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ÏÐÎ ÍÀÁËÈÆÅÍÍß ÉÌÎÂIÐÍÎÑÒÅÉ ÁÀÍÊÐÓÒÑÒÂÀ ÄËß
ÏÐÎÖÅÑIÂ ÐÈÇÈÊÓ Ç ÂÈÏÀÄÊÎÂÈÌÈ ÏÐÅÌIßÌÈ

Earlier many authors obtain corresponding approximations of the ruin probability for classic (semi-
continuous) risk processes ξ(t) = u + Ct − S(t) (u > 0) with the linear premium rate function
C(t) = Ct and with the claim processes S(t) =

∑
k≤N1(t)

Yk (N1(t) = Pois(λ1), 0 < λ1 – the intensity

of claims Yk). Analogies of some approximations are established for the case, when the premium
process is stochastic: C(t) =

∑
k≤N2(t)

Xk(N2(t) = Pois(λ2), 0 < λ1 < λ2 – the intensity of premiums

Xk − exp(b), b > 0).

Ðàíiøå ðiçíèìè àâòîðàìè îäåðæàíi âiäïîâiäíi íàáëèæåííÿ éìîâiðíîñòi áàíêðóòñòâà äëÿ êëà-
ñè÷íèõ (íàïiâíåïåðåðâíèõ) ïðîöåñiâ ðèçèêó ξ(t) = u + Ct− S(t) (u > 0) ç ëiíiéíîþ ôóíêöi¹þ
ïðåìié C(t) = Ct i ïðîöåñîì âèìîã S(t) =

∑
k≤N1(t)

Yk (N1(t) = Pois(λ1), 0 < λ1 � iíòåíñèâíiñòü

âèìîã Yk). Â ñòàòòi íàâîäÿòüñÿ àíàëîãè äåÿêèõ íàáëèæåíü äëÿ âèïàäêó, êîëè ïðåìiàëüíèé
ïðîöåñ âèïàäêîâèé: C(t) =

∑
k≤N2(t)

Xk(N2(t) = Pois(λ2), 0 < λ1 < λ2 � iíòåíñèâíiñòü ïðåìié

Xk − exp(b), b > 0).

Ðîçãëÿíåì ñïî÷àòêó ðåçåðâíèé ïðîöåñ ðèçèêó Ru(t) òà íàäëèøêîâèé ïðîöåñ
âèìîã ζ(t) êëàñè÷íîãî òèïó





Ru(t) = u + Ct− S(t), C > 0, u > 0,

ζ(t) = S(t)− Ct, S(t) =
∑

k≤N(t)

Yk,
(1)

äå N(t) - ïðîñòèé ïóàññîíiâñüêèé ïðîöåñ ç λ > 0, ôóíêöiÿ ðîçïîäiëó (ô.ð.) âèìîã
Yk:
F (x) = P{Yk < x}, x ≥ 0,∀k ≥ 1. Ïðèïóñêà¹ìî, ùî m = Eζ(1) < 0, òîäi
êîåôiöi¹íò ñòðàõîâî¨ íàäáàâêè (safety security loading)

δ = ρ =
C − λµ1

λµ1

> 0,m = λµ1 − C, µk = EY k
1 , k = 1, 3 (2)

Iìîâiðíiñòü áàíêðóòñòâà âèçíà÷à¹òüñÿ ñïiââiäíîøåííÿì

Ψ(u) = P{Ru(t) < 0 äëÿ äåÿêîãî t > 0}, àáî
Ψ(u) = P{ζ(t) > u äëÿ äåÿêîãî t > 0} (3)

Ââåäåìî ïîçíà÷åííÿ äëÿ ôóíêöiîíàëiâ ξ(t) = R0(t) òà ζ(t):

• ξ±(t) = sup
0≤t′≤t

(inf)ξ(t
′
),

• ξ± = sup
0≤t<∞

(inf)ξ(t),

• τ−u = inf{t > 0 : ξ(t) < −u},
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• ζ±(t) = sup
0≤t

′≤t

(inf)ζ(t
′
),

• ζ± = sup
0≤t<∞

(inf)ζ(t),

• τ+(u) = inf{t > 0 : ζ(t) > u};
τ−u

.
= τ+(u) âèçíà÷àþòü ìîìåíò 1-ãî áàíêðóòñòâà.

Iìîâiðíiñòü áàíêðóòñòâà Ψ(u) òà éìîâiðíiñòü âèæèâàííÿ φ(u) = 1 − Ψ(u)
âèçíà÷àþòüñÿ òàêîæ ÷åðåç ô.ð. àáñîëþòíèõ åêñòðåìóìiâ ξ−, ζ+.

Ψ(u) = P{ξ− < −u} = P{ζ+ > u}, u > 0 (4)

Iìîâiðíiñòü áàíêðóòñòâà íà ñêií÷åííîìó iíòåðâàëi [0, t] âèçíà÷à¹òüñÿ ÷åðåç ô.ð.
ξ−(t), ζ+(t):

Ψ(t, u) = P{ξ−(t) < −u} = P{τ−u < t} = P{ζ+(t) > u} = P{τ+(u) < t}. (5)

ßêùî ïîçíà÷èòè θs - ïîêàçíèêîâî ðîçïîäiëåíó âèïàäêîâó âåëè÷èíó ç ïàðà-
ìåòðîì s > 0, òîäi ïåðåòâîðåííÿ Ëàïëàñà-Êàðñîíà Ψ(t, u) âèðàæà¹òüñÿ òàê

s
∞∫
0

e−stΨ(t, u)dt = P{ζ+(θs) > u} = P{ξ−(θs) < −u)}.
Çíàéòè ÿâíèé âèãëÿä Ψ(u) (ÿê i Ψ(t, u) íå òàê ïðîñòî (õiáà ùî ó âèïàäêó, êî-

ëè âèìîãè Yk ïîêàçíèêîâî ðîçïîäiëåíi). Ó çàãàëüíîìó âèïàäêó âèíèêà¹ ïîòðåáà
ó çíàõîäæåííi ïðàêòè÷íèõ îöiíîê äëÿ Ψ(u), çîêðåìà ïðè u →∞. Îäíîþ ç ïåð-
øèõ îöiíîê äëÿ Ψ(u) áóëà îäíîñòîðîííÿ îöiíêà (òàê çâàíà íåðiâíiñòü Êðàìåðà-
Ëóíäáåðãà (äèâ. [1]- [4])

Ψ(u) ≤ e−Ru, u > 0, R � ïîêàçíèê Êðàìåðà�Ëóíäáåðãà (6)

R âèçíà÷à¹òüñÿ ÿê ìiíiìàëüíèé äîäàòíèé êîðiíü ðiâíÿííÿ Ëóíäáåðãà

k(r) = 0, k(r) = lnEerζ(1) = −rC + λ(rF̃ (r)− 1), F̃ (r) =

∞∫

0

erxF (x)dx. (7)

Ïiçíiøå ïðè âiäïîâiäíèõ óìîâàõ íà ζ(t) îäåðæàíi îäíîñòîðîííi óçàãàëüíåííÿ (6)

Ψ(u) ≤ ce−Ru, 0 < c < 1, u > 0, (8)

òà äâîñòîðîííi íåðiâíîñòi (äèâ òåîðåìó 6.3 â [1], àáî òåîðåìó 5.6 â [5] )

c−e−Ru ≤ Ψ(u) ≤ c+e−Ru, (9)

c∓ = inf
x≥0

(sup) F (x)
∞∫
0

eR(y−x)dF (x)
, 0 < c− < c+ < 1.

Ïîêàçíèê Êðàìåðà�Ëóíäáåðãà R òàêîæ íåëåãêî çíàéòè, îñêiëüêè ðiâíÿííÿ (7)
(ÿêå ìîæå áóòè i òðàíñöåíäåíòíèì, äèâ. äàëi ïðèêëàä 1) íå çàâæäè ïiääà¹òüñÿ
ðîçâ'ÿçàííþ. Òîìó âèêîðèñòîâóþòüñÿ ðiçíi ñïîñîáè îá÷èñëåííÿ íàáëèæåíü R,
ñòàëèõ c, c± â òåðìiíàõ

mk = Eζ(1)k, (k ≤ 3), àáî µk = Eyk
1 , òà ρ = δ = |Eζ(1)|

λµ1
> 0.
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Ñïiââiäíîøåííÿ äëÿ Ψ(u) íàâîäÿòüñÿ â äîäàòêó IV â [5], éîãî íàáëèæåííÿ
ïðè u →∞ â äîäàòêó V â [5] â îñíîâíîìó äëÿ êëàñè÷íîãî âèïàäêó

à) C(t) = Ct, C > 0 ζ(t) = S(t)− Ct � êëàñè÷íèé ïðîöåñ ðèçèêó (äèâ.(1)).
Ìè ðîçãëÿíåìî âèïàäîê âèïàäêîâèõ ïðåìié
á)C(t) 6= Ct,

ζ(t) = S(t)− C(t), S(t) =
∑

k≤N1(t)

Yk, C(t) =
∑

k≤N2(t)

Xk, (10)

K(r) = λ1rF̃ (r)− λ2r(r + b)−1.

äå N1,2(t)−Pois(λ1,2) � íåçàëåæíi ïóàññîíiâñüêi ïðîöåñè ç iíòåíñèâíîñòÿìè λ1,2 >
0, (λ = λ1 + λ2) ïðåìi¨ Xk > 0- ïîêàçíèêîâî ðîçïîäiëåíi ç ïàðàìåòðîì b > 0,
(Xk = exp(b)). Çàóâàæèìî, ùî êîåôiöi¹íò ñòðàõîâî¨ íàäáàâêè äëÿ âèïàäêó á)
âiäðiçíÿ¹òüñÿ âiä (2) i ìà¹ âèãëÿä

ρ =
|m|

ES(1)
=

λ2 − λ1bµ1

λ1bµ1

=
q − pbµ1

pbµ1

> 0, p =
λ1

λ
, q =

λ2

λ
, λ = λ1 + λ2. (11)

Çàâäàííÿ ïîëÿãà¹ â òîìó, ùîá îäåðæàòè àíàëîãè äåÿêèõ íàáëèæåíü iìîâið-
íîñòi áàíêðóòñòâà, ðàíiøå îäåðæàíèõ â [1�3] äëÿ âèïàäêó à), i äëÿ ïðîöåñiâ (10)
ç âèïàäêîâèìè ïðåìiÿìè (âèïàäîê á)).

Ïî÷íåì ç íàáëèæåíü Ψ0(u) ïðè C = 1 i Ψ1(u) = ΨR(u) ïðè ∀C > 0 � íà-
áëèæåííÿ Ðåíü¨ (äèâ. òàáëèöþ V â Äîäàòêàõ [5]). Äëÿ öüîãî çàìiíèìî ïðîöåñ
ζ(t) â (10) "íàáëèæåíèì" ïðîöåñîì iç çàäà÷i (20.2) â [6] àáî [7] çi ñêëàäîâîþ
C(t) =

∑
k≤N2(t)

Xk, Xk = exp(b) � ïîêàçíèêîâî ðîçïîäiëåíi ç b > 0,EC(1) = λ2b
−1

(ïî ñóòi S(t) çàìiíÿ¹òüñÿ íà S0(t)),

ζ0(t) = S0(t)− C(t), S0(t) =
∑

k≤N0(t)

Y 0
k , N0(t) = Pois(λ0), Y

0
k = exp(a), a > 0. (12)

Ïðèïóñêà¹ìî, ùî ES0(1)k = ES(1)k (k = 1, 2), m = Eζ(1) = λ1µ1 − λ2b
−1 < 0.

Òîäi ìàþòü ìiñöå ñïiââiäíîøåííÿ
{

λ1µ1 = λ0a
−1

λ1µ2 = 2λ0a
−2

⇒
{

λ0 = aλ1µ1

λ1µ2 = 2λ1µ1a
−2

⇒
{

a = 2µ1

µ2
,

λ0 =
2λ1µ2

1

µ2
,

λ0+λ2 =
2λ1µ

2
1 + λ2µ2

µ2

,

ùî âñòàíîâëþþòü çâ'ÿçîê ìiæ ïàðàìåòðàìè ζ(t) òà ζ0(t).
Ðiâíÿííÿ Ëóíäáåðãà äëÿ ζ0(t) ïðè Eζ0(1) < 0 çâîäèòüñÿ äî ëiíiéíîãî i âèçíà-

÷à¹ êîðiíü r = ρ0
+ > 0 :

λ0

a− r
=

λ2

b + r
⇒ ρ0

+ =
ab|m|

λ0 + λ2

=
2µ1|m|b

µ2(λ0 + λ2)
=

2µ1|m|b
2λ1µ2

1 + λ2µ2

, (13)

p0
+ =

ρ0
+

a
=

b|m|
λ0 + λ2

, q0
+ = 1− b|m|

λ0 + λ2

=
b + bλ1µ1

λ0 + λ2

=
λ1µ1(2µ1 + µ2b)

2λ1µ2
1 + λ2µ2

.

Îòæå çãiäíî ç (3.105) â [5] ρ0
+ âèçíà÷à¹ ðîçïîäië ζ+

0 = sup
0≤t<∞

ζ0(t) i ìà¹ ìiñöå
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Ïðîïîçèöiÿ 1. ßêùî çà "íàáëèæåííÿ" ζ(t) â (10) âèáðàòè ïðîöåñ ζ0(t) â
(12), òî êîðiíü r = ρ0

+ ðiâíÿííÿ Ëóíäáåðãà äëÿ ζ0(t) âèçíà÷à¹ ðîçïîäië ζ+
0 (à

îòæå i âiäïîâiäíå íàáëèæåííÿ Ψ0(u))

Ψ(u) ∼ Ψ0(u) = P{ζ+
0 > u} = q0

+e−ρ0
+u, ρ0

+ = ap0
+, u > 0. (14)

Çíà÷åííÿ q0
+ òà ρ0

+ çãiäíî ç (13) âèðàæàþòüñÿ â òåðìiíàõ ìîìåíòiâ ζ(t) 1-
ãî é 2-îãî ïîðÿäêiâ. Ïiñëÿ çàìiíè â (14) q0

+ íà q+ = Ψ(0) (äèâ. òàáë. II â [5])
îäåðæó¹òüñÿ íàáëèæåííÿ

Ψ(u) ∼ Ψ0
R(u) = q+e

− 2µ1|m|bu

2λ1µ2
1+λ2µ2 , u →∞, q+ = p(1 + bµ1) =

1 + pρ

1 + ρ
. (15)

Îòæå, îäåðæàíå íàáëèæåííÿ (14) äëÿ ζ(t) ¹ àíàëîãîì íàáëèæåííÿ Ψ0(u) (ç
C = 1), à (15) � àíàëîãîì íàáëèæåííÿ ΨR(u) (∀C > 0) ó òàáëèöi V [5].

Ùîá îäåðæàòè àíàëîã íàáëèæåííÿ Äå Âiëüäåðà (äèâ. Ψ3(u) â òàáëèöi V
[5]) çà "íàáëèæåííÿ" äî ζ(t) â (10) âèáåðåì ïðîöåñ ζ0(t) = S0(t) − C0t(C0 >
0, S0(t).(12)) òàê, ùîá Eζ0(1)k = Eζ(1)k (k = 1, 3,m = Eζ(1) < 0). Òîäi ïîõi-
äíi êóìóëÿíò k(r) = Eerζ(1) i k0(r) = Eerζ0(1) çàäîâîëüíÿþòü óìîâó: k(i)(0) =

k
(i)
0 (0)(i = 1, 3), ç ÿêî¨ âèïëèâà¹ ñèñòåìà ðiâíÿíü äëÿ âèçíà÷åííÿ íåâiäîìèõ ïà-

ðàìåòðiâ (λ0, C0, a)





λ0
1a
−1 − C0 = m (m = k′(0) = λ1µ1 − λ2b

−1)

2λ0
1a
−2 = k2 (k2 = λ1µ2 + 2λ2b

−2)

6λ0
1a
−3 = λ1µ3 − 6λ2b

−3 = k3.

Äëÿ ðîçâ'ÿçàííÿ ñèñòåìè âèçíà÷èìî ç 1-ãî ðiâíÿííÿ C0 = |m|+λ0
1a
−1 i ïîçíà÷èìî

x = λ0
1a
−2. Ç äâîõ îñòàííiõ ðiâíÿíü âèçíà÷àþòüñÿ íåâiäîìi x òà a : x = 1

2
k2,

a = 6x(λ1µ3 − 6λ2b
−3)−1. Çâiäñè âèçíà÷àþòüñÿ âñi íåâiäîìi ïàðàìåòðè

a =
3k2

2(λ1µ3 − 6λ2b−3)
, λ0

1 =
k3

2

2(λ1µ3 − 6λ2b−3)
, C0 = |m|+ 3k2

2

2(λ1µ3 − 6λ2b−3)
. (16)

�äèíèé äîäàòíèé êîðiíü ðiâíÿííÿ Ëóíäáåðãà (k0(r) = 0), ùî çâîäèòüñÿ äî ëi-
íiéíîãî: C0(r− a) + λ0

1 = 0 ⇒ ρ0
+ = a−λ0

1C
−1
0 âèçíà÷à¹ ðîçïîäië ζ+

0 (äèâ. (3.105)
â [5]), à îòæå i âiäïîâiäíå íàáëèæåííÿ äëÿ Ψ(u). Òàêèì ÷èíîì ñïðàâåäëèâà

Ïðîïîçèöiÿ 2. Ó âèïàäêó á) äëÿ ïðîöåñó ζ(t) â (10) iìîâiðíiñòü áàíêðóò-
ñòâà Ψ(u) âèçíà÷à¹òüñÿ àíàëîãîì íàáëèæåííÿ Äå Âiëüäåðà

Ψ(u) ∼ Ψ2(u) = Ψ0
DV (u) = P{ζ+

0 > u} = q0
+e−ρ0

+u, u > 0 (17)

ρ0
+ = a− λ0

1C
−1
0 , q0

+ = λ0
1(aC0)

−1 (äèâ. òàáë. II â [5] , ó âèïàäêó à) q+ =
λµ

C
),

äå çíà÷åííÿ ïàðàìåòðiâ a, λ0, C0 çãiäíî ç (16) âèçíà÷à¹òüñÿ ÷åðåç ïåðøi òðè
ìîìåíòè ïðîöåñó ζ(t) (µk = EY k

1 ,EXk
1 = k!b−k, k = 1, 3). Êiíöåâi çíà÷åííÿ

q0
+, ρ0

+ äèâ. äàëi â òàáë. V â [5] 2.á).
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Äëÿ âèâåäåííÿ àíàëîãà íàáëèæåííÿ Áååêìàíà�Áîâåðñà Ψ3(u) = ΨBB(u) (äèâ.
òàáë. V â [5]) ðîçãëÿíåìî ïðè m = Eζ(1) < 0 óìîâíó iìîâiðíiñòü áàíêðóòñòâà

H(u) = P{ζ+ > u|ζ+ > 0} =
Ψ(u)

q+

(0 < q+ = Ψ(0)). (18)

Îñêiëüêè H(0) = 1, H(∞) = 0, òî H(u) ìîæíà çàìiíèòè õâîñòîì ãàììà-ðîçïîäiëó
G(x) = Gα,β(x), ïåðøi äâà ìîìåíòè ÿêîãî

µ∗ =

∫

x≥0

xdG(x) =
α

β
, σ2

∗ =

∫

x≥0

(x− µ∗)2dG(x) =
α

β2

çáiãàþòüñÿ ç âiäïîâiäíèìè ìîìåíòàìè ζ+. Äëÿ îá÷èñëåííÿ öèõ ìîìåíòiâ âèêî-
ðèñòà¹ìî ôîðìóëó Ïîëÿ÷åêà�Õií÷èíà äëÿ âèïàäêó á) (äèâ. äàëi 1 á) ó òàáëèöi
IV â [5])

ϕ+(z) = Ee−zζ+

=
p+

1− q+ϕ̃0(z)
, p+ = P{ζ+ = 0} = 1− q+; (19)

ϕ̃0(z) =
1

q+

∞∫

0

e−xzdF∗(x), F ∗(0) =

∞∫

0

dF∗(x) = q+, ϕ̃0(0) = 1,

dF∗(x) = dF (x) + bF (x)dx, F (x) = pP{Y1 > x}, x > 0.

Ç (19) âèïëèâà¹, ùî øóêàíi ìîìåíòè ζ+ âèðàæàþòüñÿ ÷åðåç

|ϕ̃′0(0)| = p

q+

(µ1 +
bµ2

2
), ϕ̃′′0(0) =

p

q+

(µ2 +
bµ3

3
), p =

λ1

λ1 + λ2

,

à ñàìå
m+ := Eζ+ =

q+

p+

|ϕ̃′0(0)|, m2
+ = (

q+

p+

ϕ̃′0(0))2,

E(ζ+)2 = 2
q2
+

p3
+

ϕ̃′0(0)2 +
q+

p+

ϕ̃′′0(0) =
2m2

+

p+q+

+
q+

p+

ϕ̃′′0(0), (20)

Dζ+ = m2
+

2− p+q+

p+q+

+
p

p+

(µ2 +
bµ3

3
), q+ = p(1 + bµ1).

Ç óìîâè ðiâíîñòi ìîìåíòiâ ζ+ òà ô.ð. G(x) :

α

β
= m+,

α

β2
= Dζ+ ⇒ β =

m+

Dζ+
, α = m+β =

m2
+

Dζ+
. (21)

Çãiäíî ç (20) m+, Dζ+ âèðàæàþòüñÿ ÷åðåç ïåðøi òðè ìîìåíòè âèìîã: EY k
1 = µk

i ïðåìié EXk
1 = k!b−k (k = 1, 3).

Çàëåæíiñòü α i β âiä ñòðàõîâî¨ íàäáàâêè (11)

ρ =
q − pbµ1

pbµ1

=
p+

q − p+

=
p+

q+ − p

ó âèïàäêó á) ñêëàäíiøà íiæ ó âèïàäêó à).
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Îòæå, â òåðìiíàõ α i β � âèðàæåíèõ ÷åðåç ïåðøi ìîìåíòè âèìîã i ïðåìié ìà¹
ìiñöå

Ïðîïîçèöiÿ 3. Äëÿ ïðîöåñó ζ(t) ç (10) ïðè mk = Eζ(1)k < ∞, (k =
1, 3), m1 < 0 ìà¹ ìiñöå àíàëîã íàáëèæåííÿ Áååêìàíà�Áîâåðñà

Ψ(u) ∼ Ψ3(u) = Ψ0
BB(u) = p(1 + bµ1)

∫ ∞

βu

Γ(α)−1yα−1e−ydy, (22)

ïàðàìåòðè ÿêîãî α, β âèçíà÷àþòüñÿ â (21).
Ô.ð. F (x), õâîñòè ÿêèõ ìàþòü óïîâiëüíåíå ñïàäàííÿ ïîðiâíÿíî ç ïîêàçíè-

êîâèì ïðè x → ∞ íàçèâàþòü ðîçïîäiëàìè ç âàæêèìè õâîñòàìè. Çîêðåìà, òàêå
ñïàäàííÿ ìàþòü õâîñòè ðîçïîäiëiâ:

Âåéáóëà�Ãí¹äåíêî: F (x) = exp{−xβ} (0 < β < 1), x > 0;
ðîçïîäië Ïàðåòî: F (x) = (1 + x)−α (α > 0), x > 0;
ëîãíîðìàëüíèé ðîçïîäië: F (x) = Φ( log x−m

σ
)(σ2,m > 0), x > 0.

Îñòàíí¹ íàáëèæåííÿ Ψ9(u) äëÿ "âàæêèõ õâîñòiâ"ìîæíà îäåðæàòè çà äîïî-
ìîãîþ ïåðøèõ äâîõ ôîðìóë (1)�(2) ç Äîäàòêó IV â [5] ó îáîõ âèïàäêàõ à), á).
Çãiäíî ç ïîçíà÷åííÿìè â [1], [3] òà àñèìïòîòè÷íèìè ñïiââiäíîøåííÿìè â [1,p.IX,
c.254]

F (x) = µ1F I(x), F I(x)∗n ≈ nF I(x), n ≥ 2. (23)
Êëàñ ðîçïîäiëiâ ç âàæêèìè õâîñòàìè íàçèâàþòü ïiäïîêàçíèêîâèì (subexponenti-
al)i ïîçíà÷àþòü ÷åðåç S.

Òåîðåìà. à) ßêùî äëÿ ïðîöåñó ζ(t) â (1) ô.ð. F (x) = P{Yk < x} ∈ S, òîäi
ïðè m < 0

Ψ(u) ∼ Ψ9(u) = ρ−1F I(u) =
1

ρµ1

F (u), u →∞; ρ =
C − λµ1

µ2

; (24)

á) ßêùî äëÿ ζ(t) â (10) ïðåìi¨ Xk = exp(b) (b > 0), F (x) ∈ S, òîäi ïðè m < 0

Ψ(u) ∼ Ψ0
9(u) =

1

p+

F ∗(u) =
λ

b|m|F ∗(u), u →∞, p+ =
qρ

1 + ρ
, (25)

F ∗(x) = F (x) + bF (x), x > 0, F (x) =

∫ ∞

x

F (y)dy.

Äîâåäåííÿ. Îáìåæèìîñü äîâåäåííÿì äëÿ âèïàäêó á), îñêiëüêè äëÿ âèïàäêó
à) éîãî ìîæíà çíàéòè â [1]- [2]. Çàóâàæèìî, ùî F ∗(x) ïiñëÿ "íîðìóâàííÿ" ñòà¹
"õâîñòîì" ô.ð.

ΦI(x) = q−1
+ F ∗(x), F ∗(0) = q+ = Ψ(0). (26)

Çãiäíî ç 2.á) â òàáëèöi IV, ùî íàâîäèòüñÿ äàëi, ìà¹ ìiñöå îáåðíåííÿ ôîðìóëè
Ïîëÿ÷åêà�Õií÷èíà äëÿ âèïàäêó á):

Ψ(u) = p+

∑
n>0

F ∗(u)∗n, u > 0, q+ =
1 + pρ

1 + ρ
= p(1+bµ1), p =

λ1

λ
, λ = λ1+λ2. (27)

Ïiñëÿ ïiäñòàíîâêè (23) ó (27) îäåðæèìî

Ψ(u) = p+

∑
n≥1

qn
+ΦI(u)∗n. (28)
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Âðàõîâóþ÷è, ùî Φ
∗n
I (u) ≈ nΦI(u) i ôîðìóëó

∑
n≥1

nxn = x
∑
n≥1

nxn−1 = x(
∑
n≥0

xn)′ =
x

(1− x)2
(29)

iç (28) îäåðæèìî ñïiââiäíîøåííÿ

Ψ(u) ≈ p+ΦI(u)
∑
n>0

nqn
+ =

q+

p+

ΦI(u) =
1

p+

F ∗(u), u →∞. (30)

Çãiäíî ç íàñëiäêîì 20.4 â [6] àáî [7] p+ = b|m|λ−1, òîäi ç (30) âèïëèâà¹ (25).
Çàóâàæèìî, ùî â òàáëèöi V íàáëèæåííÿ Ψ8(u) â [5] ñïðàâåäëèâå äëÿ îáîõ

âèïàäêiâ à) i á) ç âiäïîâiäíèìè çíà÷åííÿìè q+ = Ψ(0) : a) q+ = λ1µ
C

; á) q+ =
p(1 + µ1b).

Îòæå, òàáëèöi IV-V â [5] ïiñëÿ äîïîâíåííÿ íîâèìè ðåçóëüòàòàìè, îäåðæàíè-
ìè äëÿ âèïàäêó á), ìàþòü òàêèé âèãëÿä.

IV. Îñíîâíi ôîðìóëè äëÿ Ψ(u) = 1− φ(u) = φ(u) = P{τ+(u) < ∞}
1. Óçàãàëüíåííÿ ôîðìóëè Ïîëÿ÷åêà-Õií÷èíà

Ee−zζ+

=
p+

1− q+ϕ̃0(z)
; ϕ̃0(z) := E[e−zγ+(0) | ζ+ > 0],

a) ϕ̃0(z) = µ−1
∞∫
0

e−zxF (x)dx; F (x) =
∞∫
x

dF (x);

á) ϕ̃0(z) = q−1
+

∞∫
0

e−zxdF∗(x), F∗(x) = F (x) + bF (x), x ≥ 0.

2. Îáåðíåííÿ ôîðìóëè Ïîëëÿ÷åíêà-Õií÷èíà (äèâ (5.16) òà (6.60) â [5])
a)äëÿ íàïiâíåïåðåðâíîãî çíèçó ïðîöåñó âèìîã ζ(t) (q+ = λµC−1)

Ψ(u) = p+

∑
n>0

qn
+µ−nF (u)∗n, F (u) =

∞∫

u

F (x)dx, u > 0;

á) äëÿ ìàéæå íàïiâíåïåðåðâíîãî çíèçó ïðîöåñó ðèçèêó ζ(t) (p+ = b|m|λ−1)

Ψ(u) = p+

∑
n>0

F∗(u)∗n, F∗(u) = F (u) + bF (u), u > 0,EXk = b−1.

3. Ôîðìóëà, ùî âèïëèâà¹ ç ìàðòèíãàëüíîñòi X(t) = Ee−R+ζ(t) (k(R+) = 0).

Ψ(u) = e−R+ug+(u,R+), g+(u, z) = E[e−zγ+(u), ζ+ > u];

a) äëÿ íàïiâíåïåðåðâíîãî çíèçó íàäëèøêîâîãî ïðîöåñó âèìîã ζ(t)

g+(u, z) =
λ

C

∞∫

0

e−zxF (u + x)dx +
λ

| m |

u∫

+0

∞∫

0

e−zxF (u− y + x)dxdφ(y);

á) äëÿ ìàéæå íàïiâíåïåðåðâíîãî çíèçó ïðîöåñó ðèçèêó ζ(t)

g+(u, z) =

∞∫

0

e−zxF
′
∗(u + x)dx +

λ

b | m |

u∫

+0

∞∫

0

e−yzF
′
∗(u− y + x)dxdφ(y);
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F
′
∗(x) = F

′
(x) + bF (x), F (x) = pF1(x), F1(x) = P{Y1 < x}, x > 0, p =

λ1

λ
.

4. Ôîðìóëà äëÿ Ψ(u) â òåðìiíàõ "õâîñòiâ" 2-ãî ïîðÿäêó F (x) :
a)Ψ(u) = λ

C
F (u) + λ

|m|
u∫
0

F (u− z)φ
′
(z)dz, Ψ(0) = q+ = λµ1

C
;

á) Ψ(u) = F∗(u) + λ
|m|

u∫
0

F∗(u− y)φ′(y)dy,

Ψ(0) = q+ = p(1 + bµ
′
k), µ

′
k = E(Y1)

k, k = 1, 2.
5. Àñèìïòîòè÷íà ôîðìóëà (äèâ. çíà÷åííÿ Ψ(0) â (15), (16))

Ψ(u) = e−R+u(Ψ(0) + o(1)) (u →∞)

a) Ψ(0) = λµ1

c
; á) Ψ(0) = F∗(0) = p(1 + bµ

′
1).

V. Äåÿêi íàáëèæåííÿ Ψk(u) ∼ Ψ(u) ( u →∞) â òåðìiíàõ
µn =

∞∫
0

xndF (x), n = 1, 3, m = Eζ(1), (a) ρ = C−λµ1

λµ1
= p+

q+
> 0;

á) ρ = q−pbµ1

pbµ1
= p+

q+−p
> 0).

1. Íàáëèæåííÿ Ðåíü¨ Ψ1(u) = ΨR(u)

à) ΨR(u) = 1
1+ρ

e
− 2ρµ1u

µ2(1+ρ) = q+e
− 2µ1|m|

µ2C
u, q+ = Ψ(0) = λµ1

C
.

á) Ψ0
R(u) = q+e

− 2µ1|m|bu

2λ1µ2
1+λ2µ2 , q+ = Ψ0

R(0) = p(1 + bµ1), p = λ1

λ
, λ = λ1 + λ2.

2. Íàáëèæåííÿ Êðàìåðà�Ëóíäáåðãà Ô. Ψ2(u) = ΨCL(u) (R+ > 0)

à) ΨCL(u) = |m|
k′(R+)

e−R+u, R+ - êîðiíü ðiâíÿííÿ k(R+) = 0 (k(r) äèâ. (7)).
á) Ψ0

CL(u) = |m|
2qk′(R+)

e−R+u, (k(r) äèâ. (10), q = λ2

λ
).

3. Íàáëèæåííÿ Äå Âiëüäåðà Ψ3(u) = ΨDV (u)

a) ΨDV (u) =
3µ2

2

3µ2
2+2µ1µ3ρ

exp{− 6µ1µ2ρu
3µ2

2+2µ1µ3ρ
}; ΨDV (0) < 1;

á) Ψ0
DV (u) = q0

+e−ρ0
+u; q0

+ =
2k2

2k3

3(2|m|k3+3k2
2)

, k2 = λ1µ2 + 2λ2b
−1,

ρ0
+ = 3k2

2k3

2k3(3|m|−k2
2)+9k2

3(2k3|m|+3k2
2)

, k3 = λ1µ3 − 6λ2b
−3.

4. Íàáëèæåííÿ Áååêìàíà-Áîâåðñà Ψ4(u) = ΨBB(u)

a) ΨBB(u) = 1
1+ρ

∞∫
βu

xα−1

Γ(α)
e−xdx, α = 1+ρ

1+(c−1)ρ
β = 2µ1ρ

µ2+(c−µ2)ρ
, c = 4µ1µ3

3µ2
2

;

á) Ψ0
BB(u) = q+

∞∫
Bu

Γ(α)−1xα−1e−xdx, q+ = p(1 + bµ1),

α = E(ζ+)2(Dζ+), β = Eζ+(Dζ+)−1; (E(ζ+)1,2, Dζ+ äèâ.(20)�(21)).
5. Åêñïîíåíöiéíå íàáëèæåííÿ Ψ5(u) = ΨE(u)

ΨE(u) = exp{−1− 2ρµ1u− µ2√
µ2

2 + 4
3
ρµ1µ3

}, ΨE(0) = exp{(1 +
4ρµ1

3µ2µ3

)−1/2 − 1}.

6. Äèôóçiéíå íàáëèæåííÿ Ψ6(u) = ΨD(u)

ΨD(u) = e
− 2ρµ1u

µ2 ( ΨD(0) = 1 íå äà¹ íi÷îãî äëÿ Ψ(0) = q+).
7. Íàáëèæåííÿ Îâå Ëóíäáåðãà (ñèíà Ô. Ëóíäáåðãà) Ψ7(u) = ΨOL(u)

ΨOL(u) = ΨD(u)[1 + (ρu− µ2

µ1
)

4ρµ2
1µ3

3µ3
2

], ΨOL(0) = 1− 4ρµ1µ3

3µ2
2

< 1.

Íàóê. âiñíèê Óæãîðîä óí-òó, 2012, âèï. 23 , N 1



40 Ä. Â. ÃÓÑÀÊ

8. Íàáëèæåííÿ ïîäiáíå äî ΨCL(u)
Ψ8(u) = Ψ∗(u) = Ψ(0)e−R+u,
a) Ψ(0) = λµ1

C
,

á) Ψ(0) = F∗(0) = p(1+bµ1) (R+ - êîðiíü ðiâíÿííÿ Ëóíäáåðãà L0: k(R+) = 0)
9. Íàáëèæåííÿ äëÿ âèïàäêó "âàæêèõ" õâîñòiâ F (x): Ψ9(u) = Ψ∗∗(u),
a) Ψ∗∗(u) = (ρµ1)

−1F (u) = 1
ρ
F (u), (ρµ1)

−1 = λ | m |−1,

á) Ψ0
∗∗(u) = 1

p+
F ∗(u) = λ

b|m|F ∗(u), F ∗(u) = F (u) + bF (u), p+ = qρ
1+ρ

(ρ äèâ. â
(11)

Ïðèêëàä 1. Íåõàé ζ(t) = S(t) − t ( > 0, t ≥ 0) - êëàñè÷íèé ïðîöåñ ðè-
çèêó, ñòðèáêè (âèìîãè) ÿêîãî Yk â S(t) =

∑
k≤N(t)

Yk ìàþòü ïîäâî¹íó ãàóññîâó

ùiëüíiñòü

∂

∂x
P{Yk < x} =

2√
2π

e−
x2

2 ; Φ0
I(x) =

2√
2π

x∫

0

e−
z2

2 dz, x > 0.

N(t) -ïóàññîíiâñüêèé ïðîöåñ ç iíòåíñèâíiñòþ λ > 0, õ.ô. ñòðèáêiâ Yk

ϕ0(α) = EeiαYk =
2√
2π

∞∫

0

eiαx−x2

2 dx.

ßê õ.ô. ζ(θs) òàê i êóìóëÿíòà ψ(α) = lnEeiαζ(θs) ¹ òðàíñöåíäåíòíèìè ôóí-
êöiÿìè: ψ(α) = λ(ϕ0(α) − 1) − iαC, ϕ(s, α) = Eeiαζ(θs) = s

s−ψ(α)
. Äiéñíî ïiñëÿ

ïiäñòàíîâêè iα = r, çíàõîäèìî:

ϕ0(−ir) =
2λ√
2π

∞∫

0

e
2rz−z2

2 dz =
2λ√
2π

∞∫

0

e
r2−(z−r)2

2 dz = λe
r2

2 (Φ0
I(r) + 1),

k(r) = λe
r2

2 (Φ0
I(r) + 1)− λ− Cr. (31)

Êîåôiöi¹íò ñòðàõîâî¨ íàäáàâêè (2) âèðàæà¹òüñÿ ÷åðåç m = Eζ(1) < 0, µ =
EY1 = 2√

2π
, λ,C.

m = k′(0) =
2λ√
2π

− C, δ = ρ =
|m|
λµ

=
C − λµ

λµ
> 0. (32)

Ïðè C = λ = 1 δ = ρ = 1−µ
µ

> 0 i âèêîíàííÿ óìîâè (32) çàáåçïå÷ó¹ óìîâó
Ψ(u) < 1. Ùîá çíàéòè íàáëèæåííÿ éìîâiðíîñòi áàíêðóòñòâà ñëiä ðîçâ'ÿçàòè
ðiâíÿííÿ Ëóíäáåðãà (7), ÿêå â äàíîìó ïðèêëàäi çâîäèòüñÿ äî òðàíñöåíäåíòíîãî
ðiâíÿííÿ

e
r2

2 (Φ0
I(r) + 1) = 1 + r. (33)

Äîäàòíèé ðîçâ'ÿçîê (33) âèçíà÷à¹ ïîêàçíèê Ëóíäáåðãà R+ = ρ+ > 0. Íàáëè-
æåííÿ äëÿ R+ = ρ+ ≈ 0, 4 çíàõîäèòüñÿ ãðàôi÷íèì ñïîñîáîì. Çãiäíî ç (20.34)
â [6] ïðè = λ = 1, p+ = |m|, q+ = µ = 2√

2π
. Îòæå

Ψ(u) ≈ 2√
2π

e−0,4u, u →∞. (34)
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Íå çìåíøóþ÷è çàãàëüíîñòi, çíîâó ââàæà¹ìî λ = 1. Òîäi çãiäíî ç (20.34)
â [6] δ = ρ = C−µ

µ
= p+

q+
= |m|

µ
. Â óìîâàõ "÷åñíî¨ ãðè" ( p+ = q+ = 1

2
) =

2µ = 4√
2π
, ðiâíÿííÿ (7) çâîäèòüñÿ äî òðàíñöåíäåíòíîãî ðiâíÿííÿ (ç âiäïîâiäíèì

íàáëèæåíèì ðîçâ'ÿçêîì)

e
r2

2 (Φ0
I(r) + 1) = 1 +

4r√
2π

⇒ r = ρ+ ≈ 0, 89. (35)

Îòæå, â óìîâàõ "÷åñíî¨ ãðè" : q+ = Ψ(0) = 1
2
, R+ = ρ+ ≈ 0, 89,

Ψ(u) ≈ 1

2
e−0,89u, u →∞. (36)

Çà äîïîìîãîþ îáåðíåíü ôîðìóëè Ïîëëÿ÷åêà�Õií÷èíà (äèâ.ï. 2.à), á) â òàáë.IV)
âñòàíîâëþþòüñÿ íàñòóïíi íàñëiäêè.

Íàñëiäîê 1. Íåõàé ζ(t) = S(t)−Ct(C > 0, t ≥ 0) � êëàñè÷íèé ïðîöåñ ðèçèêó
ç ïîêàçíèêîâî ðîçïîäiëåíèìè âèìîãàìè

F (x) = P{Yk < x} = 1− e−ax, x ≥ 0, a > 0, µ = a−1. (37)

Òîäi (íå âäàþ÷èñü äî ðîçâ'ÿçàííÿ ðiâíÿííÿ Ëóíäáåðãà (7)) çà îáåðíåíîþ ôîðìó-
ëîþ Ïîëÿ÷åêà�Õií÷èíà (äèâ. ï. 2à) â òàáë.IV )

Ψ(u) = p+

∑
qn
+µ−nF (u)∗n (38)

âñòàíîâëþ¹òüñÿ ñïiââiäíîøåííÿ

Ψ(u) = q+e−ap+u, q+ = λµC−1, p+ =
|m|
C

=
aC − λ

aC
. (39)

Äîâåäåííÿ. Ôîðìóëà Ïîëÿ÷åêà�Õií÷èíà âèçíà÷à¹ ãåíåðàòðèñó ζ+ ÷åðåç óìîâíó
ãåíåðàòðèñó γ+(0) � ïåðøîãî ïåðåñòðèáêó ÷åðåç 0,

Ee−zζ+

=
p+

1− q+ϕ̃0(z)
, ϕ̃0(z) = E[e−zγ+(0)|ζ+ > 0], (40)

ó âèïàäêó à)

ϕ0(z) = µ−1

∞∫

0

e−zxF (x)dx, F (x) =

∞∫

x

F (y)dy, F (x) = µ1F I(x).

Ïðè óìîâi (37)

F (x) = e−ax, F (x) = a−1e−ax, (µ1 = a−1) (41)

F (x)∗n = (µF (x))∗ = µnF (x)∗n = µne−ax

n−1∑
r=0

(ax)r

r!

Ïiñëÿ ïiäñòàíîâêè (41) â (38) îäåðæó¹òüñÿ ñïiââiäíîøåííÿ

Ψ(u) = p+

∞∑
n=1

qn
+F (u)∗n = p+e−au

∞∑
n=1

qn
+

n−1∑
r=0

(au)r

r!
=
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= q+e−au

∞∑
r=0

(aq+u)r

r!
= q+e−au+aq+u,

ç ÿêîãî âèïëèâà¹ (39). Îñêiëüêè ζ(t) íå òiëüêè íåïåðåðâíèé çíèçó, à é ìàéæå
íàïiâíåïåðåðâíèé çâåðõó, òî çãiäíî ç (3.105) â [5] ap+ = ρ+ i (39) óçãîäæó¹òüñÿ
ç (20.14) â [6], âñòàíîâëåíèì ç âèêîðèñòàííÿì ðiâíÿííÿ (7).

Íàñëiäîê 2. Íåõàé ζ(t) = S(t) − C(t) (äèâ.(10)) ìàéæå íàïiâíåïåðåðâíèé
(i çâåðõó i çíèçó) ïðîöåñ ðèçèêó ç ïîêàçíèêîâî ðîçïîäiëåíèìè âèìîãàìè Yk −
exp(a) i ïðåìiÿìè Xk − exp(b) i âiäïîâiäíîþ êóìóëÿíòîþ

k(r) = ψ(−iα) =
λ1r

a− r
+

λ2r

b + r
, λ1, λ2 > 0, p =

λ1

λ1 + λ2

,

m = k′(0) = λ1a
−1 − λ2b

−1 < 0 (µ = a−1).

Òîäi íà ïiäñòàâi ôîðìóëè îáåðíåííÿ (27) âñòàíîâëþþòüñÿ ñïiââiäíîøåííÿ

Ψ(u) = q+e−ap+u, u > 0, q+ = p(1 + bµ). (42)

Äîâåäåííÿ. Â ñèëó âèêîíàííÿ óìîâè (37) äëÿ F1(x) = P{Yk < x} çíàõîäèìî,
ùî

F ∗(x) = p(F 1(x) + bF (x)) = q+e−ax, q+ = p(1 + ba−1),

F ∗(x)∗n = qn + F1(x)∗n = qn
+e−ax

n−1∑
r=0

(ax)r

r!
. (43)

Ïiäñòàâëÿþ÷è (43) â (27) çíàõîäèìî

Ψ(u) = p+e−ax
∑
n≥1

qn
+

n−1∑
r=0

(au)r

r!
= p+e−au

∑
∗
; (44)

∑
∗

=
∑
r≥0

(au)r

r!

∑
n≥r+1

qn
+ =

q+

1− q+

∑
r≥0

(auq+)r

r!
=

q+

p+

e−aq+u.

Ïiñëÿ ïiäñòàíîâêè
∑

∗ â (44) îäåðæèìî (42). ßê i â ïîïåðåäíüîìó ïðèêëàäi
a− aq+ = ap+ = ρ+, à (42) óçãîäæó¹òüñÿ ç ôîðìóëîþ (3.105) â [5], îäåðæàíîþ ç
âèêîðèñòàííÿì ðiâíÿííÿ (7).

Äëÿ iëþñòðàöi¨ íàáëèæåíü (14) i (15) ðîçãëÿíåìî ïðîöåñ iç çàäà÷ ó [6], [7].
Ïðèêëàä 2. Íåõàé ζ(t) ïðîöåñ iç çàäà÷ 20.9�20.10 â [6] (àáî â [7], 17.9-

17.10).
ζ(t) = S(t)− C(t), S(t) =

∑

k≤N1(t)

Yk, EeiαYk =
1

(1− iα)2
, (45)

C(t) =
∑

k≤N2(t)

Xk, Xk = exp(b), iíòåíñèâíîñòi N1,2(t) λ1 = λ2 = 1.

Ùîá çíàéòè Ψ0
R(u), çà íàáëèæåííÿ äëÿ S(t) âèáåðåì S0(t) â (12)

S0(t) =
∑

k≤N0(t)

Y 0
k , Y 0

k = exp(a), k0(r) = lnEerζ0(1) = r(
λ0

a− r
− 1

b + r
).
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Iç ñïiââiäíîøåíü (12)�(13) ïðè b = 1
14

ëåãêî çíàéòè çíà÷åííÿ ïàðàìåòðiâ:

a = λ0 = 1, ρ0
+ = p0

+ =
3

7
, q0

+ = q+ = Ψ(0) =
4

7
.

Òîìó íàáëèæåííÿ (14) i (15) çáiãàþòüñÿ

Ψ(u) ∼ Ψ0(u) = Ψ0
R(u) =

4

7
e−

3
7
u, u →∞. (46)

Òî÷íå ñïiââiäíîøåííÿ Ψ(u), îäåðæàíå ïðè ðîçâ'ÿçàííi çàäà÷i 20.10 â [6], ( (17.10)
â [7]) ìà¹ âèãëÿä

Ψ(u) =
27

41
e−

1
4
u − 25

287
e−

12
7

u →
u→0

Ψ(0) =
4

7
. (47)

Ïðè ïîðiâíÿííi ρ0
+ ç äîäàòíèìè êîðåíÿìè r1,2 > 0 ðiâíÿííÿ Ëóíäáåðãà äëÿ

ζ(t) (k(r) = lnEerζ(1) = 0) âèÿñíÿ¹òüñÿ, ùî

r1 = R =
1

4
< ρ0

+ =
3

7
< r2 =

25

7
(0, 25 < ρ0

+ ≈ 0, 4 < 1, 7),

òîáòî, ùî êîðiíü ðiâíÿííÿ (k0(r) = 0) ρ0
+ çíà÷íî áëèæ÷å äî ïîêàçíèêà Êðàìåðà�

Ëóíäáåðãà R = 0, 25 � ìåíøîãî êîðåíÿ ðiâíÿííÿ k(r) = 0. Çíà÷åííÿ q+ = q0
+ =

4
7
≈ 0, 6 áëèçüêå äî êîåôiöi¹íòà 27

41
≈ 0, 66 ïðè äîìiíóþ÷ié åêñïîíåíòi e−Ru â

(47) i ïðè u →∞
Ψ(u) =

27

41
e−0,25u + o(e−Ru). (48)

Ñïiââiäíîøåííÿ (46) ìîæíà ââàæàòè çàäîâiëüíîþ ïðàêòè÷íîþ îöiíêîþ äëÿ
Ψ(u) â (47).
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