
ÏÐÎ ÎÄÍÓ ÔÎÐÌÓ ÏÑÅÂÄÎÌÎÌÅÍÒIÂ I �Õ ÇÀÑÒÎÑÓÂÀÍÍß ÄËß ÎÖIÍÊÈ... 69

ÓÄÊ 519.21

Ì. Ì. Êàïóñòåé, Ï. Â. Ñëþñàð÷óê (Óæãîðîäñüêèé íàö. óí-ò)

ÏÐÎ ÎÄÍÓ ÔÎÐÌÓ ÏÑÅÂÄÎÌÎÌÅÍÒIÂ I �Õ
ÇÀÑÒÎÑÓÂÀÍÍß ÄËß ÎÖIÍÊÈ ÁËÈÇÜÊÎÑÒI ÔÓÍÊÖIÉ
ÐÎÇÏÎÄIËÓ ÄÂÎÕ ÑÓÌ ÂÈÏÀÄÊÎÂÈÕ ÂÅËÈ×ÈÍ

The paper contains estimates of approximation of convergence of sums not identically distributed
random variables in the term of pseudomoments.

Ðîáîòà ìiñòèòü îöiíêè áëèçüêîñòi ðîçïîäiëiâ ñóì ðiçíî ðîçïîäiëåíèõ âèïàäêîâèõ âåëè÷èí â
òåðìiíàõ ïñåâäîìîìåíòiâ.

Â òåîði¨ éìîâiðíîñòåé âàæëèâå çíà÷åííÿ ìàþòü äîñëiäæåííÿ áëèçüêîñòi ðîç-
ïîäiëiâ äâîõ ñóì [1�4], à òàêîæ íàáëèæåííÿ ðîçïîäiëiâ ñóì ïðåäñòàâíèêîì ïåâ-
íîãî êëàñó ðîçïîäiëiâ [3], çîêðåìà, ñòiéêèì çàêîíîì [5]. Ìè ðîçãëÿäà¹ìî áëèçü-
êiñòü ðîçïîäiëiâ äâîõ ñóì, êîëè íà âèïàäêîâi âåëè÷èíè îäíi¹¨ iç ñóì íàêëàäà¹-
òüñÿ îáìåæåííÿ, ùî âèêîðèñòàíå â [2, ñòîð. 382]. Ó äàíié ðîáîòi ïðîäîâæóþòüñÿ
äîñëiäæåííÿ, àíàëîãi÷íi [4], àëå âèêîðèñòîâóþòüñÿ äåùî âèäîçìiíåíi ïñåâäîìî-
ìåíòè. Ó ðåçóëüòàòi, íà âiäìiíó âiä [4], îäåðæó¹ìî îöiíêè, ó ÿêèõ ñòàëi çàëåæàòü
òiëüêè âiä α, à çàëåæíiñòü âiä λ çäiéñíþ¹òüñÿ ÷åðåç ïñåâäîìîìåíòè. ßê íàñëi-
äîê, îäåðæó¹ìî îöiíêè øâèäêîñòi çáiæíîñòi äî ñòiéêèõ çàêîíiâ ðîçïîäiëó äëÿ
íîðìîâàíèõ ñóì ðiçíî ðîçïîäiëåíèõ âèïàäêîâèõ âåëè÷èí, ùî óçàãàëüíþþòü ðå-
çóëüòàòè ðîáîòè [5].

Íåõàé ξ1, . . . , ξn, . . . òà η1, . . . , ηn, . . . � äâi ïîñëiäîâíîñòi âèïàäêîâèõ âåëè÷èí ç
ôóíêöiÿìè ðîçïîäiëó âiäïîâiäíî Fk(x) i Gk(x), õàðàêòåðèñòè÷íèìè ôóíêöiÿìè

fk(t) i gk(t). Φn(x) i Qn(x) � ôóíêöi¨ ðîçïîäiëó âèïàäêîâèõ âåëè÷èí
n∑

k=1

ξk i
n∑

k=1

ηk,

à Hk(x) = Fk(x)−Gk(x), ρn = supx |Φn(x)−Qn(x)|.
Íåõàé âèêîíóþòüñÿ óìîâè:
iñíó¹ ÷èñëî α ∈ (0, 2] i ñòàëà λ > 0 òàêi, ùî

|gi(t)| ≤ e−λ|t|
∝
; (1)

µik =

∞∫
−∞

xkdHi(x) = 0 (i = 1, 2, . . . ; k = 1,m), (2)

äå m = 1 ïðè α ≤ 1 i m = 2 ïðè 1 < α ≤ 2.
Ïîçíà÷èìî

κi =

∞∫
−∞

|x|α
∣∣∣Hi

(
xλ

1
α

)∣∣∣ dx, κi0 = ∞∫
−∞

max(1, |x|α)
∣∣∣Hi

(
xλ

1
α

)∣∣∣ dx,
νi0 =

∞∫
−∞

max(1, |x|α)
∣∣∣dHi

(
xλ

1
α

)∣∣∣ ,
κ = max

1≤i≤n
κi, κ0 = max

1≤i≤n
κi0, ν0 = max

1≤i≤n
νi0.
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Òåîðåìà 1. Íåõàé âèêîíóþòüñÿ óìîâè (1) i (2). Òîäi äëÿ âñiõ n ≥ 1 ñïðà-
âåäëèâi íåðiâíîñòi :

ρn ≤ C(1)n
−1
α max

{
κ, κ

n
(α+1)n+1

}
,

ρn ≤ C(2)n
−1
α max

{
κ0, κ

n
n+1

0

}
, ρn ≤ C(3)n

−1
α ,

äå C(1), C(2), C(3) � ñòàëi, ùî çàëåæàòü òiëüêè âiä α.

Iç îäåðæàíèõ ðåçóëüòàòiâ, ÿê íàñëiäîê, îäåðæó¹ìî îöiíêè øâèäêîñòi çáiæíî-
ñòi äî ñòiéêèõ çàêîíiâ.

Íåõàé ξ1, . . . , ξn, . . . íåçàëåæíi âèïàäêîâi âåëè÷èíè ç ôóíêöiÿìè ðîçïîäiëó
Fk(x), òà õàðàêòåðèñòè÷íèìè ôóíêöiÿìè fk(t). Ïîçíà÷èìî Gα(x, λ) ôóíêöiþ
ðîçïîäiëó ñòiéêîãî çàêîíó iç õàðàêòåðèñòè÷íîþ ôóíêöi¹þ

φα(t, λ) = exp{−λ|t|α(1− iβ · signt · ω(t, α))},

äå

ω(t, α) =

{
tg πα

2
, ïðè 0 < α ≤ 2, α ̸= 1,

2
π
ln |t|, ïðè α = 1,

F̄n(x) � ôóíêöiÿ ðîçïîäiëó âèïàäêîâî¨ âåëè÷èíè (nλ)
−1
α (ξ1 + · · · + ξn) + An, äå

An = 0 ïðè α ̸= 1; An = 2
π
β lnλ ïðè λ = 1. Áåç îáìåæåííÿ çàãàëüíîñòi áóäåìî

ââàæàòè, ùî Mξk = 0, ÿêùî âîíè iñíóþòü.
Ïîêëàäåìî gk(t) = φα(t, λ). Òîäi

Qn

(
x(λn)

1
α

)
= Gα(x, 1), F̄n(x) = Φn

(
x(λn)

1
α

)
,

ρ′n = sup
x

|F̄n(x)−Gα(x, 1)| =

= sup
x

∣∣∣Φn

(
x(λn)

1
α

)
−Qn

(
x(λn)

1
α

)∣∣∣ = sup
x

|Φn(x)−Qn(x)| = ρn,

κi = κi(α, λ) =

∞∫
−∞

|x|α
∣∣∣Fi

(
xλ

1
α

)
−Gα(x, 1)

∣∣∣ dx,
κi0 = κi0(α, λ) =

∞∫
−∞

max(1, |x|α)
∣∣∣Fi

(
xλ

1
α

)
−Gα(x, 1)

∣∣∣ dx,
νi0 = νi0(α, λ) =

∞∫
−∞

max(1, |x|α+1)
∣∣∣d(Fi

(
xλ

1
α

)
−Gα(x, 1)

)∣∣∣ .
Ïîçíà÷èìî

µ′ik =

∞∫
−∞

xkd
(
Fi

(
xλ

1
α

)
−Gα(x, 1)

)
,

κ(α, λ) = max
1≤i≤n

κi(α, λ), κ0(α, λ) = max
1≤i≤n

κi0(α, λ),

ν0(α, λ) = max
1≤i≤n

νi0(α, λ).
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Íàñëiäîê 1. ßêùî µ′ik = 0 äëÿ i = 1, 2, . . . , k = 1,m, òî äëÿ âñiõ n ≥ 1
ñïðàâåäëèâi íåðiâíîñòi:

ρ′n ≤ C(1)n−
1
α max

{
κ(α, λ); (κ(α, λ))

n
(α+1)n+1

}
,

ρ′n ≤ C(2)n−
1
α max

{
κ0(α, λ); (κ0(α, λ))

n
n+1

}
, ρ′n ≤ C(3)n−

1
αν0(α, λ).

Ïðè äîâåäåííi òåîðåìè âèêîðèñòîâóþòüñÿ íàñòóïíi ëåìè.

Ëåìà 1. Íåõàé µik = 0; k = 1,m; i = 1, 2, ..., ωi(t) = |fi(t)− gi(t)|. Òîäi

ωi

(
tλ−

1
α

)
≤ νi0min

(
1,

21−δ

m!(m+ 1)δ
|t|α+1

)
;

ωi

(
tλ−

1
α

)
≤ κi0 min

(
|t|, 2

1−δ

mδ
|t|α+1

)
; ωi

(
tλ−

1
α

)
≤ κi

|t|α+121−δ

mδ
,

äå δ = α + 1−m.

Äîâåäåííÿ. Âèêîðèñòîâóþ÷è íåðiâíiñòü ( [2], ñòîð. 372)∣∣∣∣eiα − 1− iα− · · · − (iα)m

m!

∣∣∣∣ ≤ 21−δ

m!(m+ 1)δ
|t|m+δ, m = 1, 2, . . . , 0 ≤ δ ≤ 1, (3)

iç óìîâ ëåìè îäåðæèìî
(
Ψi(x) = Hi

(
xλ

1
α

))

fi

(
tλ−

1
α

)
− gi

(
tλ−

1
α

)
=

∞∫
−∞

eitxdΨi(x) =

∞∫
−∞

(
eitx −

m∑
k=0

(itx)k

k!

)
dΨi(x). (4)

Òîäi

ωi

(
tλ−

1
α

)
=

∣∣∣∣∣∣
∞∫

−∞

eitxdΨi(x)

∣∣∣∣∣∣ ≤
∞∫

−∞

max(1, |x|α)|dΦi(x)| = νi0,

à iç äðóãî¨ ðiâíîñòi (4) i íåðiâíîñòi (3) ïðè δ = α + 1−m

ωi

(
tλ−

1
α

)
≤

∞∫
−∞

∣∣∣∣∣eitx −
k!∑

k=0

(itx)k

k!

∣∣∣∣∣ |dΨi(x)| ≤
∞∫

−∞

21−δ

m!(m+ 1)δ
|tx|m+δ|dΨi(x)| ≤

≤ 21−δ

m!(m+ 1)δ
|t|α+1

∞∫
−∞

max(1, |x|α+1)|dΨi(x)| =
21−δ

m!(m+ 1)δ
|t|α+1ν0.

Çâiäêè îäåðæó¹ìî ïåðøó íåðiâíiñòü ëåìè.
Ïiñëÿ iíòåãðóâàííÿ ÷àñòèíàìè â (4), îäåðæèìî

fi

(
tλ−

1
α

)
− gi

(
tλ−

1
α

)
= −it

∞∫
−∞

eitxΨi(x)dx, (5)
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fi

(
tλ−

1
α

)
− gi

(
tλ−

1
α

)
= −it

∞∫
−∞

(
eitx −

m−1∑
k=0

(itx)k

k!

)
Ψi(x)dx. (6)

Iç (6) i (3) (ïîêëàâøè â íié m− 1 çàìiñòü m) îòðèìà¹ìî äðóãó íåðiâíiñòü ëåìè:

ωi

(
tλ−

1
α

)
=

∣∣∣∣∣∣t
∞∫

−∞

(
eitx −

m−1∑
k=0

(itx)k

k!

)
Ψi(x)dx

∣∣∣∣∣∣ ≤

≤ |t|
∞∫

−∞

21−δ|tx|m−1+δ

(m− 1)!mδ
|Ψi(x)|dx =

21−δ

mδ
|t|α+1

∞∫
−∞

|x|α|Ψi(x)|dx =
21−δ

mδ
|t|α+1κi.

Çîêðåìà,

ωi

(
tλ−

1
α

)
≤ 21−δ

mδ
|t|α+1

∞∫
−∞

max(1, |x|α)|Ψi(x)|dx =
21−δ

mδ
|t|α+1κi0,

à iç (5)

ωi

(
tλ−

1
α

)
≤ |t|

∞∫
−∞

|Ψi(x)|dx ≤ |t|
∞∫

−∞

max(1, |x|α)|Ψi(x)|dx = |t|κ0.

Òðåòÿ íåðiâíiñòü ëåìè äîâåäåíà.

Ëåìà 2. Íåõàé âèêîíóþòüñÿ óìîâè (1) òà (2) i íåõàé θi � âåëè÷èíè, äëÿ
ÿêèõ, ïðè äåÿêîìó s ∈ [0;α+1] i R ∈ (0; 2], äëÿ âñiõ äiéñíèõ t âèêîíó¹òüñÿ íåðiâ-

íiñòü ωi

(
tλ−

1
α

)
≤ θimin(|t|s, R|t|α+1), i = 1, 2, ... Ïîêëàäåìî θ = max{θ1, ..., θn},

c ∈
(
0,min

{
e−

2
α ; sup

{
x : x ∈ (0; 1);

1

2
−R

√
x(− lnx)

1
α > 0

}
; 2−3

})
.

ßêùî θ ≤ c, |t| ≤ (− ln θ)
1
α = T ′1, òî∣∣∣fi (tλ− 1

α

)∣∣∣ ≤ e−c
′
1|t|α , (7)

äå c′1 =
1
2
−R

√
c(− ln c)

1
α > 0. Ïðè θ ≤ c i |t| > T ′1 (T ′1 ≥ 1)∣∣∣fi (tλ− 1

α

)∣∣∣ ≤ 2θ|t|s. (8)

ßêùî θ > c i |t| ≤ T ′2 =
c
θ
(T ′2 < 1), òî∣∣∣fi (tλ− 1

α

)∣∣∣ ≤ e−c
′
2|t|α , (9)

äå c′2 = 1− ceR > 0.
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Äîâåäåííÿ. Iç óìîâè (1)∣∣∣ωi

(
tλ−

1
α

)∣∣∣ ≤ ∣∣∣ωi

(
tλ−

1
α

)
− gi

(
tλ−

1
α

)∣∣∣+ ∣∣∣gi (tλ− 1
α

)∣∣∣ ≤ e−|t|
α

+ ωi

(
tλ−

1
α

)
. (10)

Íåõàé θ ≤ c, |t| ≤ T ′1. Ç (10) i óìîâ ëåìè∣∣∣fi (tλ− 1
α

)∣∣∣ ≤ e−
1
2
|t|α
(
e−

1
2
|t|α + e

1
2
|t|αωi

(
tλ−

1
α

))
≤

≤ e−
1
2
|t|α
(
1 + e

1
2
|t|αθiR|t|α+1

)
≤ e−

1
2
|t|α
(
1 + e

1
2
T ′α
1 θiR|t|αT ′1

)
≤

≤ e−
1
2
|t|α
(
1 +

√
θR|t|α(− ln θ)

1
α

)
.

Îñêiëüêè ôóíêöiÿ y = x
α
2 lnx ¹ ñïàäíîþ ïðè x ∈

(
0, e−

2
α

)
i y → 0 ïðè x → 0, à

0 < c ≤ e−
2
α i θ ≤ c, òî∣∣∣fi (tλ− 1

α

)∣∣∣ ≤ e−
1
2
|t|α
(
1 +R|t|α

√
c(− ln c)

1
α

)
≤ e−c

′
1|t|α .

Ó âèïàäêó θ ≤ c i |t| > T ′1 iç (10) îäåðæó¹ìî (âðàõîâóþ÷è, ùî T
′
1 ≥ 1)∣∣∣fi (tλ− 1

α

)∣∣∣ ≤ e−|t|
α

+ ωi

(
tλ−

1
α

)
≤ e−T

′α
1 + θi|t|s ≤ θ + θ|t|s ≤ 2θ|t|s.

Íåõàé θ > c i |t| ≤ T ′2 =
c
θ
, òîäi iç (10) (T ′2 < 1)∣∣∣fi (tλ− 1

α

)∣∣∣ ≤ e−|t|
α

+ ωi

(
tλ−

1
α

)
= e−|t|

α
(
1 + e−|t|

α

ωi

(
tλ−

1
α

))
≤

≤ e−|t|
α

(1 + e|t|
α

θiR|t|α+1) ≤ e−|t|
α

(1 + eRc|t|α) ≤ e−c
′
2|t|α .

Ëåìà 3. Íåõàé âèêîíóþòüñÿ óìîâè ëåìè 2. Òîäi iñíóþòü ñòàëi C(4) i C(5),
ùî çàëåæàòü òiëüêè âiä α, s, R, òàêi, ùî ïðè n ≥ 2 ρn ≤ C(4)n−

1
α max(θ, θp),

à ïðè s > 0 ρ1 ≤ C(5)
(
1 + 1

s

)
max(θ, θp), äå p = min

(
1, n

sn+1

)
.

Äîâåäåííÿ. Âèêîðèñòà¹ìî íåðiâíiñòü ( [6], ñòîð. 299)

|F (x)−G(x)| ≤ 2

π

T∫
0

|f(t)− g(t)|dt
t
+

24

πT
sup
x

|G′(x)|. (11)

Îñêiëüêè ρn = sup
x

|Φn(x) − Qn(x)| = sup
x

∣∣∣Φn

(
xλ

1
λ

)
−Qn

(
xλ

1
λ

)∣∣∣, òî â (11) ïî-

êëàäåìî

F (x) = Φn

(
xλ

1
α

)
, G(x) = Qn

(
xλ

1
α

)
,

f(t) =
n∏

k=1

fk

(
tλ−

1
α

)
, g(t) =

n∏
k=1

gk

(
tλ−

1
α

)
.

Iç (1) âèïëèâà¹, ùî âèïàäêîâi âåëè÷èíè ηi ìàþòü ùiëüíiñòü ðîçïîäiëó, à

G(x) = Qn

(
xλ−

1
λ

)
¹ ôóíêöi¹þ ðîçïîäiëó âèïàäêîâî¨ âåëè÷èíè λ−

1
α (η1+· · ·+ηn),
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òîäi

|G′(x)| = 1

2π

∣∣∣∣∣∣
∞∫

−∞

e−itx
n∏

k+1

gk

(
xλ−

1
λ

)
dt

∣∣∣∣∣∣ ≤ 1

2π

∞∫
−∞

e−n|t|
α

dt =
1

π

+∞∫
0

e−nt
α

dt =

=
1

π

+∞∫
0

e−z
1

α
z

1
α
−1n−

1
αdz =

1

n
1
απα

Γ

(
1

α

)
=

1

n
1
α

1

π
Γ

(
1

α
+ 1

)
.

Iç (11) îòðèìà¹ìî

ρn ≤ 2

π

T∫
0

∣∣∣∣∣
n∏

k=1

fk

(
tλ−

1
α

)
−

n∏
k=1

gk

(
tλ−

1
α

)∣∣∣∣∣ dtt +
24

n
1
αTπ2

Γ

(
1

α
+ 1

)
. (12)

Â íåðiâíîñòi ∣∣∣∣∣
n∏

i=1

ai −
n∏

i=1

bi

∣∣∣∣∣ ≤
n∑

i=1

|ai − bi|
i−1∏
k=1

|bk|
n∏

k=i+1

|ak|

ïîêëàäåìî ak = fk

(
tλ−

1
α

)
, bk = gk

(
tλ−

1
α

)
. Òîäi iç ëåìè 2 ïðè |t| ≤ T ′l (l = 1 ïðè

θ ≤ c i l = 2 ïðè θ > c) îäåðæèìî∣∣∣∣∣
n∏

i=1

fi

(
tλ−

1
α

)
−

n∏
i=1

gi

(
tλ−

1
α

)∣∣∣∣∣ ≤
≤

n∑
i=1

ωi

(
tλ−

1
α

) i−1∏
k=1

∣∣∣gi (tλ− 1
α

)∣∣∣ n∏
k=i+1

∣∣∣fi (tλ− 1
α

)∣∣∣ ≤ (13)

≤
n∑

i=1

θiR|t|α+1e−|t|
α(i−1)e−c

′
l|t|

α(n−i) ≤ nθR|t|α+1e−c
′
l|t|

α(n−1).

Íåõàé θ > c, T = T ′2. Òîäi iç (13) ïðè n > 1

I =
2

π

T∫
0

∣∣∣∣∣
n∏

k=1

fk

(
tλ−

1
α

)
−

n∏
k=1

gk

(
tλ−

1
α

)∣∣∣∣∣ dtt ≤ 2

π
nθR

T∫
0

tαe−c
′
2t

α(n−1)dt ≤

≤ 2

π
nθR

∞∫
0

tαe−c
′
2t

α(n−1)dt =
2nθR

απ(c′2(n− 1))
1
α
+1

T∫
0

e−zz
1
αdz = (14)

=
θ

n
1
α

(
n

(n− 1)c′2

) 1
α
+1

2R

πα
Γ

(
1

α
+ 1

)
≤ C5

θ

n
1
α

,

äå ÷åðåç Ck áóäåìî ïîçíà÷àòè ñòàëi, ùî çàëåæàòü òiëüêè âiä c, α, R.
Iç (14) òà (12) ïðè n > 1 i θ > c

ρn ≤ C6
θ

n
1
α

. (15)
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Íåõàé θ ≤ c, n > 1. Â (12)ïîêëàäåìî T = θ−pc, T ′ = min(T ′1, T ). Òîäi

I =
2

π

T∫
0

∣∣∣∣∣
n∏

k=1

fk

(
tλ−

1
α

)
−

n∏
k=1

gk

(
tλ−

1
α

)∣∣∣∣∣ dtt ≤

≤ 2

π

T ′∫
0

∣∣∣∣∣
n∏

k=1

fk

(
tλ−

1
α

)
−

n∏
k=1

gk

(
tλ−

1
α

)∣∣∣∣∣ dtt +
2

π

T∫
T ′

∣∣∣∣∣
n∏

k=1

fk

(
tλ−

1
α

)∣∣∣∣∣ dtt + (16)

+
2

π

T∫
T ′

∣∣∣∣∣
n∏

k=1

gk

(
tλ−

1
α

)∣∣∣∣∣ dtt = I1 + I2 + I3.

Âðàõîâóþ÷è, ùî T ′ ≤ T ′1, iç ëåìè 2 òà (13) ïðè n > 1, àíàëîãi÷íî äî (14),
îäåðæèìî:

I1 ≤ C6
θ

n
1
α

. (17)

Ââàæà¹ìî, ùî T ′ = T ′1, áî iíàêøå I2 = 0, I3 = 0. Iç ëåìè 2, íåðiâíîñòi (8),
îäåðæó¹ìî:

I2 =
2

π

T∫
T ′

∣∣∣∣∣
n∏

k=1

fk

(
tλ−

1
α

)∣∣∣∣∣ dtt ≤ 2

π

T∫
T ′

(2θts)n
dt

t
=

2

π
(2θ)n

T∫
T ′

tsn−1dt. (18)

Ó âèïàäêó s ≥ 1
3
I3 ≤ 2

π
(2θ)n T sn

sn
≤ 6

nπ
(2θ)n(θ−pc)sn ≤ 6

nπ

(
2c

1
3

)n
θn(1−sp).

Iç âèçíà÷åííÿ p âèïëèâà¹, ùî äëÿ äîâiëüíîãî íàòóðàëüíîãî n n(1− sp) ≥ p,
òîìó iç óìîâè θ ≤ c

I2 ≤
6θp

nπ

(
2c

1
3

)n
=

6

π
· θ

p

n
1
α

n
1
α
−1
(
2c

1
3

)n
≤ C7

θp

n
1
α

. (19)

Ïðè s ≤ 1
3
i n ≥ 2, n

sn+1
≤ 1, òîìó p = 1. Òîäi iç (18)

I2 ≤
2

π
(2θ)n

T∫
T ′

tsn−1dt ≤ 2

π
(2θ)n(T ′1)

− 1
3

T∫
T ′

tsn−
2
3dt ≤ 2

π
(2θ)n

1
3
√
T ′1

T sn+ 1
3

sn+ 1
3

≤

≤ 6

π 3
√
T ′1

(2θ)n(θ−1c)sn+
1
3 ≤ 6

π
2ncsn+

1
3 (T ′1)

− 1
3 θn(1−s)−

1
3 .

Îñêiëüêè θ ≤ c ≤ 2−3, òî T ′1 > 1, òîìó

I2 ≤
6

π
2ncsn+

1
3 θ

2
3
n− 1

3 ≤ θ
6

π
2ncsn+

1
3 c

2
3
(n−2) ≤ θ

n
1
α

6

πc

(
2c

2
3

)n
n

1
α ≤ C8

θ

n
1
α

. (20)

Äëÿ îöiíêè I3 âèêîðèñòà¹ìî íåðiâíiñòü
∞∫
α

e−ttudt ≤ aue−a (a > 0, u ≤ 0). Òîäi

iç (1) i T ′1 > 1 îäåðæèìî

I3 =
2

π

T∫
T ′

∣∣∣∣∣
n∏

k=1

gk

(
tλ−

1
α

)∣∣∣∣∣ dtt ≤ 2

π

T∫
T ′

e−nt
α dt

t
≤ 2

π
· 1
α

∞∫
n(T ′)α

e−zz−1dz ≤
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≤ 2

π
· 1
α
(n(T ′)α)−1e−n(T

′)α ≤ 1

nα
θn

2

π
≤ θ

n
1
α

· 1
α
n

1
α
−1cn−1

2

π
≤ C9

θ

n
1
α

. (21)

Iç (12), (16), (17), (19), (20), (21) îäåðæó¹ìî ñïðàâåäëèâiñòü ëåìè ó âèïàäêó
n ≥ 2, θ ≤ c. Âðàõîâóþ÷è (15) îäåðæó¹ìî ñïðàâåäëèâiñòü ïåðøîãî òâåðäæåííÿ
ëåìè.

Íåõàé n = 1. ßêùî θ > c, òî ρ1 ≤ 1 < θ
c
. ßêùî æ θ ≤ c, s > 0, òî iç (12)

(T = θ−pc) i óìîâ ëåìè

ρ1 ≤
2

π

T∫
0

∣∣∣f1 (tλ− 1
α

)
− g1

(
tλ−

1
α

)∣∣∣ dt
t
+

24Γ
(
1
α
+ 1
)

Tπ2
,

T∫
0

∣∣∣f1 (tλ− 1
α

)
− g1

(
tλ−

1
α

)∣∣∣ dt
t
≤

T∫
0

θts−1dt =
θT s

s
= θ1−spcs

1

s
≤ θp

cs

s
.

Òîáòî, ρ1 ≤ C(5)
(
1 + 1

s

)
max(θ, θp). Ëåìà äîâåäåíà.

Äîâåäåííÿ òåîðåìè. Iç ëåìè 1 âèïëèâà¹, ùî, ïîêëàâøè â ëåìi 3 s = α+1,
θi = κi, îäåðæèìî ïåðøó íåðiâíiñòü òåîðåìè, ÿêùî â ëåìi 3 ïîêëàäåìî s = 1,
θi = κi0, òî îäåðæèìî äðóãó íåðiâíiñòü òåîðåìè. ßêùî s = 0, θi = νi0, òî ïðè
n ≤ 2 ñïðàâåäëèâà òðåòÿ íåðiâíiñòü òåîðåìè. Îñêiëüêè

ρ1 = sup
x

|Φ1(x)−Q1(x)| = sup
x

∣∣∣F1

(
xλ

1
α

)
−G1

(
xλ

1
α

)∣∣∣ =
= sup

x

∣∣∣∣∣∣
x∫

−∞

d
(
F1

(
uλ

1
α

)
−G1

(
uλ

1
α

))∣∣∣∣∣∣ ≤
∞∫

−∞

∣∣∣d(F1

(
uλ

1
α

)
−G1

(
uλ

1
α

))∣∣∣ ≤ ν10,

òî îäåðæèìî òðåòþ íåðiâíiñòü òåîðåìè.
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