâíiñòü λmax (K) =
2.39 ≤ 10

3T
, ïðè÷îìó, x0 =

(
1
2
, 0, z3, z4

)
.

Òàêèì ÷èíîì äî äàíî¨ çàäà÷i ìîæíà çàñòîñóâàòè ìîäèôiêàöiþ ÷èñåëüíî-
àíàëiòè÷íî¨ ñõåìè, ðîçãëÿíóòó âèùå i ñêîíñòðóþâàòè ïîñëiäîâíiñòü íàáëèæåíèõ
ðîçâ'ÿçêiâ.

Íå âàæêî ïåðåêîíàòèñÿ, ùî òî÷íèé ðîçâ'ÿçîê çàäàíî¨ êðàéîâî¨ çàäà÷i x∗1(t) =
t2

4
+ 1

2
, x∗2(t) = t

2
, x∗3(t) = 1

2
, x∗4(t) = t2

4
.

Ïîáóäó¹ìî íàáëèæåíi ðîçâ'ÿçêè çàäà÷i (40)�(41). Äëÿ öüîãî îá÷èñëþ¹ìî äå-
ÿêi ç ôóíêöié ðåêóðåíòíî¨ ïîñëiäîâíîñòi (12), âèêîðèñòîâóþ÷è ïàêåò ñèìâîëü-
íèõ îá÷èñëåíü Maple. Ïîêëàäåìî íóëüîâó iòåðàöiþ òîòîæíî ðiâíîþ z, z ∈ Dβ.
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Òîäi, íàïðèêëàä, ïðè m = 2 ç (12) îòðèìà¹ìî

x21 =
t3 λ2

2

3
−t3 z3

2
+

t3

3
+

t3 λ3

3
+

t2 z4

2
+

3 z3 t2

4
−t2

8
−z4 t

2
−t λ2

2

3
−t z3

4
−17 t

24
−t λ3

3
+t λ1+

1

2
,

x22 =
t3

3
+

2 t3 λ3

3
− 2 t3 z3

3
+

t3 λ2
3

3
− 2 t3 λ3 z3

3
+

t3 z2
3

3
+

t2 λ1

2
+

t2 z4

2
+ z3 t2+

+ t2 λ3 z3− t2 z2
3−

3 t2

8
+

2 z2
3 t

3
− z4 t

2
+

t

24
− 2 t λ3

3
− t z3

3
− t λ2

3

3
− t λ3 z3

3
− t λ1

2
+ t λ2,

x23 =
t3 z3

6
− t3 λ2

2

3
− z3 t2

4
+

t2

8
− t2 z4

2
+

z4 t

2
− 11 t z3

12
+

t λ2
2

3
+

7 t

8
+ t λ3 + z3,

x24 = −t3 z3

6
− t3 λ2

2

3
+

t3

3
+

t3 λ3

3
+

z3 t2

4
− t2

4
+

t2 λ1

2
− t z3

12
+

t λ2
2

3
+

t

6
− t λ3

3
− t λ1

2
−z4 t+z4

äëÿ âñiõ t ∈ [0, 1], (z2, z3) ∈ Dβ.
Òóò i íèæ÷å ñèìâîëàìè x2i ïîçíà÷åíi âiäïîâiäíî êîìïîíåíòè âåêòîðà x2, i =

1, 2, 3, 4.
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Ðèñ. 1. Ïåðøà òà äðóãà êîìïîíåíòè òî÷íîãî ðîçâ'ÿçêó (ëiíiÿ) òà ¨õ äðóãå
íàáëèæåííÿ (ïóíêòèð).

0.49999999996

0.49999999998

0.5

0.50000000002

0.50000000004

0.50000000006

0.50000000008

0.5000000001

0 0.2 0.4 0.6 0.8 1

t

0

0.05

0.1

0.15

0.2

0.25

0.2 0.4 0.6 0.8 1

t

Ðèñ. 2. Òðåòÿ òà ÷åòâåðòà êîìïîíåíòè òî÷íîãî ðîçâ'ÿçêó (ëiíiÿ) òà ¨õ äðóãå
íàáëèæåííÿ (ïóíêòèð).
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Ñèñòåìà íàáëèæåíèõ âèçíà÷àëüíèõ ðiâíÿíü (37), (38) äëÿ çàäà÷i (40), (41)
ïðè m = 2 ìàòèìå ðîçâ'ÿçêè:

λ1 = 0.7499999999, λ2 = 0.4999999999, λ3 = −0.5000000001,

z4 = −0.7690328250 10−11, z3 = 0.5000000001.

Ïiäñòàâëÿþ÷è îá÷èñëåíi íàáëèæåíi çíà÷åííÿ ïàðàìåòðiâ z2, z3 i λ1, λ2, λ3 ó êîì-
ïîíåíòè äðóãî¨ iòåðàöi¨, çíàõîäèìî ôóíêöiþ âèãëÿäó (39) � äðóãå íàáëèæåííÿ
äî ðîçâ'ÿçêó òðèòî÷êîâî¨ çàäà÷i (40), (41):

x̄21(t) = −0.1000000000 10−9 t3 + 0.5000000000 + 0.2500000001 t2,

x̄22(t) = −0.1038451641 10−9 t2 + 0.5000000000 t,

x̄23(t) = 0.5000000000 10−10 t3 + 0.5000000001− 0.2000000000 10−9 t,

x̄24(t) = −0.7690328250 10−11 + 0.2500000000 t2.

ßê âèäíî ç ðèñóíêiâ 1-2, ãðàôiêè íàáëèæåíîãî ðîçâ'ÿçêó âæå íà äðóãié iòå-
ðàöi¨ äëÿ âñiõ ÷îòèðüîõ êîìïîíåíò ìàéæå ïîâíiñòþ ñïiâïàäàþòü ç ãðàôiêàìè
òî÷íîãî ðîçâ'ÿçêó, à ïîõèáêè (âiäõèëåííÿ äðóãî¨ iòåðàöi¨ âiä òî÷íîãî ðîçâ'ÿç-
êó) íå ïåðåâèùóþòü 0.14 · 10−10, 0.1 · 10−9, 0.1 · 10−9, 0.85 · 10−11, âiäïîâiäíî äëÿ
ïåðøî¨, äðóãî¨, òðåòüî¨ òà ÷åòâåðòî¨ êîìïîíåíò.
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