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IÇÎÑÏÅÊÒÐÀËÜÍI ÇÁÓÐÅÍÍß ÄÈÔÅÐÅÍÖIÀËÜÍÎÃÎ
ÎÏÅÐÀÒÎÐÀ ÄIÐIÕËÅ

Â ðîáîòi äîñëiäæóþòüñÿ çáóðåííÿ îïåðàòîðà çàäà÷i Äiðiõëå îïåðàòîðàìè iç äåÿêî¨ çàäàíî¨
ìíîæèíè. Äîâåäåíî, ùî ïðè òàêèõ çáóðåííÿõ ñïåêòð çàäà÷i çàëèøà¹òüñÿ íåçìiííèì. Âñòàíîâ-
ëåíî ïîâíîòó ñèñòåìè âëàñíèõ ôóíêöié çáóðåíî¨ çàäà÷i.

This paper investigates the problem of the perturbation operator Dirichlet operators of some given
set. It is shown that the spectrum of perturbations problem remains invariable. It completeness of
eigenfunctions of perturbed problems.

Äëÿ çáóðåíèõ çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü äðóãîãî ïîðÿäêó òà äè-
ôåðåíöiàëüíî-îïåðàòîðíèõ ðiâíÿíü âèùèõ ïîðÿäêiâ àíàëîãi÷íi çàäà÷i âèâ÷àëèñü
â ðîáîòàõ [1,2,3,4].

Ââåäåìî â ðîçãëÿä îïåðàòîð Ĩu (t) ≡ u (1− t) , u ∈ C [0, 1], òà éîãî ðîçøèðå-
ííÿ I íà ïðîñòið L2 (0, 1), Ĩ ⊂ I.
Âèçíà÷èìî ïðîñòîðè:
B(L2 (0, 1))− áàíàõiâ ïðîñòið íåïåðåðâíèõ îïåðàòîðiâ ç L2 (0, 1) â L2 (0, 1) ,
H0 ≡ {u ∈ L2 (0, 1) : Iu = u} , H1 ≡ {u ∈ L2 (0, 1) : Iu = −u} ,
Wm

2 (0, 1)− ìíîæèíà ôóíêöié ç ïðîñòîðó Cm−1(0, 1), òàêèõ ùî Dm−1
t u− àáñîëþ-

òíî íåïåðåðâíà íà (0,1) òà Dm
t u ∈ L2(0, 1), Dt− îïåðàòîð äèôåðåíöiþâàííÿ.

Äëÿ áóäü-ÿêî¨ ôóíêöi¨ u ∈ Hi, îòðèìà¹ìî ðiâíiñòü Iu (t) = (−1)i u (t) , i = (0, 1).
Âèçíà÷èìî îïåðàòîðè p0 ≡ E+I

2
, p1 ≡ E−I

2
, E− òîòîæíå ïåðåòâîðåííÿ ç ïðîñòîðó

L2 (0, 1) â L2 (0, 1).
Ðîçãëÿíåìî äåÿêi âëàñòèâîñòi îïåðàòîðiâ I òà pi, (i = 0, 1).
Ëåìà 1. Ïðàâèëüíèìè ¹ òàêi òâåðäæåííÿ:

1) DtIu = −IDtu, u ∈ W 1
2 (0, 1),

2) I2 = E,

3) Dtpiu = p1−iDtu, u ∈ W 1
2 (0, 1) , (i = 0, 1),

4) D2
t piu = piD

2
t u, u ∈ W 2

2 (0, 1) , (i = 0, 1).

Äîâåäåííÿ. Äîâåäåìî ïåðøå òâåðäæåííÿ: DtIu(t) = Dtu(1− t) = −IDtu(t).
Äëÿ áóäü-ÿêî¨ íåïåðåðâíî¨ íà [0,1] ôóíêöi¨ u(t) ìà¹ìî I2u(t) = Ĩ2u(t) = Ĩ(u(1−
t)) = u(1 − (1 − t)) = u(t). Iç îçíà÷åííÿ îïåðàòîðà I, ÿê ðîçøèðåííÿ íà ïðî-
ñòið L2(0, 1) îïåðàòîðà Ĩ, âèïëèâà¹ äðóãå ñïiââiäíîøåííÿ äëÿ äîâiëüíî¨ ôóíêöi¨
u(t) ∈ L2(0, 1).
Äîâåäåìî òðåò¹ òâåðäæåííÿ äëÿ i = 0: Dtp0u = Dt(

E+I
2

)u = (E−I
2

)Dtu =
p1Dtu, u(t) ∈ W 1

2 (0, 1). Àíàëîãi÷íî äëÿ i = 1, Dtp1u = Dt(
E−I

2
)u = (E+I

2
)Dtu =

p0Dtu, u(t) ∈ W 1
2 (0, 1).

Ðîçãëÿíåìî îñòàíí¹ òâåðäæåííÿ ëåìè äëÿ i = 0, DtDt(p0u) = Dt(p1Dtu) =
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p0Dt(Dtu) = p0D
2
t u, u ∈ W 2

2 (0, 1). Äëÿ i = 1 äàíå òâåðäæåííÿ äîâîäèòüñÿ àíà-
ëîãi÷íî.
Ëåìó äîâåäåíî.

Ëåìà 2. Îïåðàòîðè p0, p1 ¹ îðòîïðîåêòîðàìè â ïðîñòîði L2 (0, 1).
Äîâåäåííÿ. Ïîêàæåìî, ùî îïåðàòîðè p0, p1 ¹ ïðîåêòîðàìè â ïðîñòîði L2(0, 1):

p2
i = pi, (i = 0, 1).

Âèêîðèñòîâóþ÷è îçíà÷åííÿ îïåðàòîðiâ p0, p1 òà òâåðäæåííÿ 2 ëåìè1 îòðèìó¹ìî:

p2
i =

E + (−1)iI

2

E + (−1)iI

2
=

1

4
(E + 2(−1)iI + E) =

1

2
(E + (−1)iI) = pi,

Äîâåäåìî, ùî ïðîåêòîðè p0, p1− îðòîãîíàëüíi: p0p1 = 1
4
(E + I)(E − I) = 1

4
(E −

I2) = 1
4
(E − E) = 0, (i = 0, 1).

Ëåìó äîâåäåíî.
Ëåìà 3. Ïðîñòið L2 (0, 1) ðîçêëàäà¹òüñÿ â îðòîãîíàëüíó ñóìó ïðîñòîðiâ

H0, H1: L2 (0, 1) = H0 ⊕H1.
Äîâåäåííÿ. Áóäü-ÿêó ôóíêöiþ u ∈ L2(0, 1), ìîæíà ïîäàòè ó âèãëÿäi ñó-

ìè u(t) = u(t)+u(1−t)
2

+ u(t)−u(1−t)
2

= p0u(t) + p1u(t), p0u ∈ H0, p1u ∈ H1. Òîá-
òî L2(0, 1) ⊆ H0 + H1, (p0 + p1)u(t) = p0u(t) + p1u(t) = u(t), p0 + p1 = E.
Ñóìà ïðîñòîðiâ ¹ îðòîãîíàëüíîþ, îñêiëüêè p0, p1− îðòîïðîåêòîðè. Âêëþ÷åí-
íÿ L2(0, 1) ⊇ H0 + H1 î÷åâèäíå. Îòæå, L2 (0, 1) = H0 ⊕H1.
Ëåìó äîâåäåíî.

Ëåìà 4. ßêùî u ∈ Hj

⋂
W 1

2 (0, 1) , òî Dtu ∈ H1−j, (j = 0, 1).
Äîâåäåííÿ. Âðàõîâóþ÷è ëåìó 1 îòðèìà¹ìî ðiâíiñòü:IDtu(t) = −DtIu(t), u ∈

W 1
2 (0, 1).

Íåõàé u ∈ H0

⋂
W 1

2 (0, 1), òîäi Iu(t) = u(t). Îòæå, IDtu(t) = −Dtu(t) ∈ H1. Àíà-
ëîãi÷íî äëÿ âèïàäêó u ∈ H1

⋂
W 1

2 (0, 1), IDtu(t) = −DtIu(t) = (−1)(−1)Dtu(t) =
Dtu(t) ∈ H0.
Ëåìó äîâåäåíî.
Ðîçãëÿíåìî âëàñòèâîñòi äîïîìiæíî¨ êðàéîâî¨ çàäà÷i:

L0u(t) ≡ −D2
t u(t) = f(t), f ∈ L2 (0, 1) , (1)

{
l00u ≡ u(0) + u(1) = 0,
l01u ≡ u(0)− u(1) = 0.

(2)

×åðåç L0 ïîçíà÷èìî îïåðàòîð çàäà÷i (1), (2) ïîðîäæåíèé îïåðàöi¹þ L0v ≡
−D2

t v, D (L0) ≡ {v (t) ∈ W 2
2 (0, 1) : v (0) = v (1) = 0} , V (L0) ≡ {v0

k ∈ L2 (0, 1) :
v0

k(t) =
√

2 sin πkt, k ∈ N
}
. Ââåäåìî ïðîñòið H(L0)− çàìèêàííÿ ìíîæèíè D(L0)

çà íîðìîþ ‖ u ‖2
H(L0) = ‖ u ‖2

L2(0,1) + ‖ D2
t u ‖2

L2(0,1).
Ñïåêòðàëüíi âëàñòèâîñòi îïåðàòîðà L0 îïèñó¹ íàñòóïíà âiäîìà òåîðåìà:
Òåîðåìà 1. Ïðàâèëüíèìè ¹ òàêi äâà òâåðäæåííÿ:
1. Òî÷êîâèé ñïåêòð σ0(L0) îïåðàòîðà L0 ñêëàäà¹òüñÿ ç ÷èñåë
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σ0 (L0) =
{
λk = π2k2, k = 1, 2, ...

}
.

2. Ìíîæèíà âëàñíèõ ôóíêöié V (L0) îïåðàòîðà L0 óòâîðþ¹ îðòîíîðìîâàíó
áàçó ïðîñòîðó L2 (0, 1).

Íåõàé Li
0 : Hi → L2 (0, 1)− çâóæåííÿ îïåðàòîðà L0 íà ïðîñòîðè Hi, (i =

0, 1),

Vi (L0) ≡
{

v0
2r−(−1)i ∈ V (L0)

⋂
Hi, r ∈ N

}
, σi (L0) ≡

{
λ2r−(−1)i ∈ σ (L0) , r ∈ N

}
.

Ëåìà 5. Ïðàâèëüíèìè ¹ òàêi òâåðäæåííÿ:
1. Îïåðàòîð Li

0, ìà¹ ñïåêòð σi(L0) òà ñèñòåìó âëàñíèõ ôóíêöié Vi(L0), ÿêà
óòâîðþ¹ îðòîíîðìîâàíó áàçó ïðîñòîðó Hi, (i = 0, 1).
2. L0=L0

0 + L1
0.

Äîâåäåííÿ. Âèáåðåìî äîâiëüíó ôóíêöiþ u ∈ H0

⋂
H(L0). Òîäi ç ëåìè 4

îòðèìà¹ìî −D2
t u ∈ H0. Âðàõîâóþ÷è ðiâíiñòü (1) òà òâåðäæåííÿ 4 ëåìè 1 îòðè-

ìà¹ìî, −D2
t u = f, f ∈ H0. Ç îçíà÷åííÿ îïåðàòîðà L0

0 âèïëèâà¹, ùî óìîâà l01u = 0
âèêîíó¹òüñÿ àâòîìàòè÷íî. Ïðè öüîìó ïåðøà êðàéîâà óìîâà (2) íàáèðà¹ âèãëÿäó
l00u ≡ 2u(0) = 0.
Ôóíêöiÿ u ∈ H0

⋂
H(L0) ¹ ðîçâ'ÿçêîì çàäà÷i:

−D2
t u = f, f ∈ H0, l

0
0u ≡ u(0) + u(1) = 2u(0) = 0.

Öié çàäà÷i âiäïîâiäà¹ îïåðàòîð L0
0.

Àíàëîãi÷íî äëÿ ôóíêöi¨ u ∈ H1

⋂
H(L0) îòðèìà¹ìî êðàéîâó çàäà÷ó:

−D2
t u = f, f ∈ H1, l01u ≡ u(0)− u(1) = 2u(0) = 0.

Ïðè öüîìó óìîâà l00u = 0 ñïðàâäæó¹òüñÿ çà îçíà÷åííÿ ïðîñòîðó H1. Âðàõîâóþ-
÷è ëåìó 3 îòðèìà¹ìî ðiâíiñòü: L0 = L0

0 + L1
0.

Îñêiëüêè Hi ¹ ïiäïðîñòîðàìè ïðîñòîðó L2(0, 1), òî çà îçíà÷åííÿì ñèñòåìè V (L0)
îòðèìó¹ìî, ùî Vi(L0)− îðòîíîðìîâàíi áàçè â ïðîñòîðàõ Hi, (i = 0, 1).
Ëåìó äîâåäåíî.

Ââåäåìî ïîçíà÷åííÿ: M ¹ ìíîæèíà çàìêíóòèõ, ùiëüíî âèçíà÷åíèõ îïåðà-
òîðiâ ç L2 (0, 1) â L2 (0, 1), Mj ≡

{
S ∈ M : SI = (−1)j+1 S, IS = (−1)j S

}
, (j =

0, 1).
Ëåìà 6. ßêùî îïåðàòîð S ∈ Mj òî S : H1−j

⋂
D (S) → Hj, S : Hj

⋂
D (S) →

0, (j = 0, 1).
Äîâåäåííÿ. Íåõàé j = 1, òîäi çà îçíà÷åííÿì ìíîæèíè M1 äëÿ äîâiëüíîãî

îïåðàòîðà S ∈ M1 ñïðàâäæóþòüñÿ ðiâíîñòi: SI = S, IS = −S. Òîìó S = S+S
2

=
S+SI

2
= Sp0, S = S+S

2
= S−IS

2
= E−I

2
S = p1S.

Îòæå, ìè îòðèìàëè, ùî S : H0

⋂
D(S) → H1.

Îñêiëüêè p0, p1− îðòîïðîåêòîðè â L2(0, 1), òî äëÿ äîâiëüíî¨ ôóíêöi¨ u ∈ H1

îòðèìó¹ìî ðiâíiñòü Su = Sp1u = Sp0p1u = 0. Àíàëîãi÷íî äîâîäèìî âèïàäîê äëÿ
j = 0.
Ëåìó äîâåäåíî.

Ëåìà 7. Íåõàé S ∈ Mj, òîäi S2 = 0, (j = 0, 1).
Äîâåäåííÿ. Ðîçãëÿíåìî âèïàäîê äëÿ j = 1. Íåõàé v ∈ D(S2), v = v0 +

v1, v0 ∈ H0, v1 ∈ H1. Ïîçíà÷èìî Sv = u1. Òîäi, âðàõîâóþ÷è, ùî îïåðàòîð S ∈ M1,
îòðèìà¹ìî ç òâåðäæåííÿ ëåìè 6: S : H1

⋂
D (S) → 0, S : H0

⋂
D (S) → H1. Òîá-

òî u1 ∈ H1.
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Îòæå, S2(v) = S(Sv) = S(S(v0 + v1)) = S(u1) = 0. Äëÿ j = 0 äîâåäåííÿ ïðîâî-
äèòüñÿ àíàëîãi÷íî.
Ëåìó äîâåäåíî.

Íåõàé îïåðàòîð Q ∈ M1, Q : W 2
2 (0, 1) → L2(0, 1).

Ðîçãëÿíåìî êðàéîâó çàäà÷ó:

LQu(t) ≡ L0u(t) + Qu(t) = f(t), f(t) ∈ L2(0, 1), (3)

{
l00u ≡ u(0) + u(1) = 0,
l01u ≡ u(0)− u(1) = 0.

(4)

×åðåç LQ ïîçíà÷èìî îïåðàòîð çàäà÷i (3), (4), D(LQ) = D(L0).
Ñïåêòðàëüíi âëàñòèâîñòi îïåðàòîðà LQ îïèñó¹ íàñòóïíà òåîðåìà:

Òåîðåìà 2. Äëÿ äîâiëüíîãî îïåðàòîðà Q ∈ M1 âèêîíó¹òüñÿ íàñòóïíå:
1. Ìíîæèíè âëàñíèõ çíà÷åíü îïåðàòîðiâ L0 òà LQ ñïiâïàäàþòü;
2. Ñèñòåìà âëàñíèõ âåêòîðiâ V (LQ) öüîãî îïåðàòîðà ïîâíà â ïðîñòîði

L2 (0, 1).
Äîâåäåííÿ. Ïîáóäó¹ìî åëåìåíòè ñèñòåìè V (LQ):

vk (t, Q) = v0
k (t) + v1

k (t, Q) , (k ∈ N). (5)

Äëÿ k = 2r, v0
2r (t) ∈ H1. Ç òîãî, ùî Q ∈ M1, ìà¹ìî Q : H1 → 0, Qv0

2r (t) =
0, LQv0

2r = λ2rv
0
2r, (r ∈ N).

Îòæå,
v2r (t, Q) = v0

2r (t) , (r ∈ N). (6)
Äëÿ k = 2r − 1 âèáèðà¹ìî íåâiäîìó ôóíêöiþ v1

2r−1(t, Q) ç ìíîæèíè H1.
Òîìó,

Qv1
2r−1 (t, Q) = 0, (r ∈ N) .

Ïiäñòàâëÿþ÷è (3) â ðiâíÿííÿ LQvk(t, Q) = λvk(t, Q) äëÿ k = 2r − 1 îòðèìó¹ìî

(−D2
t + Q)(v0

2r−1 (t) + v1
2r−1(t, Q)) = λ2r−1(v

0
2r−1 (t) + v1

2r−1(t, Q)), (r ∈ N). (7)

Òîìó, (−D2
t − λ2r−1

)
v1

2r−1 (t, Q) = −Qv0
2r−1 (t) , (r ∈ N).

Ââåäåìî â ðîçãëÿä îïåðàòîð S : v0
k(t) ≡ v1

k(t, Q), (k ∈ N), ïðè öüîìó Sv0
2r =

0 , Sv0
2r−1 (t) ≡ v1

2r−1 (t, Q) , (r ∈ N).
Îñêiëüêè λ2r−1v

0
2r−1 = −D2

t v
0
2r−1 = L0v

0
2r−1, òî Qv0

2r−1 = (SL0 − L0S)v0
2r−1.

Çà îçíà÷åííÿì îïåðàòîðiâ Q òà S ìà¹ìî: 0 = Qv0
2r = (SL0 − L0S)v0

2r, (r ∈ N).
Îòæå,

Qv0
n = (SL0 − L0S)v0

n, (n ∈ N).

Âðàõîâóþ÷è ðiâíîñòi (5), (7) îòðèìó¹ìî

vk(t, Q) = (E + S)v0
k(t), (k ∈ N).

Ç ðiâíîñòi (4) âèïëèâà¹, ùî σ (L0) ⊂ σ (LQ).
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Ïîêàæåìî, ùî ñèñòåìà {vk (t, Q)}∞k=1 ïîâíà â ïðîñòîði L2 (0, 1).
Íåõàé h äîâiëüíèé åëåìåíò ç ïðîñòîðó L2(0, 1). Òîäi, çà ëåìîþ 2 éîãî ìîæíà
ïîäàòè ó âèãëÿäi ñóìè h = h0 + h1, äå h1 ∈ H1, h0 ∈ H0.
Äëÿ k = 2p− 1 ìà¹ìî:
(h, v2p−1)L2(0,1) = (h0 + h1, v

0
2p−1)L2(0,1) = (h0, v

0
2p−1)L2(0,1) = 0, (p ∈ N). Îñêiëüêè

ñèñòåìà {v0
2p−1}∞p=1 òîòàëüíà â ïðîñòîði H0, òî h0 = 0, òîìó h = h1.

Äëÿ k = 2p âðàõîâóþ÷è, ùî v1
2p ∈ H0 îòðèìà¹ìî (h1, v

1
2p)L2(0,1) = 0, òîìó

(h1, v2p)L2(0,1) = (h1, v
0
2p + v1

2p)L2(0,1) = (h1, v
0
2p)L2(0,1) = 0, (p ∈ N). Ç òîòàëüíî-

ñòi ñèñòåìè {v0
2p}∞p=1 â ïðîñòîði H1 âèïëèâà¹, ùî h1 = 0, à îòæå h ≡ 0. Òîáòî

ñèñòåìà V (LQ)− ïîâíà (òîòàëüíà) â ïðîñòîði L2 (0, 1) i σ (L0) = σ (LQ).
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