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IÍÂÀÐIÀÍÒÍI ÌÍÎÃÎÂÈÄÈ ÎÄÍÎÃÎ ÊËÀÑÓ ÑÈÑÒÅÌ
ÄÈÔÅÐÅÍÖIÀËÜÍÈÕ ÐIÂÍßÍÜ
In this article some classes of differential equations defined in direct product of m-measurable
torus and n-measurable Euclidean space for which the conditions of existence of invariant toroidal
manifolds are satisfied, are invertigated.

Â äàíié ñòàòòi äîñëiäæåíî êëàñè äèôåðåíöiàëüíèõ ðiâíÿíü, âèçíà÷åíèõ ó ïðÿìîìó äîáóòêó
m-âèìiðíîãî òîðà i n-âèìiðíîãî åâêëiäîâîãî ïðîñòîðó, äëÿ ÿêèõ óìîâè iñíóâàííÿ iíâàðiàíòíèõ
òîðî¨äàëüíèõ ìíîãîâèäiâ âèêîíóþòüñÿ.

Ñèñòåìè äèôåðåíöiàëüíèõ ðiâíÿíü, ùî ¹ ðîçøèðåííÿì äèíàìi÷íî¨ ñèñòåìè
íà òîði, îïèñóþòü ïðîöåñè, ùî íîñÿòü êîëèâíèé õàðàêòåð. Â îñòàííi ðîêè òåîðiÿ
ðîçøèðåíü äèíàìi÷íèõ ðiâíÿíü íà òîði iíòåíñèâíî ðîçâèâà¹òüñÿ. Äàíié òåìàòè-
öi ïðèñâÿ÷åíî ðÿä ðîáiò, ñåðåä ÿêèõ [1-4]. Âàæëèâèì ïèòàííÿì ¹ âñòàíîâëåííÿ
óìîâ iñíóâàííÿ iíâàðiàíòíèõ ìíîãîâèäiâ òàêèõ ñèñòåì òà äîñëiäæåííÿ ¨õ ñòiéêî-
ñòi. Äàíà ðîáîòà ïðèñâÿ÷åíà äîñëiäæåííþ óìîâ iñíóâàííÿ iíâàðiàíòíèõ ìíîãî-
âèäiâ ëiíiéíî¨ òà ñëàáêîíåëiíiéíî¨ ñèñòåì äèôåðåíöiàëüíèõ ðiâíÿíü, âèçíà÷åíèõ
â ïðÿìîìó äîáóòêó òîðà òà åâêëiäîâîãî ïðîñòîðó, òà âèîêðåìëåíî äåÿêi êëàñè
çàäà÷, äëÿ ÿêèõ óìîâè iñíóâàííÿ ìàþòü ìiñöå.

Ðîçãëÿíåìî ñèñòåìó ðiâíÿíü

ϕ̇ = a(ϕ), ẋ = Λ(ϕ)x + f(ϕ), (1)

â ÿêié ϕ ∈ Tm, x ∈ Rn, a(ϕ) � ëiïøèöåâà âåêòîðíà ôóíêöiÿ íà m-âèìiðíîìó
òîði Tm, 2π-ïåðiîäè÷íà ïî êîæíié êîìïîíåíòi ϕj, j = 1, 2, ...,m. Λ(ϕ) i f(ϕ) �
íåïåðåðâíi ìàòðè÷íà òà âåêòîðíà 2π-ïåðiîäè÷íi ïî ϕj ôóíêöi¨ âiäïîâiäíî.

Ïîçíà÷èìî ÷åðåç ϕt(ϕ) ðîçâ'ÿçîê ïåðøîãî iç ðiâíÿíü ñèñòåìè (1) òàêèé, ùî
ϕ0(ϕ) = ϕ, à ÷åðåç Ωt

τ (ϕ)� ìàòðèöàíò îäíîðiäíî¨ ñèñòåìè

ẋ = Λ(ϕt(ϕ))x (2)

çàëåæíî¨ âiä ϕ ∈ Tm ÿê âiä ïàðàìåòðà. Ïîêëàäåìî

G(0, τ, ϕ) =

{
Ω0

τ (ϕ)C(ϕτ (ϕ)), τ ≤ 0,
Ω0

τ (ϕ)(C(ϕτ (ϕ))− E), τ > 0,

äå C(ϕ), ϕ ∈ Tm � íåïåðåðâíà ìàòðè÷íà ôóíêöiÿ, i íàçâåìî ôóíêöi¹þ Ãðiíà-
Ñàìîéëåíêà ñèñòåìè ðiâíÿíü

ϕ̇ = a(ϕ), ẋ = Λ(ϕ)x,

ÿêùî iíòåãðàë
+∞∫
−∞

‖ G(0, τ, ϕ) ‖ dτ ðiâíîìiðíî îáìåæåíèé ïî ϕ:

+∞∫

−∞

‖ G(0, τ, ϕ) ‖ dτ ≤ k < ∞, (3)
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äëÿ âñiõ ϕ ∈ Tm. Ôóíêöiÿ G(t, τ, ϕ) çàäîâîëüíÿ¹ ñèñòåìó (2) ïðè t 6= τ , à ïðè
t = τ âîíà ìà¹ ðîçðèâ ïåðøîãî ðîäó çi ñòðèáêîì

G(τ + 0, τ, ϕ)−G(τ − 0, τ, ϕ) = E.

Íåõàé Ωϕ � ω-ãðàíè÷íà ìíîæèíà ðîçâ'ÿçêó ïåðøîãî iç ðiâíÿíü ñèñòåìè (1)
ϕt(ϕ) òàêîãî, ùî ϕ0(ϕ) = ϕ. ßê âiäîìî, íàïðèêëàä iç [1], Ωϕ íå ïóñòà ìíîæèíà
äëÿ âñiõ ϕ ∈ Tm â ñèëó êîìïàêòíîñòi ôàçîâîãî ïðîñòîðó Tm, Ω = ∪

ϕ∈T m
Ωϕ.

Ïîçíà÷èìî A = ∪
ϕ∈T m

Aϕ, äå Aϕ � α-ãðàíè÷íà ìíîæèíà ðîçâ'ÿçêó ïåðøîãî iç
ðiâíÿíü ñèñòåìè (1) ϕt(ϕ) òàêîãî, ùî ϕ0(ϕ) = ϕ.

Íåõàé äëÿ âñiõ ϕ ∈ Tm iñíó¹ ãðàíèöÿ

lim
|t|→+∞

Λ(ϕt(ϕ)) = Λ. (4)

Öå îçíà÷à¹, ùî ìàòðè÷íà ôóíêöiÿ Λ(ϕ) íà ìíîæèíàõ Ω i A ¹ ñòàëîþ ìàòðèöåþ
Λ(ϕ) = Λ äëÿ âñiõ ϕ ∈ Ω ∪ A. Êðiì òîãî, áóäåìî ðîçãëÿäàòè âèïàäîê, êîëè
ìàòðèöÿ Λ(ϕ) áëî÷íî-äiàãîíàëüíîãî âèãëÿäó:

Λ(ϕt(ϕ)) =

(
Λ−(ϕt(ϕ)) 0

0 Λ+(ϕt(ϕ))

)
. (5)

Òåîðåìà 1. ßêùî äiéñíi ÷àñòèíè âñiõ âëàñíèõ ÷èñåë ãðàíè÷íî¨ ìàòðèöi
Λ âiäìiííi âiä íóëÿ Re(λj(Λ)) 6= 0, (j = 1, 2, ..., n), ïðè÷îìó Re(λj(Λ)) < 0,
j = 1, 2, ..., k i Re(λj(Λ)) > 0, j = k + 1, ..., n, òî äëÿ äîâiëüíî¨ íåïåðåðâíî¨
2π-ïåðiîäè÷íî¨ ïî ϕj, j = 1, 2, ..., m ôóíêöi¨ f(ϕ) ñèñòåìà (1) ìà¹ iíâàðiàíòíó
òîðî¨äàëüíó ìíîæèíó x = u(ϕ).

Äîâåäåííÿ. Ðîçãëÿíåìî ëiíiéíó íåîäíîðiäíó ñèñòåìó äèôåðåíöiàëüíèõ ðiâ-
íÿíü, çàëåæíó âiä ϕ ∈ Tm ÿê âiä ïàðàìåòðà:

ẋ = Λ(ϕt(ϕ))x + f(ϕt(ϕ)). (6)

Ïîçíà÷èìî ÷åðåç Ωt
τ (ϕ, Λ−) i Ωt

τ (ϕ, Λ+) � ìàòðèöàíòè îäíîðiäíèõ ñèñòåì

ẋ1 = Λ−(ϕt(ϕ))x1

i
ẋ2 = Λ+(ϕt(ϕ))x2

âiäïîâiäíî, äëÿ ÿêèõ ñïðàâåäëèâi îöiíêè

‖Ωt
τ (ϕ, Λ−)‖ ≤ Ke−γ(t−τ), t ≥ τ,

‖Ωt
τ (ϕ, Λ+)‖ ≤ Keγ(t−τ), t ≤ τ,

(7)

ïðè äåÿêèõ äîäàíèõ K i γ òà ïðè áóäü-ÿêèõ t, τ ∈ R, ϕ ∈ Tm. Ïîêàæåìî ñïðàâå-
äëèâiñòü ïåðøî¨ iç íåðiâíîñòåé (7). Äëÿ öüîãî ïðîâåäåìî ìiðêóâàííÿ, àíàëîãi÷íi
ÿê ó [2].

Îñêiëüêè ìàòðèöàíò Ωt
τ (ϕ, Λ−) äîïóñêà¹ iíòåãðàëüíå ïðåäñòàâëåííÿ

Ωt
τ (ϕ, Λ−) = eΛ−(t−τ) +

t∫

τ

eΛ−(t−s)(Λ−(ϕs(ϕ))− Λ−)Ωt
s(ϕ, Λ−)ds (8)
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i ïðè äåÿêèõ K > 0 i γ > 0

∥∥eΛ−(t−τ)
∥∥ ≤ Ke−γ(t−τ), t ≥ τ,

à ïðè äîñòàòíüî âåëèêîìó t ≥ T i äîñèòü ìàëîìó a

‖Λ−(ϕt(ϕ))− Λ−‖ ≤ a,

ç ðiâíîñòi (8) ìà¹ìî

∥∥Ωt
τ (ϕ, Λ−)

∥∥ ≤ Ke−γ(t−τ) +

t∫

τ

Ke−γ(t−s) ‖Λ−(ϕs(ϕ))− Λ−‖ ‖Ωs
τ (ϕ, Λ−)‖ ds,

eγ(t−τ)
∥∥Ωt

τ (ϕ, Λ−)
∥∥ ≤ K +

T∫

τ

Keγ(s−τ) ‖Λ−(ϕs(ϕ))− Λ−‖ ‖Ωs
τ (ϕ, Λ−)‖ ds+

+

t∫

τ

Kaeγ(s−τ)‖Ωs
τ (ϕ, Λ−)‖ds.

Â ñèëó ëåìè Ãðîíóîëëà-Áåëëìàíà çíàõîäèìî
∥∥Ωt

τ (ϕ, Λ−)
∥∥ ≤ K1e

−(γ−Ka)(t−τ),

äå

K1 = K +

T∫

τ

Keγ(s−τ) ‖Λ−(ϕs(ϕ))− Λ−‖ ‖Ωs
τ (ϕ, Λ−)‖ ds.

Äðóãó iç íåðiâíîñòåé (7) ìîæíà äîâåñòè àíàëîãi÷íèìè ìiðêóâàííÿìè. Ïîçíà÷è-
ìî ÷åðåç

G(t, τ, ϕ) =

{
diag(Ωt

τ (ϕ, Λ−), 0), t ≥ τ,
−diag(0, Ωt

τ (ϕ, Λ+)), t < τ.

Iç íåðiâíîñòåé (7) âèïëèâà¹, ùî G(t, τ, ϕ) çàäîâîëüíÿ¹ îöiíêó

‖G(t, τ, ϕ)‖ ≤ Ke−γ|t−τ |, (9)

ïðè K > 0, γ > 0 òà ïðè áóäü-ÿêèõ t, τ ∈ R, ϕ ∈ Tm. Âðàõîâóþ÷è öå, îòðèìó¹ìî
+∞∫

−∞

‖G(0, τ, ϕ)‖ dτ ≤ 2K

γ
< ∞.

Îòæå, äëÿ êîæíîãî ϕ ∈ Tm ôóíêöiÿ

x∗(t) =

+∞∫

−∞

G(t, τ, ϕ)f(ϕτ (ϕ))dτ (10)

¹ îáìåæåíèì ïðè âñiõ t ∈ R ðîçâ'ÿçêîì ñèñòåìè (6).

Íàóê. âiñíèê Óæãîðîä óí-òó, 2012, âèï. 23 , N 1



IÍÂÀÐIÀÍÒÍI ÌÍÎÃÎÂÈÄÈ ÎÄÍÎÃÎ ÊËÀÑÓ ÑÈÑÒÅÌ . . . 9

Çàïèñàâøè (10) ó âèãëÿäi

x∗(t) = u(ϕt(ϕ)) =

+∞∫

−∞

G(t, τ, ϕ)f(ϕτ (ϕ))dτ,

äå x = u(ϕ), u(ϕ) � 2π-ïåðiîäè÷íà ïî ϕj, (j = 1, 2, ..., m) ôóíêöiÿ, îäåðæèìî
øóêàíó iíâàðiàíòíó ìíîæèíó

x = u(ϕ) =

+∞∫

−∞

G(0, τ, ϕ)f(ϕτ (ϕ))dτ. (11)

Òåîðåìà äîâåäåíà.
Ðîçãëÿíåìî òåïåð çáóðåíó ñèñòåìó ðiâíÿíü

ϕ̇ = a(ϕ), ẋ = (Λ(ϕ) + B(ϕ))x + f(ϕ). (12)

Ñïðàâåäëèâà
Òåîðåìà 2. Íåõàé äëÿ âñiõ ϕ ∈ Tm iñíó¹ ãðàíèöÿ (4) i äiéñíi ÷àñòèíè

âñiõ âëàñíèõ ÷èñåë ãðàíè÷íî¨ ìàòðèöi Λ âiäìiííi âiä íóëÿ Re(λj(Λ)) 6= 0
(j = 1, 2, ..., n), ïðè÷îìó Re(λj(Λ)) < 0 ïðè j = 1, 2, ..., k, Re(λj(Λ)) > 0 ïðè
j = k + 1, ..., n. Òîäi iñíó¹ òàêå b > 0, ùî äëÿ áóäü-ÿêî¨ íåïåðåðâíî¨ 2π-
ïåðiîäè÷íî¨ ïî ϕj, j = 1, 2, ..., m ìàòðèöi B(ϕ) òàêî¨, ùî

max
ϕ∈ T m

‖B(ϕ)‖ ≤ b, (13)

ñèñòåìà (12) ìà¹ iíâàðiàíòíó òîðî¨äàëüíó ìíîæèíó.
Äîâåäåííÿ. Äîâåäåííÿ òåîðåìè ïîëÿãà¹ â òîìó, ùîá ïîêàçàòè, ùî ôóíêöiÿ

Ãðiíà-Ñàìîéëåíêà G(t, τ, ϕ, Λ + B) ñèñòåìè ðiâíÿíü

ẋ = Λ(ϕt(ϕ))x + B(ϕt(ϕ))x (14)

ïðè äîñèòü âåëèêèõ t äîïóñêà¹ îöiíêó òèïó exp(−γ|t− τ |), à ñàì ìíîãîâèä ¹

x = u(ϕ) =

+∞∫

−∞

G(0, τ, ϕ, Λ + B)f(ϕτ (ϕ))dτ. (15)

Ïîçíà÷èìî ÷åðåç G(t, τ, ϕ) ôóíêöiþ Ãðiíà-Ñàìîéëåíêà ñèñòåìè (2), ÿêà çàäî-
âîëüíÿ¹ îöiíêó (9). Äëÿ êîæíîãî ϕ ∈ Tm ôóíêöiÿ

x∗(t) =

+∞∫

−∞

G(t, τ, ϕ, Λ + B)f(ϕτ (ϕ))dτ (16)

¹ îáìåæåíèì ïðè âñiõ t ∈ R ðîçâ'ÿçêîì ñèñòåìè, çàëåæíî¨ âiä ϕ ∈ Tm ÿê âiä
ïàðàìåòðà

ẋ = (Λ(ϕt(ϕ)) + B(ϕt(ϕ)))x + f(ϕt(ϕ)),
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ÿêùî òiëüêè
+∞∫

−∞

‖G(0, τ, ϕ, Λ + B)‖ dτ < ∞. (17)

ßê âiäîìî iç [3], âðàõîâóþ÷è óìîâè òåîðåìè, à òàêîæ íåðiâíiñòü (9), ñèñòåìà
(14) ìà¹ ôóíêöiþ Ãðiíà-Ñàìîéëåíêà, ÿêà çàäîâîëüíÿ¹ íåðiâíiñòü

‖G(t, τ, ϕ, Λ + B)‖ ≤ K1e
−γ1|t−τ |, t, τ ∈ R, (18)

äëÿ äåÿêèõ äîäàòíèõ ñòàëèõ K1 i γ1, à îòæå ìà¹ ìiñöå íåðiâíiñòü (17).
Çâiäñè îäåðæó¹ìî, ùî ôóíêöiÿ x = u(ϕ), u(ϕ + 2π) = u(ϕ) âèãëÿäó (15)

âèçíà÷à¹ iíâàðiàíòíó òîðî¨äàëüíó ìíîæèíó ñèñòåìè (12). Òåîðåìó äîâåäåíî.
Ðîçãëÿíåìî ñëàáêîíåëiíiéíó ñèñòåìó äèôåðåíöiàëüíèõ ðiâíÿíü

ϕ̇ = a(ϕ), ẋ = F (ϕ, x) + Λ(ϕ)x, (19)

â ÿêié ϕ ∈ Tm, a(ϕ) ∈ CLip(T
m), Λ(ϕ) ∈ C(Tm), F (ϕ, x) ∈ C

(0,2)
ϕ,x (ϕ ∈ Tm, x ∈ Rn),

‖x‖ ≤ h, Λ(ϕ) � âèãëÿäó (5). Çàïèøåìî öþ ñèñòåìó ó âèãëÿäi

ϕ̇ = a(ϕ), ẋ = Λ(ϕ)x + B(ϕ, x)x + f(ϕ), (20)

äå f(ϕ) = F (ϕ, 0), B(ϕ, x) =
1∫
0

∂F (ϕ,τx)
∂(τx)

dτ. Íàâåäåìî äîñòàòíi óìîâè iñíóâàííÿ
iíâàðiàíòíîãî ìíîãîâèäó ñèñòåìè (19).

Òåîðåìà 3. Íåõàé äëÿ âñiõ ϕ ∈ Tm iñíó¹ ãðàíèöÿ (4) i äiéñíi ÷àñòèíè
âñiõ âëàñíèõ ÷èñåë ãðàíè÷íî¨ ìàòðèöi Λ âiäìiííi âiä íóëÿ Reλj(Λ) 6= 0,
(j = 1, 2, ..., n), ïðè÷îìó Reλj(Λ) < 0, ïðè j = 1, 2, ..., k i Reλj(Λ) > 0, ïðè
j = k +1, ..., n. Òîäi iñíóþòü òàêi ñòàëi b0 > 0, m > 0 i äîñòàòíüî ìàëà ñòàëà
Ëiïøèöÿ L, ùî äëÿ áóäü-ÿêî¨ íåïåðåðâíî¨ ïî ϕ i x â îáëàñòi ϕ ∈ Tm, ‖x‖ ≤ h,
2π-ïåðiîäè÷íî¨ ïî ϕj, j = 1, 2, ..., m ìàòðèöi F (ϕ, x) òàêî¨, ùî

max
ϕ∈ T m

‖F (ϕ, 0)‖ = m,

max
ϕ∈ T m, ‖x‖≤h

‖B(ϕ, x)‖ = b0

i ∥∥∥B(ϕ, x
′
)−B(ϕ, x

′′
)
∥∥∥ ≤ L

∥∥∥x
′ − x

′′
∥∥∥ ,

äå B(ϕ, x) =
1∫
0

∂F (ϕ, τx)
∂(τx)

dτ, ñèñòåìà (19) ìà¹ iíâàðiàíòíèé òîðî¨äàëüíèé ìíîãî-
âèä.

Äîâåäåííÿ. Ïîêàæåìî, ùî ïðè óìîâàõ, íàêëàäåíèõ íà ñèñòåìó (19), âîíà
ìà¹ iíâàðiàíòíèé òîðî¨äàëüíèé ìíîãîâèä.

Öåé ìíîãîâèä øóêàòèìåìî ìåòîäîì ïîñëiäîâíèõ íàáëèæåíü ÿê ãðàíèöþ ïî-
ñëiäîâíîñòi

Mk : x = u(k)(ϕ), ϕ ∈ Tm, k = 1, 2, ..., u(0)(ϕ) = 0,
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êîæíà ç ÿêèõ ¹ iíâàðiàíòíèé òîðî¨äàëüíèé ìíîãîâèä ñèñòåìè ðiâíÿíü:

ϕ̇ = a(ϕ), ẋ = Λ(ϕ)x + B(ϕ, u(k−1)(ϕ))x + f(ϕ), (21)

òîáòî ìíîãîâèä

x = u(k)(ϕ) =

+∞∫

−∞

G(0, s, ϕ, Λ + Bk−1)f(ϕs(ϕ))ds. (22)

Îñêiëüêè ôóíêöiÿ Ãðiíà-Ñàìîéëåíêà ñèñòåìè ðiâíÿíü (2) äîïóñêà¹ îöiíêó (9), òî
ëåãêî âñòàíîâèòè (ÿê i ïðè äîâåäåííi òåîðåìè 2), ùî ôóíêöiÿ Ãðiíà-Ñàìîéëåíêà
ñèñòåìè ðiâíÿíü

ẋ = (Λ(ϕt(ϕ)) + B(ϕt(ϕ), 0))x

äîïóñêà¹ îöiíêó

‖G(t, τ, ϕ, Λ + B0)‖ ≤ K1e
−γ1|t−τ |, t, τ ∈ R, ϕ ∈ Tm, (23)

äëÿ äåÿêèõ äîäàòíèõ ñòàëèõ K1 i γ1, ÿêùî òiëüêè

max
ϕ∈ T m

‖B(ϕ, 0)‖ ≤ b0,

äå b0 � äîñòàòíüî ìàëå. Òîäi íà îñíîâi òåîðåìè 2 ðîáèìî âèñíîâîê, ùî òîðî¨-
äàëüíèé ìíîãîâèä x = u(1)(ϕ) ñèñòåìè

ϕ̇ = a(ϕ), ẋ = (Λ(ϕ) + B(ϕ, 0))x + f(ϕ)

iñíó¹ i ìà¹ âèãëÿä

x = u(1)(ϕ) =

+∞∫

−∞

G(0, s, ϕ, Λ + B0)f(ϕs(ϕ))ds.

Çà ìíîãîâèä M2 âiçüìåìî iíâàðiàíòíèé òîðî¨äàëüíèé ìíîãîâèä ñèñòåìè ðiâíÿíü

ϕ̇ = a(ϕ), ẋ = (Λ(ϕ) + B(ϕ, u(1)(ϕ)))x + f(ϕ),

à ñàìå

x = u(2)(ϕ) =

+∞∫

−∞

G(0, s, ϕ, Λ + B1)f(ϕs(ϕ))ds.

ßêùî òàêèì ÷èíîì ìè ïîáóäóâàëè ìíîãîâèäè M1,M2, ..., Mk−1, òî çà ìíîãîâèä
Mk áåðåìî iíâàðiàíòíèé òîðî¨äàëüíèé ìíîãîâèä (22) ñèñòåìè ðiâíÿíü (21).

Ïîêàæåìî, ùî òàêèì ìåòîäîì ìîæíà ïîáóäóâàòè iíâàðiàíòíèé ìíîãîâèä ñè-
ñòåìè (19). Äëÿ öüîãî òðåáà ïåðåêîíàòèñü â òîìó, ùî ìîæíà ïîáóäóâàòè ôóí-
êöiþ u(k)(ϕ) äëÿ áóäü-ÿêîãî k = 1, 2, ..., äîâåñòè ðiâíîìiðíó çáiæíiñòü

u(k)(ϕ) ⇒ u(ϕ), ϕ ∈ Tm

i ïîêàçàòè, ùî x = u(ϕ) çàäà¹ iíâàðiàíòíèé òîðî¨äàëüíèé ìíîãîâèä âèõiäíî¨
ñèñòåìè (19).
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Iç (22) ñëiäó¹ íåðiâíiñòü

∥∥u(1)(ϕ)
∥∥ ≤

+∞∫

−∞

‖G(0, s, ϕ, Λ + B0)‖ ‖f(ϕs(ϕ))‖ ds

àáî, âðàõîâóþ÷è îöiíêó (23),

max
ϕ∈ T m

∥∥u(1)(ϕ)
∥∥ ≤ 2K1

γ1

max
ϕ∈ T m

‖f(ϕ)‖ .

Ââàæà¹ìî, ùî γ1h > K1m, òîìó

max
ϕ∈ T m

∥∥u(1)(ϕ)
∥∥ < h. (24)

Íåõàé äëÿ u(j)(ϕ), j = 1, 2, ..., k − 1 íåðiâíiñòü (24) âèêîíó¹òüñÿ. Òîäi äëÿ j = k
ìà¹ìî:

max
ϕ∈ T m

∥∥u(k)(ϕ)
∥∥ ≤

+∞∫

−∞

‖G(0, s, ϕ, Λ + Bk−1)‖ ‖f(ϕs(ϕ))‖ ds ≤ 2K1

γ1

max
ϕ∈ T m

‖f(ϕ)‖ .

Çà iíäóêöi¹þ ðîáèìî âèñíîâîê: ÿêùî γ1h > K1m, òî äëÿ êîæíîãî k = 1, 2, ...
ôóíêöiþ u(k)(ϕ) ìîæíà ïîáóäóâàòè, à, îòæå, ìîæíà ïîáóäóâàòè i ìíîæèíó Mk,
ùî ¹ iíâàðiàíòíîþ òîðî¨äàëüíîþ ìíîæèíîþ ñèñòåìè (21).

Âñòàíîâèìî óìîâè çáiæíîñòi ïîñëiäîâíîñòi u(k)(ϕ).
Îöiíèìî ðiçíèöþ u(k+1)(ϕ) − u(k)(ϕ). Äëÿ áóäü-ÿêîãî ϕ ∈ Tm u(k)(ϕ) ¹ iíâà-

ðiàíòíèì ìíîãîâèäîì ðiâíÿííÿ (21), òîáòî u(k)(ϕt(ϕ)) çàäîâîëüíÿ¹ ðiâíiñòü

d

dt
u(k)(ϕt(ϕ)) = (Λ(ϕt(ϕ)) + B(ϕt(ϕ), u(k−1)(ϕt(ϕ))))u(k)(ϕt(ϕ)) + f(ϕt(ϕ)),

à u(k+1)(ϕt(ϕ)) ðiâíiñòü

d

dt
u(k+1)(ϕt(ϕ)) = (Λ(ϕt(ϕ)) + B(ϕt(ϕ), u(k)(ϕt(ϕ))))u(k+1)(ϕt(ϕ)) + f(ϕt(ϕ)),

à òîìó ðiçíèöÿ u(k+1)(ϕt(ϕ))− u(k)(ϕt(ϕ)) çàäîâîëüíÿ¹ ðiâíiñòü
d
dt

(u(k+1)(ϕt(ϕ))− u(k)(ϕt(ϕ))) = (Λ(ϕt(ϕ)) + B(ϕt(ϕ), u(k)(ϕt(ϕ))))(u(k+1)(ϕt(ϕ))−
−u(k)(ϕt(ϕ))) + (B(ϕt(ϕ), u(k)(ϕt(ϕ)))−B(ϕt(ϕ), u(k−1)(ϕt(ϕ))))u(k)(ϕt(ϕ)).

Òîìó u(k+1)(ϕ) − u(k)(ϕ) âèçíà÷à¹ iíâàðiàíòíó òîðo¨äàëüíó ìíîæèíó ñèñòåìè
ðiâíÿíü

ϕ̇ = a(ϕ), ẋ = (Λ(ϕ) + B(ϕ, u(k)(ϕ)))x + (B(ϕ, u(k)(ϕ))−B(ϕ, u(k−1)(ϕ)))u(k)(ϕ),

à îòæå, çàäîâîëüíÿ¹ íåðiâíiñòü

max
ϕ∈ T m

∥∥u(k+1)(ϕ)− u(k)(ϕ)
∥∥ ≤ 2K1

γ1

max
ϕ∈ T m

∥∥B(ϕ, u(k)(ϕ))−B(ϕ, u(k−1)(ϕ))
∥∥ ∥∥u(k)(ϕ)

∥∥ ≤
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≤ 2K1

γ1

· 2K1

γ1

max
ϕ∈ T m

‖f(ϕ)‖ · L ·
∥∥u(k)(ϕ)− u(k−1)(ϕ)

∥∥ .

Òàêèì ÷èíîì, ââàæàþ÷è, ùî êîíñòàíòà Ëiïøèöÿ L íàñòiëüêè ìàëà, ùî

L
2K1

γ1

h < 1,

pîáèìî âèñíîâîê ïðî ðiâíîìiðíó çáiæíiñòü ïîñëiäîâíîñòi ôóíêöié {u(k)(ϕ)}.
Ïîêëàäåìî

lim
k→∞

u(k)(ϕ) = u(ϕ).

Ïåðåêîíà¹ìîñÿ, ùî ìíîãîâèä x = u(ϕ) ¹ iíâàðiàíòíèì ìíîãîâèäîì âèõiäíî¨
ñèñòåìè.

Ïåðåéøîâøè äî ãðàíèöi, êîëè k → ∞ â ðiâíîñòi (22), áà÷èìî, ùî ôóíêöiÿ
u(ϕ) äîïóñêà¹ ïðåäñòàâëåííÿ (15), â ÿêîìó G(0, τ, ϕ, Λ + B) � ôóíêöiÿ Ãðiíà-
Ñàìîéëåíêà ñèñòåìè

ϕ̇ = a(ϕ), ẋ = [Λ(ϕ) + B(ϕ, u(ϕ))]x.

Oòæå, u(ϕt(ϕ)) äëÿ áóäü-ÿêîãî ϕ ∈ Tm çàäîâîëüíÿ¹ ðiâíiñòü

u̇(ϕt(ϕ)) = [Λ(ϕt(ϕ)) + B(ϕt(ϕ), u(ϕt(ϕ)))]u(ϕt(ϕ)) + f(ϕt(ϕ)),

à òîìó ìíîãîâèä x = u(ϕ) ¹ iíâàðiàíòíèì ìíîãîâèäîì ñèñòåìè (19). Òåîðåìó
äîâåäåíî.

Çàóâàæèìî, ÿêùî æ äiéñíi ÷àñòèíè âñiõ âëàñíèõ çíà÷åíü ãðàíè÷íî¨ ìàòðèöi
Λ âiä'¹ìíi, òî, ÿê âiäîìî iç [4], iíâàðiàíòíi ìíîãîâèäè ñèñòåì (2), (12) i (19) ¹
àñèìïòîòè÷íî ñòiéêèìè.
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