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ÀÁÅËÅÂI ÌIÍIÌÀËÜÍI ÍÅÇÂIÄÍI ÏIÄÃÐÓÏÈ ÃÐÓÏÈ GL(2, Rp)

Classification up to conjugation of the abelian minimal irreducible subgroups of the groupGL(2, Rp)
uhere Rp is a ring of integers of the finite extension of the field rational p-adic numbers Qp are
given.

Êëàñèôiêóþòüñÿ ç òî÷íiñòþ äî ñïðÿæåíîñòi àáåëåâi ìiíiìàëüíi íåçâiäíi ïiäãðóïè ãðó-
ïè GL(2, Rp), äå Rp � êiëüöå öiëèõ âåëè÷èí ñêií÷åííîãî ðîçøèðåííÿ ïîëÿ ðàöiîíàëüíèõ
p-àäè÷íèõ ÷èñåë Qp.

Âñòóï. Ìiíiìàëüíi íåçâiäíi ðîçâ'ÿçíi ïiäãðóïè ïîâíî¨ ëiíiéíî¨ ãðóïè GL(q, F ),
äå q � ïðîñòå ÷èñëî, à F � ïîëå, îïèñàíi ç òî÷íiñòþ äî ñïðÿæåíîñòi â [1]. Âèêî-
ðèñòîâóþ÷è [2], ðåçóëüòàòè i ìåòîäè òåîði¨ öiëî÷èñëîâèõ p-àäè÷íèõ çîáðàæåíü
ñêií÷åííèõ ãðóï (äèâ. [3]) áóëè êëàñèôiêîâàíi âñi íåñïðÿæåíi ìiíiìàëüíi íåçâi-
äíi íåàáåëåâi ðîçâ'ÿçíi ïiäãðóïè ãðóïè GL(2, Rp) [4] i âñi íåñïðÿæåíi ìiíiìàëüíi
íåçâiäíi ðîçâ'ÿçíi ïiäãðóïè ãðóïè GL(3, Rp) [5]. Â äàíié ðîáîòi êëàñèôiêóþòüñÿ
ç òî÷íiñòþ äî ñïðÿæåíîñòi àáåëåâi ìiíiìàëüíi íåçâiäíi ïiäãðóïè ãðóïè GL(2, Rp),
ùî çàâåðøó¹ êëàñèôiêàöiþ íåñïðÿæåíèõ ìiíiìàëüíèõ íåçâiäíèõ ðîçâ'ÿçíèõ ïiä-
ãðóï ãðóïè GL(n,Rp) ïðè n ≤ 3.

Ìè áóäåìî âèêîðèñòîâóâàòè íàñòóïíèé ðåçóëüòàò, ÿêèé ëåãêî âèïëèâà¹ ç [2].

Ëåìà 1. Íåõàé Fp � ñêií÷åííå ðîçøèðåííÿ ïîëÿ Qp, F
∗
p � ìóëüòèïëiêà-

òèèâíà ãðóïà ïîëÿ Fp i Pq = ⟨δ | δqn = 1⟩ ñèëîâñüêà q-ïiäãðóïà ãðóïè F ∗p (q �
ïðîñòå ÷èñëî). Òîäi

1. Iìïðèìiòèâíi àáåëåâi ìiíiìàëüíi íåçâiäíi ïiäãðóïè ãðóïè GL(q, Fp), ÿêi
iñíóþòü òîäi i òiëüêè òîäi, êîëè | Pq |> 1, ñïðÿæåíi ç ãðóïîþ

Hqn+1 =

⟨(
0 δ

Eq−1 0

⟩)
= ⟨hn⟩ ⊂ GL(q, Fp)

(Eq−1 � îäèíè÷íà ìàòðèöÿ ïîðÿäêó q − 1, | Hqn+1 |= qn+1).
2. Ïðèìiòèâíi àáåëåâi ìiíiìàëüíi íåçâiäíi ïiäãðóïè ãðóïè GL(q, Fp), ÿêi

iñíóþòü òîäi i òiëüêè òîäi, êîëè çíàéäåòüñÿ òàêå ïðîñòå ÷èñëî r > q, ùî
(Fp(ε) : Fp) = q (ε � ïåðâiñíèé êîðiíü ñòåïåíÿ r ç 1), ñïðÿæåíi â GL(q, Fp) ç
ãðóïîþ Hq,Γ = ⟨ε̃⟩ ⊂ GL(q, Rp), äå ε̃ � ìàòðèöÿ îïåðàòîðà ìíîæåííÿ íà ε â
áàçèñi 1, ε, . . . , εr−1 êiëüöÿ Rp[ε], | Hq, r |= r.

Íàñëiäîê 1. 1) Àáåëåâi ìiíiìàëüíi íåçâiäíi 2-ïiäãðóïè ãðóïè GL(2, F2) ç
òî÷íiñòþ äî ñïðÿæåíîñòi âè÷åðïóþòüñÿ ãðóïîþ

H2n+1 =

⟨(
0 ξ
1 0

)⟩
, (1)

äå P2 =
⟨
ξ | ξ2n = 1

⟩
� ñèëîâñüêà 2-ïiäãðóïà ãðóïè F ∗2 .

2) Ïðè p > 2 àáåëåâi p-ïiäãðóïè ãðóïè GL(2, R2), ÿêi iñíóþòü òîäi i òiëüêè
òîäi, êîëè (F2(ε) : F2) = 2, äå ε � ïåðâiñíèé êîðiíü ñòåïåíÿ p > 1, ç òî÷íiñòþ
äî ñïðÿæåíîñòi âè÷åðïóþòüñÿ ãðóïîþ

H2,p =

⟨(
0 β0
1 β1

)⟩
, (2)
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äå β0, β1 � êîåôiöi¹íòè íåçâiäíîãî íàä F2 äiëüíèêà f(x) = β0−β1x+x2 ïîëiíîìà
xp − 1.

Äîâåäåííÿ. 1)Äîâåäåííÿ áåçïîñåðåäíüî âèïëèâà¹ ç ëåìè 1.
2) Îñêiëüêè p ̸= 2, òî àáåëåâà ìiíiìàëüíà ïiäãðóïàH ãðóïè GL(2, R2) içîìîð-

ôíà ãðóïi (2) i ¹ 2'-ãðóïîþ. ßê âèïëèâà¹ ç [6], îïèñàííÿ íåñïðÿæåíèõ 2'-ïiäãðóï
ãðóïè GL(2, R2) çâîäèòüñÿ äî àíàëîãi÷íî¨ çàäà÷i äëÿ ãðóïè GL(2, F2) i äîâåäå-
ííÿ âèïëèâà¹ ç ëåìè 1.

Òàêèì ÷èíîì, çàëèøèëîñü îïèñàòè öèêëi÷íi ìiíiìàëüíi íåçâiäíi 2-ïiäãðóïè
ãðóïè GL(2, R2), ñïðÿæåíi â ãðóïi GL(2, F2) ç ãðóïîþ H2n+1 . Çàóâàæèìî, ùî ó
âèïàäêó, êîëè (F2 : Q2) = 2 , òàêå îïèñàííÿ âèïëèâà¹ ç [7]. Ðîçãëÿíåìî íàñòóïíi
âèïàäêè:

1) P2 = ⟨−1⟩, òîáòî i /∈ F2 (i2 = −1).
Íåõàé ∆ � òî÷íå R2-çîáðàæåííÿ ãðóïè C2 = ⟨a | a4 = 1⟩, F2 � åêâiâàëåíòíå

çîáðàæåííþ

∆0 : a→
(

0 −1
1 0

)
= A0,

òîáòî ∆0 : a→ ĩ.
Íåõàé äàëi t � ïðîñòèé åëåìåíò êiëüöÿ R2. Òîäi, ÿêùî u = i−1, òî u = θ1 · td,

2 = θ1 · te, äå e � iíäåêñ ðîçãàëóæåííÿ ïîëÿ F2 íàä Q2 (θ, θ1 ∈ R∗2).

Ëåìà 2. Íåõàé i /∈ F ∗2 . Òîäi òî÷íi íåçâiäíi R2-çîáðàæåííÿ ãðóïè C4 = ⟨a⟩,
F2-åêâiâàëåíòíi çîáðàæåííþ ∆0, ç òî÷íiñòþ äî åêâiâàëåíòíîñòi âè÷åðïóþ-
òüñÿ çîáðàæåííÿìè

∆0 : a→ ĩ,∆r : a→
(

1 −θ · te−r
tr −1

)
= ar (r = 1, . . . , d; θ ∈ R∗2). (3)

Äîâåäåííÿ. Îñêiëüêè i /∈ F ∗2 , òî çîáðàæåííÿ ∆0 ðåàëiçó¹òüñÿ â êiëüöi R2[i].
Ðîçãëÿíåìî iäåàëè Ir = ⟨tr, u⟩ êiëüöÿ R2[i] (r = 1, . . . , d). Òàê ÿê a äi¹ ÿê îïåðà-
òîð ìíîæåííÿ íà i â êiëüöi R2[i], òî

atr = itr = tr + tru;
au = iu = (i− 1)u+ u = u2 + u = −2i+ u = −u− 2 = (−θ · te−r)tr − u

i ìàòðèöÿ Ar çîáðàæåííÿ ∆r ìà¹ âèãëÿä (3).
Ïîêàæåìî, ùî çîáðàæåííÿ∆r òà∆e−r R2-åêâiâàëåíòíi, äå r = 1, . . . , d. Íåõàé

C =

(
c1 c2
c3 c4

)
çàäîâîëüíÿ¹ óìîâi ArC = CAe−r. Òîäi îäåðæèìî ñèñòåìó ðiâíîñòåé

c1 − c3θ · te−r = c1 + c2t
e−r,

c1t
r − c3 = c3 − c4t

e−r,
c2 − c4θ · te−r = −c1θ · te−r − c2,
c2t

r − c4 = −c3θ · tr − c4.

Ç ïåðøî¨ ðiâíîñòi îäåðæèìî c2 = −c3θ, à ç äðóãî¨ ïðè c3 = 1 îäåðæèìî
c1t

r = 2 − c4t
e−r = θ · te − c4t

e−r. Ïîêëàâøè c4 = θ, ìàòèìåìî c1 = θ · te−r i
ìàòðèöÿ C ìà¹ âèãëÿä

C =

(
θ · te−r −θ

1 0

)
, |C| = θ ∈ R∗2.
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Ïîêàæåìî òåïåð, ùî ïðè r > s (1 ≤ r, s ≤ d) ∆r i ∆s íååêâiâàëåíòíi íàä
êiëüöåì R2. Äiéñíî, íåõàé ArC = CAs. Òîäi îäåðæèìî ñèñòåìó ðiâíîñòåé

c1 − c3t
e−r = c1 + c2t

s,
c2t

r − c3 = c3 + c4t
s,

c2 − c4θ · te−r = −c1θ · te−r − c2,
c2t

r − c4 = −c3θ · te−s − c4.

Ç äðóãî¨ ðiâíîñòi ìà¹ìî c1t
r − c4t

s = 2c3 i äàëi ts(c1te−s − c4) = c3θ · t2e,
çâiäêè c4 ≡ 0(modt) àáî c4 = c1t

e−r ≡ 0(modt). Òîäi ç ïåðøî¨ ðiâíîñòi îäåðæèìî
c2 = −c3te−r−s. Îñêiëüêè e− r− s > 0, òî c2 ≡ 0(modt) i |C| ≡ 0(modt), çâiäêè C
¹ íåîáîðîòíîþ íàä R2 ìàòðèöåþ.

Íåõàé òåïåð

∆ : a→
(
α β
γ δ

)
= A

� òî÷íå R2-çîáðàæåííÿ ãðóïè C4 = ⟨a⟩. Ç óìîâè A2 = −E îäåðæèìî ðiâíîñòi{
α2 + βγ = −1,

αβ + δ2 = −1;

{
αβ + βγ = 0,

αγ + γδ2 = 0.

ßêùî α+β ̸= 0, òî ç ðiâíîñòi β(α+δ) = 0 i γ(α+δ) = 0 îäåðæèìî β = γ = 0.
Òîäi ç ïåðøî¨ ðiâíîñòi ìàòèìåìî α2 = −1, ùî íåìîæëèâî, îñêiëüêè i /∈ R2. Òîìó
δ = −α i

A =

(
α β
γ −α

)
(α2 + βγ = −1). (4)

Ðîçãëÿíåìî íàñòóïíi âèïàäêè:
à) β àáî γ íàëåæàòü R∗2. Ïîêàæåìî, ùî çîáðàæåííÿ ∆ R2-åêâiâàëåíòíå ∆0.

Äiéñíî, ÿêùî A0C = CA, òî îäåðæèìî ñèñòåìó ðiâíîñòåé{
c3α + c4γ = c1,

c3β − c4α = c2,

çâiäêè |C| = 2c3c4 + c24γ − c22β.
ßêùî β ∈ R∗2, òî ïîêëàäåìî c3 = 1, c4 = 0. Òîäi c1 = α, c2 = 1 i |C| = −β.
ßêùî γ ∈ R∗2, òî ïîêëàäåìî c3 = 0, c4 = 1, c1 = γ, c2 = −α i |C| = γ.
Â îáîõ âèïàäêàõ C ∈ GL(2, R2) i C−1AC = A0.

á) Íåõàé β ≡ 0(modt), γ ≡ 0(modt). Òîäi α ∈ R∗2. ßêùî α = 1, òî ç (4)
âèïëèâà¹, ùî βγ = −2, òîáòî γ = θ1t

r, β = −θθ−11 te−r.

ßêùî ïîêëàñòè

C =

(
θ−11 0
0 1

)
,

òî, ÿê ëåãêî áà÷èòè, C−1AC = Ar.
Áóäåìî ââàæàòè íàäàëi, ùî α ̸= 1. Íåõàé

α = 1 + θ1t
k (θ1 ∈ R∗2, k ≥ 1). (5)
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Ç óìîâè α2 + βγ + 1 = 0 âèïëèâà¹, ùî α2 + 1 ≡ 0(modt), òîáòî α ≡ 1(modt).
Íåõàé

β = θ2t
r, γ = θ3t

s, 2 = θ · te (θ, θ1, θ2, θ3 ∈ R∗2, s ≥ 1).

Òîäi ç (4) îäåðæèìî
α2 + 1 = −θ2θ3tr+s,

àáî
1 + 2θ1t

k + θ21t
2k + 1 + θ1θ3t

r+s = 0,

çâiäêè
θ · te + 2θ1t

k + θ21t
2k + θ2θ3t

r+s = 0. (6)

Ç (5)âèïëèâà¹, ùî

β = −α
2 + 1

γ
= −α

2 + 1

θ3ts
= −θ−13

α2 + 1

ts
.

Ëåãêî áà÷èòè, ùî êîëè

C =

(
θ−13 0
0 1

)
,

òî (
α −θ−13

α2+1
ts

θ3t
s −α

)
C = C

(
α −α2+1

ts

ts −α

)
,

òîáòî ìîæíà ââàæàòè, ùî

A =

(
α −α2+1

ts

ts −α

)
(s ≥ 1). (7)

Òîäi, ââàæàþ÷è, ùî θ3 = 1, (6) ìîæíà ïåðåïèñàòè ó âèãëÿäi

θ · te + θθ1t
e+k + θ21t

2k + θ2t
r+s = 0. (8)

Íåõàé k > e
2
= d. Òîäi ç (6) i (8) âèïëèâà¹, ùî s ≥ e. Ç (5) îäåðæèìî

α2 = (1 + θ1t
k)2 = 1 + θ1t

k+e + θ21t
2k,

çâiäêè
α2 + 1 = 2 + θ1t

k+e + θ21t
2k = θ · te + θ1t

k+e + θ21θ
2k. (9)

Òîäi, ïðè k > e
2

α2 + 1 = te
(
1 + θ1t

k + θ21t
2k−e) ,

òîáòî
α2 + 1 = θ4t

e(θ4 ∈ R∗2). (10)

Îòæå, s < e.
Ïiäñòàâèâøè (10) ó (7), îäåðæèìî

A =

(
α −θ4te−s
ts −α

)
.
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Íåâàæêî ïåðåâiðèòè, ùî, ïîêëàâøè

C =

(
θ4t

e−sα −θ4
1 0

)
,

îäåðæèìî

AC = C

(
α −θ4ts
te−s −α

)
(C ∈ GL(2, R2)).

Òîìó ìîæíà ââàæàòè, ùî s ≤ e
2
. Ïîêàæåìî, ùî(

α −α2+1
ts

ts −α

)
C = C

(
1 −θ4te−s
ts −1

)
, (11)

äå

C =

(
c1 c2
c3 c4

)
∈ GL(2, R2).

Äiéñíî, ç óìîâè (11) îäåðæèìî ñèñòåìó ðiâíîñòåé:{
αc1 = c1 + c2t

s, αc2 − aα2+1
ts

c4 = −c1θ4te−s − c2,

tsc1 = c4t
s, c2t

s − αc4 = −c4.

Çâiäñè c1 = c4, αc1 = c1 + c2t
s i äàëi c2 = (α − 1)t−s. Ïîêëàâøè c1 = c4 = 1,

îäåðæèìî c2 = (α − 1)ts. Ëåãêî áà÷èòè, ùî iíøi ðiâíîñòi ñèñòåìè ïðè öüîìó
âèêîíóþòüñÿ. Îòæå,

C =

(
1 c2
0 −1

)
∈ GL(2, R2), äå c2 = (α− 1)ts.

Òàêèì ÷èíîì, ìè ïîêàçàëè, ùî ïðè k > e
2
âñi íååêâiâàëåíòíi íåçâiäíi

R2-çîáðàæåííÿ ãðóïè C4 = ⟨a⟩ âè÷åðïóþòüñÿ çîáðàæåííÿìè ∆r (r = 0, 1, . . . , d).
Íåõàé òåïåð k ≤ e

2
i s ≤ k. Òîäi, ïîêëàâøè

C =

(
1 c2
0 1

)
,

äå c2 = (α− 1)t−s, îäåðæèìî, ùî

C−1
(
α −α2+1

ts

ts −α

)
C =

(
1 −θ4te−s
ts −1

)
.

Îòæå, i â öüîìó âèïàäêó ∆ åêâiâàëåíòíå ∆r íàä R2.

Íåõàé

s ≤ e i C =

(
2α · t−s −θ2
1 0

)
.

Òîäi

C−1
(
α −θ2tr
ts −α

)
C =

(
α −θ2ts
t2 −α

)
. (12)
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Íåõàé 2k < e. Òîäi ç (9) îäåðæó¹ìî, ùî α2 + 1 = θ4t
2k (θ4 ∈ R∗2). Îòæå, â

ñèëó (7)

A =

(
α −θ4t2k−s
ts −α

)
(s < 2k, 2k < e). (13)

Íåõàé òåïåð s ≥ k. Òîäi 2k − s ≥ k. Çâiäñè i ç (11) îäåðæó¹ìî, ùî ∆ åêâiâà-
ëåíòíå çîáðàæåííþ

∆′ : a→
(
α −θ4ts
t2k−s −α

)
= A′.

Çâiäñè, ÿê i âèùå, ∆′ åêâiâàëåíòíå çîáðàæåííþ ∆s.
Çàëèøèëîñü ðîçãëÿíóòè âèïàäîê 2k = e. ßêùî â (7) s ≤ k = e

2
, òî, â ñèëó

(11), âñå çâîäèòüñÿ äî çîáðàæåííÿ ∆r.

Íåõàé s > k = e
2
. ßêùî α2+1

ts
= θ5t

r i r ≤ e
2
, òî â ñèëó (11) âñå òàêîæ çâîäèòüñÿ

äî ∆r (r = 0, 1, . . . , d). Òîìó ïîêëàäåìî s ≥ e
2
+1, r ≥ e

2
+1, òîáòî α2+1 = θθ1t

e
2 .

Ëåìó äîâåäåíî.
Íåõàé t � ïðîñòèé åëåìåíò êiëüöÿ R2, P = tR2 � ïðîñòèé iäåàë êiëüöÿ

R2, R
(s)
2 = R2�P s (s > 0), G1 i G2 � ñêií÷åííi ïiäãðóïè ãðóïè GL(n,R2). Ïî-

çíà÷èìî ÷åðåç G(s)
1 i G(s)

2 ïiäãðóïè ãðóïè GL(n,R(s)
2 ) îäåðæàíi ç G1 i G2 çâåäåí-

íÿì åëåìåíòiâ âñiõ ìàòðèöü ç öèõ ãðóï çà ìîäóëåì iäåàëó P s. Â öèõ ïîçíà÷åííÿõ
ìà¹ ìiñöå ëåìà (äèâ. [6]).

Ëåìà 3. ßêùî ñêií÷åííi ïiäãðóïè G1 i G2 ãðóïè GL(n,R2) ñïðÿæåíi â

GL(n,R2), òî ïiäãðóïè G
(s)
1 i G

(s)
2 ãðóïè GL(n,R

(s)
2 ) ñïðÿæåíi â ãðóïi GL(n,R

(s)
2 )

ïðè äîâiëüíîìó s.

Òåîðåìà 1. Íåõàé i /∈ R2. Ìiíiìàëüíi íåçâiäíi àáåëåâi 2-ïiäãðóïè ãðóïè
GL(2, R2) ç òî÷íiñòþ äî ñïðÿæåíîñòi âè÷åðïóþòüñÿ ãðóïàìè

U0 =

⟨(
0 −1
1 0

)⟩
, Ur =

⟨(
1 −θ · te−r
tr −1

)⟩
(r = 1, . . . , d).

Äîâåäåííÿ. Íåõàé Ar = ∆r(a) (a4 = 1). Îñêiëüêè çîáðàæåííÿ ∆r i ∆s

(r ̸= s, r, s = 1, . . . , d) ïîïàðíî íååêâiâàëåíòíi, òî ìàòðèöi

Ar =

(
1 −θ · te−r
tr −1

)
i As =

(
1 −θ · te−s
ts −1

)
íåñïðÿæåíi íàä êiëüöåì R2.

Ïðèïóñòèìî, ùî r < s i Ar ñïðÿæåíà ç A3
s = −As. Ïðèâåäåìî ìàòðèöi Ar i

As çà ìîäóëåì iäåàëà Ps = ⟨ts⟩. Îñêiëüêè r < s ≤ d = e−1
2
, òî 2r < 2s < e. Òîäi

e− s, e− r ≥ s i Ar =

(
1̄ 0̄
tr 1̄

)
, As =

(
1̄ 0̄
0 1̄

)
.

Ìàòðèöÿ Ar íåîäèíè÷íà, à As = Ē. Çà ëåìîþ 3 âîíè íå ñïðÿæåíi â ãðóïi
GL(n,R2). Òåîðåìó äîâåäåíî.
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2) Íåõàé P2 = ⟨ε | ε2n = 1⟩ (n > 1) i íåõàé ∆ � òî÷íå R2-çîáðàæåííÿ ãðóïè
C2n = =

⟨
a | a2n = 1

⟩
, F2-åêâiâàëåíòíå çîáðàæåííþ

∆0 : a→
(

0 ε
1 0

)
= A0.

Íåõàé äàëi t � ïðîñòèé åëåìåíò êiëüöÿ R2 i u = ε− 1. Òîäi 2 = θte, u = θ1t
d,

äå e � iíäåêñ ðîçãàëóæåííÿ ïîëÿ F2 íàä ïîëåì Q2 (θ, θ1 ∈ R∗2).

Áóäåìî ââàæàòè, ùî

∆ : a→
(
α β
γ δ

)
= A

� òî÷íå R2-çîáðàæåííÿ ãðóïè C2n F2-åêâiâàëåíòíå çîáðàæåííþ ∆0. Ç óìîâè

A2 = A2
0 = εE îäåðæèìî, ùî ìàòðèöÿ A ìà¹ âèãëÿä

A =

(
α β
γ −α

)
(α2 + βγ = e). (14)

Ðîçãëÿíåìî íàñòóïíi âèïàäêè:
à) δ àáî γ íàëåæàòü R∗2. Ïîêàæåìî, ùî òîäi ∆ R2-åêâiâàëåíòíå çîáðàæåííþ

∆0. Äiéñíî, ÿêùî

C =

(
c1 c2
c3 c4

)
∈ GL(2, R2),

òî ç óìîâè A0C = CA îäåðæèìî ñèñòåìó ðiâíîñòåé{
c1 = c3α + c4γ,

c2 = c3β − c4γ,

çâiäêè |C| = 2αc4c3 − c4γ − c23β. ßêùî β ∈ R∗2, òî ïîêëàäåìî c3 = 1, c4 = 0. Òîäi
c1 = α, c2 = β i |C| = −β ∈ R∗2. ßêùî γ ∈ R∗2, òî ïîêëàâøè c3 = 0, c4 = 1,
îäåðæèìî c1 = γ i c2 = −γ, çâiäêè |C| = γ ∈ R∗2.

á) Íåõàé β ≡ 0(modt), γ ≡ 0(modt). Î÷åâèäíî, β, γ ̸= 0. Â ïðîòèëåæíîìó
âèïàäêó ç (14) âèïëèâà¹, α2 = ε, ùî íåìîæëèâî. Ç (14) âèïëèâà¹, ùî òîäi α ≡
≡ 1(modt).

Ïðè α = 1 ìà¹ìî βγ = ε− 1 = u. à ïðè γ = tr � β = ut−r i ìàòðèöÿ A íàáóäå
âèãëÿäó

Ar =

(
1 πt−r

tra −1

)
. (15)

Íåõàé

∆1 : a→
(

1 λπtr

λ−1tr −1

)
= A′r (λ ∈ R∗2)

çîáðàæåííÿ âèäó (14). Òîäi ç óìîâè ArC = CA′r îäåðæèìî ñèñòåìó
c1 + λπt−rc3 = c1 + c2t

r,

c2 + λπt−rc4 = c1πt
−r − c2,

λ−1trc1 − c3 = c3 + trc4,

λ−1trc2 − c4 = πt−rc3 − c4,
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çâiäêè 
λπt−rc3 = c2t

r,

2c2 = πt−r(c1 − λc4),

2c3 = tr(λ−1c1 − c4),

λ−1trc2 = πt−rc3.

Ïîêëàâøè c2 = c3 = 0, îäåðæèìî c1 = λc4 i ïðè c4 = 1 áóäåìî ìàòè

C =

(
λ 0

0 1

)
, |C| = λ ∈ R∗2.

Òàêèì ÷èíîì, çîáðàæåííÿ ∆ i ∆1 R2-åêâiâàëåíòíi.
Íåõàé

∆ : a→ A =

(
α β
γ −α

)
i ∆1 : a→ A1 =

(
α γ
β −α

)
(α2 + βγ = ε)

äâà R2-çîáðàæåííÿ ãðóïè C2n . Ç óìîâè AC = CA1 îäåðæèìî ñèñòåìó
c1 + βc3 = c1 + βc2,

c2 + βc4 = c1γ − c2,

γc1 − c3 = c3 + c4β,

γc2 − c4 = c3γ − c4,

çâiäêè {
c2 = c3,

2c2 = c1γ − βc4.

Íåõàé β = µtr, γ = λts (λ, µ ∈ R∗2) i r ≥ s. Ïîêëàäåìî c2 = c3 = 1. Òîäi

2 = θte = c1λt
s − µtrc4 = ts(c1λ− µtr−sc4),

çâiäêè c1=λ−1θte−s+µtr−sc4. Îñêiëüêè r+ s=d < e, òî e− s>r−s i ÿêùî c4 = 1,

òî |C| = −1− λ−1θte−s − λ−1µtr−s ∈ R∗2. Òàêèì ÷èíîì, ïðè r ≥ s çîáðàæåííÿ ∆
i ∆1 R2-åêâiâàëåíòíi. Àíàëîãi÷íî ðîçãëÿäà¹òüñÿ âèïàäîê r < s.

Íàäàëi áóäåìî ââàæàòè, ùî α ̸= 1. Íåõàé

α2 + βγ + ε = 0 (θ2 ∈ R∗2, k ≥ 1). (16)

Ç óìîâè α2 + βγ + ε = 0 âèïëèâà¹, ùî α2 + ε ≡ 0(modt), òîáòî α2 ≡ 1(modt) i
α ≡ 1(modt).

Íåõàé β = λtr, γ = µts (λ, µ ∈ R∗2, r, s > 0). Òîäi îäåðæèìî α2 + ε = −λµtr+s

àáî 1 + 2θ2t
k + θ22t

2k − ε+ λµtr+s = 0, çâiäêè ïðè 1− ε = θ1t
d îäåðæèìî

θ1t
d + 2θ2t

k +2
2 t

2k + λµtr+s = 0. (17)

Iç (14) âèïëèâà¹, ùî

β = −α
2 + ε

γ
= −α

2 + ε

µts
= −µ−1α

2 + ε

ts
.
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Ëåãêî áà÷èòè, ùî êîëè

C =

(
µ−1 0
0 1

)
, òî

(
α −µ−1 α2+ε

ts

µts −α

)
C = C

(
α −α2−ε

ts

µts −α

)
,

òîáòî ìîæíà ââàæàòè, ùî

A =

(
α −α2−ε

ts

ts −α

)
(s ≥ 1). (18)

Òîäi, ââàæàþ÷è, ùî µ = 1, (17) ìîæíà çàïèñàòè ó âèãëÿäi

θ1t
d + 2θ1t

k + θ22t
2k + λtr+s = 0. (19)

Íåõàé k > d
2
. Òîäi iç (17) i (19) âèïëèâà¹, ùî s ≤ d. Iç (16) îäåðæèìî

α2 = (1 + θ2t
k)2 = 1 + 2θ2t

k + θ22t
2k,

çâiäêè
α2 + 1 = 2 + 2θ2t

kθ22t
2k = θte + θθ2t

e+k + θ22t
2k. (20)

Òîäi ïðè k > d
2

α2 + 1 = td
(
θte−d + θθ2t

e−d+k + θ22t
2k−d) ,

òîáòî
α2 + 1 = θ3t

d (θ3 ∈ R∗2). (21)

Ïiäñòàâèâøè (21) â (18), îäåðæèìî A =

(
α −θ4td−s
ts −α

)
.

Â ñèëó ïîïåðåäíiõ ìiðêóâàíü ìîæíà ââàæàòè, ùî s ≤ d
2
. Ïîêàæåìî, ùî(

α −α2+ε
ts

ts −α

)
C = C

(
1 −θ3td−s

ts −1

)
, (22)

äå

C =

(
c1 c2
c3 c4

)
∈ GL(2, R2).

Äiéñíî, ç óìîâè (22) îäåðæèìî ñèñòåìó ðiâíîñòåé ïðè c3 = 0
αc1 = c1 + c2t

s,

tsc1 = c4t
s,

αc2 − α2+ε
ts
c4 = −c1θ3td−s − c2,

c2t
s − αc4 = −c4,

çâiäêè c4 = c1, c2 = (α− 1)t−s. Îòæå, ïðè c1 = 1 ìàòèìåìî

C =

(
1 (α− 1)t−s

0 −1

)
∈ GL(2, R2). (23)
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Òàêèì ÷èíîì, ìè ïîêàçàëè, ùî ïðè k > d
2
âñi íååêâiâàëåíòíi íåçâiäíi

R2-çîáðàæåííÿ ñòåïåíÿ 2 ãðóïè C2n = ⟨ a ⟩ âè÷åðïóþòüñÿ çîáðàæåííÿìè ∆r

(r = 0, . . . , d).
ßêùî òåïåð k ≤ d

2
i s ≤ k, òî ïîêëàâøè C � ìàòðèöþ âèäó (23), îäåðæèìî

C−1AC =

(
1 −θ3td−s
ts −1

)
= As.

Îòæå, i â öüîìó âèïàäêó ∆ åêâiâàëåíòíå ∆r íàä R2.
Àíàëîãi÷íî ðîçãëÿäàþòüñÿ é iíøi âèïàäêè.
Òàêèì ÷èíîì, äîâåäåíî ëåìó.

Ëåìà 4. Íåõàé P2 = ⟨ε | ε2n = 1⟩ (n > 1). Òîäi òî÷íi íåçâiäíi R2-çîáðàæåííÿ
ãðóïè C2n = ⟨a⟩, F2-åêâiâàëåíòíi çîáðàæåííþ ∆0, ç òî÷íiñòþ äî åêâiâàëåíòíî-
ñòi, âè÷åðïóþòüñÿ çîáðàæåííÿìè

∆0 : a→
(

0 ε
1 0

)
= Ar, ∆0 : a→

(
1 θ3t

d−r

tr −1

)
= Ar, (r = 1, . . . , d; θ3 ∈ R∗2).

Ìà¹ ìiñöå íàñòóïíà òåîðåìà.

Òåîðåìà 2. Íåõàé P2 = ⟨ε | ε2n = 1⟩ (n > 1) � ñèëîâñüêà 2-ïiäãðóïà ãðóïè
R∗2. Ìiíiìàëüíi íåçâiäíi àáåëåâi 2- ïiäãðóïè ãðóïè GL(2, R2) ç òî÷íiñòþ äî
ñïðÿæåíîñòi âè÷åðïóþòüñÿ ãðóïàìè

V0 =

⟨(
0 ε
1 0

)⟩
, Vr =

⟨(
1 −θ3td−r
tr −1

)⟩
(r = 1, . . . , d),

äå u = ε− 1 = θ1t
d, t � ïðîñòèé åëåìåíò êiëüöÿ R2.

Äîâåäåííÿ. Íåõàé A0 = ⟨A0⟩, Vr = ⟨Ar⟩, äå Ar = ∆r(a) (r = 0, . . . , d).
Îñêiëüêè ∆r i ∆s (r ̸= s, r, s = 1, . . . , d) íååêâiâàëåíòíi íàä R2, òî ìàòðèöi Ar

As íåñïðÿæåíi ïðè r ̸= s.
Ïðèïóñòèìî, ùî r < s < d i ìàòðèöÿ As ñïðÿæåíà ç ìàòðèöåþ A2k+1

r . Îñêiëü-
êè A2k+1

r = (1−θ3td−r)2kAr, òî ïiñëÿ çâåäåííÿ As i A2k+1
r çà ìîäóëåì ts îäåðæèìî

As =

(
1̄ −θ3td−s

0 1̄

)
, A2k+1

r = (1− θ3td−r)2k

(
1̄ −θ3td−r

tr 1̄

)
.

ßêùî d− r ≥ s, òî

(1− θ3td−r) = 1̄ i A2k+1
r =

(
1̄ 0̄
tr 1̄

)
.

ßêùî ïðè öüîìó d − s ≥ s, òîáòî s ≤ d
2
, òî As = Ē i As íå ñïðÿæåíà ç A2k+1

r .
ßêùî æ d−s < s, òîáòî s > d

2
, òî ç óìîâè AsC = CA2k+1

e îäåðæèìî, ùî ìàòðèöÿ
C ìà¹ âèãëÿä

C =

(
c1 −θ3td−s−rc3
c3 0

)
, |C| = −θ3td−(r+s)c3 ≡ 0(modt),
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òîáòî C � íåîáîðîòíÿ ìàòðèöÿ â êiëüöi R(s)
2 = R2�tsR2, à òîìó çà ëåìîþ 3 As i

A2k+1
r íå ñïðÿæåíi â ãðóïi GL(2, R2).
ßêùî d− r ≤ s, òî

As =

(
1̄ −θ3td−s
0 1̄

)
, | As |= 1̄, à | A2k+1

r |≠ 1̄

i òîìó Ās i Ā2k+1
r íå ñïðÿæåíi íàä R

(s)
2 . Òîäi As i A2k+1

r íå ñïðÿæåíi â ãðóïi
GL(2, R2).
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