
Ïðî ðîçâ'ÿçêè çàäà÷i Äiðiõëå ó øàði äëÿ ðiâíÿííÿ iç ÷àñòèííèìè ïîõiäíèìè . . . 113

ÓÄÊ 517.95

Ç. Ì. Íèòðåáè÷ (Íàöiîíàëüíèé óíiâåðñèòåò ½Ëüâiâñüêà ïîëiòåõíiêà�)

ÏÐÎ ÐÎÇÂ'ßÇÊÈ ÇÀÄÀ×I ÄIÐIÕËÅ Ó ØÀÐI ÄËß ÐIÂÍßÍÍß
IÇ ×ÀÑÒÈÍÍÈÌÈ ÏÎÕIÄÍÈÌÈ ÄÐÓÃÎÃÎ ÏÎÐßÄÊÓ ÇÀ
×ÀÑÎÌ

We investigate the set of solutions of Dirichlet problem in the layer for homogeneous partial differ-
ential equation with s+1 variables of second order in one (time) variable, in which the homogeneous
boundary conditions are given, and generally infinite order in other s (spatial) variables with con-
stant coefficients. We establish the sufficient conditions of existence of nontrivial solutions of
Dirichlet problem in the class of quasi-polynomials and propose the differential-symbol method of
construction of such solutions.

Äîñëiäæåíî ìíîæèíó ðîçâ'ÿçêiâ çàäà÷i Äiðiõëå ó øàði äëÿ îäíîðiäíîãî äèôåðåíöiàëüíîãî
ðiâíÿííÿ iç ÷àñòèííèìè ïîõiäíèìè ç s + 1 çìiííèìè äðóãîãî ïîðÿäêó çà îäíi¹þ (÷àñîâîþ)
çìiííîþ, çà ÿêîþ çàäàíî îäíîðiäíi êðàéîâi óìîâè, òà çàãàëîì íåñêií÷åííîãî ïîðÿäêó çà
iíøèìè s (ïðîñòîðîâèìè) çìiííèìè çi ñòàëèìè êîåôiöi¹íòàìè. Âñòàíîâëåíî äîñòàòíi óìîâè
iñíóâàííÿ íåòðèâiàëüíèõ ðîçâ'ÿçêiâ çàäà÷i Äiðiõëå ó êëàñi êâàçiïîëiíîìiâ òà çàïðîïîíîâàíî
äèôåðåíöiàëüíî-ñèìâîëüíèé ìåòîä ¨õ ïîáóäîâè.

Âñòóï. Çàäà÷i ç äàíèìè íà âñié ãðàíèöi îáëàñòi, çîêðåìà ñìóãè ÷è øàðó,
äëÿ ãiïåðáîëi÷íèõ äèôåðåíöiàëüíèõ ðiâíÿíü iç ÷àñòèííèìè ïîõiäíèìè ¹ íåêîðå-
êòíèìè êðàéîâèìè çàäà÷àìè [1�5]. Ïðèêëàäîì òàêî¨ çàäà÷i ¹ çàäà÷à Äiðiõëå ó
ñìóçi äëÿ ðiâíÿííÿ êîëèâàíü ñòðóíè[

∂2

∂t2
− a2

∂2

∂x2

]
U(t, x) = 0, a ∈ R\{0}, x ∈ R, t ∈ (0, h), h > 0,

U(0, x) = φ1(x), U(h, x) = φ2(x), x ∈ R.
(1)

Íåêîðåêòíiñòü çàäà÷i (1) çóìîâëþ¹òüñÿ íàñàìïåðåä òèì, ùî ÿäðî öi¹¨ çàäà÷i,
òîáòî ìíîæèíà íåòðèâiàëüíèõ ðîçâ'ÿçêiâ âiäïîâiäíî¨ îäíîðiäíî¨ çàäà÷i[

∂2

∂t2
− a2

∂2

∂x2

]
U(t, x) = 0, U(0, x) = U(h, x) = 0, (2)

íå ¹ ïîðîæíüîþ. Íåòðèâiàëüíèìè ðîçâ'ÿçêàìè çàäà÷i (2) ¹, íàïðèêëàä, ôóíêöi¨
âèãëÿäó

U(t, x) = φ(x+ at)− φ(x− at), (3)

äå φ(x) � äîâiëüíà äâi÷i íåïåðåðâíî äèôåðåíöiéîâíà íà R ïåðiîäè÷íà ôóíêöiÿ
ç ïåðiîäîì T = 2ah.

Îòæå, àêòóàëüíèìè ¹ ïèòàííÿ äîñëiäæåííÿ ðîçâ'ÿçêiâ çàäà÷i Äiðiõëå ó øàði
ç îäíîðiäíèìè êðàéîâèìè óìîâàìè çà ÷àñîì íà ãðàíèöi øàðó äëÿ îäíîðiäíîãî
äèôåðåíöiàëüíîãî ðiâíÿííÿ iç ÷àñòèííèìè ïîõiäíèìè äðóãîãî ïîðÿäêó çà ÷à-
ñîì òà çàãàëîì íåñêií÷åííîãî ïîðÿäêó çà ïðîñòîðîâèìè çìiííèìè çi ñòàëèìè
êîåôiöi¹íòàìè, ÿêå ÿê ÷àñòêîâèé âèïàäîê ìiñòèòü õâèëüîâå ðiâíÿííÿ, ðiâíÿííÿ
Êëåéíà-Ãîðäîíà-Ôîêà, òåëåãðàôíå ðiâíÿííÿ, ðiâíÿííÿ Ëàïëàñà, òåîði¨ ïðóæ-
íîñòi òà iíøi. Ó âèïàäêó iñíóâàííÿ íåòðèâiàëüíèõ ðîçâ'ÿçêiâ îäíîðiäíî¨ çàäà÷i
äëÿ ¨õ ïîáóäîâè âèêîðèñòà¹ìî äèôåðåíöiàëüíî-ñèìâîëüíèé ìåòîä [6, 7] ðîçâ'ÿ-
çóâàííÿ çàäà÷ äëÿ ðiâíÿíü iç ÷àñòèííèìè ïîõiäíèìè, ùî äîïóñêàþòü âiäîêðåì-
ëåííÿ çìiííèõ.
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1. Ôîðìóëþâàííÿ çàäà÷i. Ìåòîþ äàíî¨ ñòàòòi ¹ äîñëiäæåííÿ ó øàði

Lh,s ≡ {(t, x) : t ∈ (0, h), x ∈ Rs} , h > 0, s ∈ N \ {1},

ìíîæèíè ðîçâ'ÿçêiâ U = U(t, x) çàäà÷i Äiðiõëå

L

(
∂

∂t
,
∂

∂x

)
U ≡ ∂2U

∂t2
+ 2a

(
∂

∂x

)
∂U

∂t
+ b

(
∂

∂x

)
U = 0, (4)

U(0, x) = U(h, x) = 0, (5)

äå a (∂/∂x) , b (∂/∂x) � äèôåðåíöiàëüíi âèðàçè çi ñòàëèìè êîåôiöi¹íòàìè, ñèì-
âîëàìè ÿêèõ ¹ äîâiëüíi öiëi ôóíêöi¨ a = a(ν), b = b(ν).

Çàóâàæåííÿ 1. Íåõàé ñèìâîëîì äèôåðåíöiàëüíîãî âèðàçó b (∂/∂x) ¹ öiëà
ôóíêöiÿ b (ν) =

∑
k∈Zs

+

bkν
k, äå bk ∈ C, ν = (ν1, . . . , νs), k = (k1, . . . , ks), ν

k =

νk11 . . . νkss , k1, . . . , ks ∈ Z+ ≡ N
∪
{0}. Òîäi äiþ âèðàçó b (∂/∂x) íà U ðîçóìi¹ìî

òàê:

b

(
∂

∂x

)
U ≡

∑
k∈Zs

+

bk
∂|k|U

∂xk11 . . . ∂xkss
,

äå |k| = k1+. . .+ks, àíàëîãi÷íî ðîçóìi¹ìî äiþ a (∂/∂x) íà ∂U/∂t. Ïiä ðîçâ'ÿçêîì

çàäà÷i (4), (5) ðîçóìi¹ìî öiëó ôóíêöiþ U =
∑

k̂∈Zs+1
+

uk̂t
k0xk, k̂ = (k0, k), uk̂ ∈ C,

çìiííèõ t i x, ÿêà çàäîâîëüíÿ¹ ðiâíÿííÿ (4) òà óìîâè Äiðiõëå (5).

Ôóíêöiÿ U(t, x) ≡ 0 ¹ òðèâiàëüíèì ðîçâ'ÿçêîì çàäà÷i (4), (5). Âñòàíîâèìî
óìîâè iñíóâàííÿ ëèøå öüîãî ðîçâ'ÿçêó çàäà÷i (4), (5), à òàêîæ ó ïðîòèëåæíîìó
âèïàäêó âêàæåìî åëåìåíòè ÿäðà çàäà÷i (4), (5) i, ùî âàæëèâî, ïîáóäó¹ìî öi
åëåìåíòè íà îñíîâi äèôåðåíöiàëüíî-ñèìâîëüíîãî ìåòîäó â ÿâíîìó âèãëÿäi.

2. Îñíîâíi ðåçóëüòàòè. Ðîçãëÿíåìî çâè÷àéíå äèôåðåíöiàëüíå ðiâíÿííÿ

L

(
d

dt
, ν

)
T (t, ν) ≡

(
d2

dt2
+ 2a(ν)

d

dt
+ b(ν)

)
T (t, ν) = 0, ν ∈ Cs, (6)

ÿêå áóäó¹òüñÿ çà ðiâíÿííÿì (4).
Íåõàé pa òà pb � ñòåïåíi ïîëiíîìiâ a = a(ν) òà b = b(ν) çà ñóêóïíiñòþ çìiííèõ,

ÿêùî æ a íå ¹ ïîëiíîìîì, òî pa = ∞, àíàëîãi÷íî äëÿ ôóíêöi¨ b.
Åëåìåíòè T0(t, ν), T1(t, ν) íîðìàëüíî¨ ó òî÷öi t = 0 ôóíäàìåíòàëüíî¨ ñèñòå-

ìè ðîçâ'ÿçêiâ ðiâíÿííÿ (6) ¹ êâàçiïîëiíîìàìè çà t i ìàþòü âèãëÿä

T0(t, ν) = e−a(ν)t

a(ν)sh
[
t
√
D(ν)

]
√
D(ν)

+ ch
[
t
√
D(ν)

] ,

T1(t, ν) = e−a(ν)t
sh
[
t
√
D(ν)

]
√
D(ν)

,

äå D(ν) = a2(ν)−b(ν), ïðè÷îìó 4D(ν) � äèñêðèìiíàíò ïîëiíîìà L( · , ν). Îñêiëü-
êè çà ïðèïóùåííÿì a(ν), b(ν) � öiëi ôóíêöi¨, òî çà òåîðåìîþ Ïóàíêàðå [8, ñ. 59]
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ôóíêöi¨ T0(t, ν), T1(t, ν) ¹ òàêîæ öiëèìè ôóíêöiÿìè ñòîñîâíî âåêòîð-ïàðàìåòðà
ν. Çîêðåìà, ÿêùî ν0 � íóëü ôóíêöi¨ D(ν), òî T0(t, ν0) = e−a(ν0)t {a(ν0)t+ 1},
T1(t, ν0) = te−a(ν0)t. Íàäàëi âàæëèâèì áóäå ùå é ïîðÿäîê p çà ñóêóïíiñòþ çìií-
íèõ öiëèõ ñòîñîâíî âåêòîð-ïàðàìåòðà ν ôóíêöié T0(t, ν), T1(t, ν), ÿêèé âèçíà-
÷à¹òüñÿ [9, ñ. 83] çà ôîðìóëîþ p = max {pa, pb/2}. ßêùî a(ν), b(ν) � ïîëiíîìè,
òî p <∞, i p = ∞, ÿêùî a(ν) àáî b(ν) íå ¹ ïîëiíîìîì.

Âiäïîâiäíî äî äèôåðåíöiàëüíî-ñèìâîëüíîãî ìåòîäó [7, ñ. 106], çàïèøåìî ñi-
ì'þ ôîðìàëüíèõ ðîçâ'ÿçêiâ ðiâíÿííÿ (4), òîáòî ñiì'þ ôîðìàëüíèõ ðÿäiâ, ÿêi
çàäîâîëüíÿþòü (4):

U(t, x) = φ

(
∂

∂ν

)
{T0(t, ν)eν·x}

∣∣∣∣
ν=O

+ ψ

(
∂

∂ν

)
{T1(t, ν)eν·x}

∣∣∣∣
ν=O

, (7)

äå ν · x = ν1x1 + . . . + νsxs, O = (0, . . . , 0), φ (∂/∂ν) , ψ (∂/∂ν) �äèôåðåíöiàëüíi
âèðàçè ç öiëèìè ñèìâîëàìè, ÿêi ïiäáèðà¹ìî òàê, ùîá ðiâíiñòü (7) âèçíà÷àëà
ðîçâ'ÿçîê çàäà÷i (4), (5).

Ñïî÷àòêó çàäîâîëüíÿ¹ìî ïåðøó óìîâó (5). Îñêiëüêè äëÿ âñiõ ν ∈ Cs âèêî-
íóþòüñÿ ðiâíîñòi T0(0, ν) = 1 i T1(0, ν) = 0 , òî

U(0, x) = φ

(
∂

∂ν

)
{eν·x}

∣∣∣∣
ν=O

= φ(x) = 0.

Îòæå, ðîçâ'ÿçêè ðiâíÿííÿ (4), ùî ñïðàâäæóþòü óìîâó U(0, x) = 0, çà ôîð-
ìóëîþ (7) ìàþòü âèãëÿä

U(t, x) = ψ

(
∂

∂ν

) e−a(ν)t+ν·x
sh
[
t
√
D(ν)

]
√
D(ν)


∣∣∣∣∣∣
ν=O

. (8)

Çàäîâîëüíÿþ÷è äðóãó óìîâó U(h, x) = 0, îäåðæó¹ìî äëÿ âèáîðó ôóíêöi¨ ψ
òîòîæíiñòü

ψ

(
∂

∂ν

) e−a(ν)h+ν·x
sh
[
h
√
D(ν)

]
√
D(ν)


∣∣∣∣∣∣
ν=O

≡ 0. (9)

Ðîçãëÿíåìî íàñòóïíi âèïàäêè.
2.1. Âèïàäîê D(ν) ≡ D = const. Òîäi b(ν) = a2(ν) − D, ðiâíÿííÿ (4) ìà¹

âèãëÿä [
∂

∂t
+ a

(
∂

∂x

)]2
U = DU,

à òîòîæíiñòü (9) ¹ òàêîþ:

sh
[
h
√
D
]

√
D

ψ

(
∂

∂ν

){
e−a(ν)h+ν·x}∣∣∣∣

ν=O

≡ 0. (10)

ßêùî âèêîíó¹òüñÿ íåðiâíiñòü h
√
D ̸= πki (i2 = −1) äëÿ âñiõ k ∈ Z\{0},

òîáòî sh
[
h
√
D
]/√

D ̸= 0, òî îäåðæó¹ìî ψ (∂/∂ν)
{
e−a(ν)h+ν·x}∣∣

ν=O
≡ 0. Ôóíêöiÿ

V (t, x) = ψ (∂/∂ν)
{
e−a(ν)t+ν·x}∣∣

ν=O
¹ ðîçâ'ÿçêîì çàäà÷i Êîøi äëÿ îäíîðiäíîãî
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ðiâíÿííÿ ∂V /∂t+ a (∂/∂x)V = 0 ç îäíîðiäíîþ ïî÷àòêîâîþ óìîâîþ V (h, x) = 0,
òîìó çàâäÿêè ¹äèíîñòi ðîçâ'ÿçêó çàäà÷i Êîøi ìà¹ìî, ùî V (t, x) ≡ 0 â øàði Lh,s.
Çîêðåìà ïðè t = 0 ìà¹ìî V (0, x) = ψ (∂/∂ν) {eν·x}| ν=O = ψ(x) = 0. Îòæå, â
öüîìó âèïàäêó çà ôîðìóëîþ (8) îäåðæó¹ìî ëèøå òðèâiàëüíèé ðîçâ'ÿçîê çàäà÷i
(4), (5).

ßêùî æ äëÿ ÿêîãîñü k ∈ N âèêîíó¹òüñÿ ðiâíiñòü

h
√
D = ±πki, (11)

òî sh
[
h
√
D
]
= 0, òîòîæíiñòü (10) ñïðàâäæó¹òüñÿ i ôîðìàëüíi ðîçâ'ÿçêè çàäà÷i

(4), (5) ìàþòü âèãëÿä (8), à ñàìå

Uk(t, x) =
sin (πkt/h)

πk/h
ψ

(
∂

∂ν

){
e−a(ν)t+ν·x}∣∣∣∣

ν=O

, k ∈ N. (12)

Ðîçâ'ÿçêè (12) áóäóòü ôàêòè÷íèìè ðîçâ'ÿçêàìè çàäà÷i (4), (5) çà óìîâè äî-
âiëüíî¨ öiëî¨ ôóíêöi¨ ψ(x), ïîðÿäîê q çà ñóêóïíiñòþ çìiííèõ ÿêî¨ ìà¹ òàêi îáìå-
æåííÿ [10]:

1) q = 1, ÿêùî a(ν) íå ¹ ïîëiíîìîì;
2) q < pa/(pa − 1), ÿêùî 1 < pa <∞;
3) q ∈ R+, ÿêùî pa 6 1.
Çîêðåìà, ÿêùî a(ν) � ëiíiéíà ôóíêöiÿ, òîáòî a(ν) = A · ν + B, äå A ∈ Cs i

B ∈ C, òî ç ôîðìóëè (12) îäåðæó¹ìî

Uk(t, x) =
sin (πkt/h)

πk/h
e−Btψ (x− At) , k ∈ N. (13)

Ó ôîðìóëi (13) íåìà¹ îïåðàöi¨ äèôåðåíöiþâàííÿ, òîìó çà ôóíêöiþ ψ äîñ-
òàòíüî âçÿòè äîâiëüíó ôóíêöiþ, ÿêà ìà¹ íà Rs íåïåðåðâíi ÷àñòèííi ïîõiäíi äî
äðóãîãî ïîðÿäêó âêëþ÷íî. ßêùî ψ � êâàçiïîëiíîì, òî Uk(t, x), k ∈ N, ¹ òàêîæ
êâàçiïîëiíîìàìè.

Îòæå, ó âèïàäêó ñòàëîãî äèñêðèìiíàíòà çàäà÷à (4), (5) ìà¹ òðèâiàëüíèé
ðîçâ'ÿçîê äëÿ âñiõ D ̸= − (πk/h)2 , k ∈ N, àáî ìà¹ íåñêií÷åííîâèìiðíå ÿäðî, ùî
âèçíà÷à¹òüñÿ öiëîþ ôóíêöi¹þ äëÿ ç÷èñëåííî¨ êiëüêîñòi çíà÷åíü D = − (πk/h)2 ,
k ∈ N.

Ïðèêëàä 2.1. Ðîçâ'ÿçàòè çàäà÷ó Äiðiõëå ó øàði Lπ,2 ≡ {(t, x) ∈ R3 : t ∈
(0, π), x = (x1, x2) ∈ R2}[

∂2

∂t2
+ 2

∂

∂t

(
∂

∂x1
+

∂

∂x2

)
+

(
∂

∂x1
+

∂

∂x2

)2

+ 1

]
U(t, x1, x2) = 0,

U(0, x1, x2) = U(π, x1, x2) = 0.

(14)

H Äàíà çàäà÷à ¹ çàäà÷åþ (4), (5), ó ÿêié a(ν) = ν1 + ν2, b(ν) = (ν1 + ν2)
2 + 1,

h = π, D(ν) = D = −1. Óìîâà (11) âèêîíó¹òüñÿ äëÿ k = 1. Ðîçâ'ÿçîê çàäà÷i (14)
çà ôîðìóëîþ (13) ìà¹ âèãëÿä

U(t, x1, x2) = ψ(x1 − t, x2 − t) sin t,

äå ψ � äîâiëüíà ôóíêöiÿ, ùî ìà¹ íà R2 íåïåðåðâíi ÷àñòèííi ïîõiäíi äî äðóãîãî
ïîðÿäêó âêëþ÷íî. ßäðî çàäà÷i (14) ¹ íåñêií÷åííîâèìiðíèì. N
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Ïðèêëàä 2.2. Ðîçâ'ÿçàòè çàäà÷ó Äiðiõëå äëÿ áiêàëîðè÷íîãî ðiâíÿííÿ â øàði
L1,s [

∂

∂t
− a2∆s

]2
U(t, x) = 0, a ∈ R\{0},

U(0, x) = U(1, x) = 0,

äå ∆s = ∂2/∂x21 + · · ·+ ∂2/∂x2s � s-âèìiðíèé îïåðàòîð Ëàïëàñà.
H Ìà¹ìî a(ν) = −a2||ν||2, b(ν) = a4||ν||4, ||ν||2 = ν21 + . . .+ν

2
s , ||ν||4 = (||ν||2)2,

h = 1, D(ν) ≡ D = 0. Îòæå, çàäà÷à ìà¹ ëèøå íóëüîâèé ðîçâ'ÿçîê, òîáòî ÿäðî
çàäà÷i òðèâiàëüíå. N

2.2. Âèïàäîê D(ν) ̸= const. Ðîçãëÿíåìî ìíîæèíó

M =

ν ∈ Cs : η(ν) ≡
sh
[
h
√
D(ν)

]
√
D(ν)

= 0

 , (15)

ÿêà ¹ îá'¹äíàííÿì çà íàòóðàëüíèì ïàðàìåòðîì k ìíîæèí íóëiâ öiëèõ ôóíêöié
Dk(ν) ≡ h2D(ν) + k2π2.

Äëÿ α ∈M áóäåìî ðîçãëÿäàòè ìíîæèíè ìóëüòèiíäåêñiâ:

Ω1(α) =

{
ω ∈ Zs

+ :

(
∂

∂ν

)ω

η(ν)

∣∣∣∣
ν=α

̸= 0

}
,

Ω(α) =
{
ω̃ ∈ Zs

+ : ω̃ > ω, ω ∈ Ω1(α)
}
,

Ω(α) = Zs
+\Ω(α),

(16)

äå ω̃ > ω îçíà÷à¹, ùî ω̃k > ωk, k = 1, 2, . . . , s.

Òåîðåìà 1. ßêùî ω ∈ Ω(α), òî ôóíêöiÿ

U(t, x) =

(
∂

∂ν

)ω

{T1(t, ν)eν·x}
∣∣∣∣
ν=α

(17)

¹ íåòðèâiàëüíèì ðîçâ'ÿçêîì çàäà÷i (4), (5), òîáòî íàëåæèòü äî ÿäðà çàäà÷i.

Äîâåäåííÿ. Òîé ôàêò, ùî ôóíêöiÿ (17) ¹ ðîçâ'ÿçêîì ðiâíÿííÿ (4) âèïëè-
âà¹ ç ôîðìóëè (7) äëÿ öiëî¨ ôóíêöi¨ ψ(ν) = νω. Óìîâà U(0, x) = 0, î÷åâèä-
íî, âèêîíó¹òüñÿ. Ïîêàæåìî âèêîíàííÿ äðóãî¨ óìîâè (5), äëÿ öüîãî ïîçíà÷èìî
η̃(ν) = e−a(ν)hη(ν). Îá÷èñëþ¹ìî

U(h, x) =

(
∂

∂ν

)ω {
e−a(ν)h+ν·xη(ν)

}∣∣∣∣
ν=α

=

(
∂

∂ν

)ω

{eν·xη̃(ν)}
∣∣∣∣
ν=α

=

= eα·x
(
∂

∂α
+ x

)ω

η̃(α) = eα·x
∑

O6q6ω

Cq
ωx

ω−q
(
∂

∂α

)q

η̃(α).

Ó âèùåâêàçàíèõ ðiâíîñòÿõ Cq
ω = ω!

q!(ω−q)! , q! =
s∏

k=1

qk!

Îñêiëüêè ω ∈ Ω(α), òî äëÿ äîâiëüíîãî q ∈ Zs
+ òàêîãî, ùî q 6 ω, âèêîíóþòüñÿ

ðiâíîñòi (∂/∂ν)q η(ν)|ν=α = 0 òà (∂/∂ν)q η̃(ν)|ν=α = 0. Îòæå, äîâåäåíî âèêîíàííÿ
äðóãî¨ óìîâè (5).

Íåòðèâiàëüíiñòü ôóíêöi¨ (17) âèïëèâà¹ ç òîãî, ùî ∂U/∂t
∣∣∣
t=0

= xω ̸= 0. Òåî-
ðåìó äîâåäåíî.
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3. Ïðèêëàäè.
Ïðèêëàä 3.1. Ðîçâ'ÿçàòè çàäà÷ó Äiðiõëå â øàði Lπ,2[

∂2

∂t2
+ 2

∂3

∂t∂x1∂x2
+ 4

]
U(t, x1, x2) = 0,

U(0, x1, x2) = U(π, x1, x2) = 0.

(18)

H Äëÿ äàíî¨ çàäà÷i ìà¹ìî a(ν) = ν1ν2, b(ν) = 4, h = π,

η(ν) =
sh
[
π
√
ν21ν

2
2 − 4

]
√
ν21ν

2
2 − 4

, η̃(ν) = e−πν1ν2
sh
[
π
√
ν21ν

2
2 − 4

]
√
ν21ν

2
2 − 4

.

Ìíîæèíà M íàáóâà¹ âèãëÿäó

M =
{
ν ∈ C2 : ν21ν

2
2 − 4 = −k2, k ∈ N

}
i, î÷åâèäíî, ìiñòèòü âåêòîð α = (0, 0) ïðè k = 2. Ëåãêî ïåðåâiðèòè, ùî äëÿ öüîãî
âåêòîðà äî ìíîæèíè Ω(α) íàëåæàòü óñi ìóëüòèiíäåêñè r ∈ Z2

+, äëÿ ÿêèõ |r| 6 2.
Çà òåîðåìîþ 1 çíàõîäèìî òàêi ðîçâ'ÿçêè çàäà÷i (18):

U(t, x1, x2) =

eν·x−ν1ν2t sh
[
t
√
ν21ν

2
2 − 4

]
√
ν21ν

2
2 − 4


∣∣∣∣∣∣
(0,0)

=
sin 2t

2
,

U(t, x1, x2) =
∂

∂ν1

eν·x−ν1ν2t sh
[
t
√
ν21ν

2
2 − 4

]
√
ν21ν

2
2 − 4


∣∣∣∣∣∣
(0,0)

= x1
sin 2t

2
,

U(t, x1, x2) =
∂

∂ν2

eν·x−ν1ν2t sh
[
t
√
ν21ν

2
2 − 4

]
√
ν21ν

2
2 − 4


∣∣∣∣∣∣
(0,0)

= x2
sin 2t

2
,

U(t, x1, x2) =
∂2

∂ν21

eν·x−ν1ν2t sh
[
t
√
ν21ν

2
2 − 4

]
√
ν21ν

2
2 − 4


∣∣∣∣∣∣
(0,0)

= x21
sin 2t

2
,

U(t, x1, x2) =
∂2

∂ν1∂ν2

eν·x−ν1ν2t sh
[
t
√
ν21ν

2
2 − 4

]
√
ν21ν

2
2 − 4


∣∣∣∣∣∣
(0,0)

= (x1x2 − t)
sin 2t

2
,

U(t, x1, x2) =
∂2

∂ν22

eν·x−ν1ν2t sh
[
t
√
ν21ν

2
2 − 4

]
√
ν21ν

2
2 − 4


∣∣∣∣∣∣
(0,0)

= x22
sin 2t

2
. N

Ðîçãëÿíåìî ïðèêëàä çàäà÷i Äiðiõëå äëÿ ðiâíÿííÿ, ó ÿêîìó âèêîðèñòîâóþòüñÿ
äèôåðåíöiàëüíi âèðàçè íåñêií÷åííîãî ïîðÿäêó.

Ïðèêëàä 3.2. Ðîçâ'ÿçàòè çàäà÷ó Äiðiõëå â øàði L1,2 äëÿ äèôåðåíöiàëüíî-
ôóíêöiîíàëüíîãî ðiâíÿííÿ

∂2U(t, x1, x2)

∂t2
= U(t, x1 + 1, x2 − 1)− (π2 + 1)U(t, x1, x2),

U(0, x1, x2) = U(1, x1, x2) = 0 .

(19)
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H Äèôåðåíöiàëüíî-ôóíêöiîíàëüíå ðiâíÿííÿ ïîäàìî ó âèãëÿäi[
∂2

∂t2
− e

∂
∂x1
− ∂

∂x2 + π2 + 1

]
U(t, x1, x2) = 0.

Òîäi (19) ¹ çàäà÷åþ (4), (5), ó ÿêié a(ν) = 0, b(ν) = −eν1−ν2 + π2 + 1,

D(ν) = eν1−ν2 − π2 − 1, η(ν1, ν2) = η̃(ν1, ν2) =
sh
√
eν1−ν2 − π2 − 1√
eν1−ν2 − π2 − 1

,

M =
{
ν ∈ C2 : eν1−ν2 − π2 − 1 = −π2k2, k ∈ N

}
.

Äî ìíîæèíè M íàëåæèòü âåêòîð (0, 0) ïðè k = 1. Çà òåîðåìîþ 1 çíàõîäèìî
íåòðèâiàëüíèé ðîçâ'ÿçîê çàäà÷i (19):

U(t, x1, x2) =

{
eν·x

sh
[
t
√
eν1−ν2 − π2 − 1

]
√
eν1−ν2 − π2 − 1

}∣∣∣∣∣
(0,0)

=
sin[πt]

π
. N

Ïðèêëàä 3.3. Ðîçâ'ÿçàòè çàäà÷ó Äiðiõëå â øàði Lπ,2 äëÿ ðiâíÿííÿ êîëèâàíü
ìåìáðàíè [

∂2

∂t2
−∆2

]
U(t, x1, x2) = 0,

U(0, x1, x2) = U(π, x1, x2) = 0.

(20)

H Äëÿ äàíî¨ ìà¹ìî a(ν) = 0, b(ν) = −||ν||2, h = π,

η(ν) = η̃(ν) = sh[π||ν||]
/
||ν||, M =

{
ν ∈ C2 : ||ν||2 = −k2, k ∈ N

}
.

Äî ìíîæèíè M íàëåæèòü, íàïðèêëàä, âåêòîð (i, 0). Âêàæåìî íåòðèâiàëü-
íi ðîçâ'ÿçêè çàäà÷i (20), ùî âiäïîâiäàþòü öüîìó âåêòîðó. Çàïèøåìî ìíîæèíè
Ω1, Ω, Ω äëÿ (i, 0), âèçíà÷åíi ôîðìóëàìè (16). Îá÷èñëþ¹ìî:

η(i, 0) = 0,

∂

∂ν1
η(ν1, ν2)

∣∣∣∣
(i,0)

=

{
πν1 ch [π||ν||]

||ν||2
− 1

2
||ν||−3 · 2ν1 sh [π||ν||]

}∣∣∣∣
(i,0)

= πi,

∂

∂ν2
η(ν1, ν2)

∣∣∣∣
(i,0)

=

{
πν2 ch [π||ν||]

||ν||2
− 1

2
||ν||−3 · 2ν2 sh [π||ν||]

}∣∣∣∣
(i,0)

= 0,

∂2

∂ν21
η(ν1, ν2)

∣∣∣∣
(i,0)

=

{
− ν1

||ν||3
ch [π||ν||] · πν1

||ν||
+
π (||ν||2− 2ν21) ch [π||ν||]

||ν||4

}∣∣∣∣
(i,0)

=−2π,

∂2

∂ν1∂ν2
η(ν1, ν2)

∣∣∣∣
(i,0)

= 0,

∂2

∂ν22
η(ν1, ν2)

∣∣∣∣
(i,0)

=

{
π (||ν||2 − 2ν22) ch [π||ν||]

||ν||4

}∣∣∣∣
(i,0)

= π.

Îòæå, ñåðåä ìóëüòèiíäåêñiâ r ∈ Z2
+, äëÿ ÿêèõ |r| 6 2, äî ìíîæèíè Ω1 íàëå-

æàòü ìóëüòèiíäåêñè (1, 0), (2, 0), (0, 2). Òîäi ìà¹ìî

Ω = {(1, 0), (2, 0), (0, 2), (1, 1)} , Ω = {(0, 0), (0, 1)} .
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Çíàõîäèìî íåòðèâiàëüíi ðîçâ'ÿçêè çàäà÷i (20) âiäïîâiäíî äî òåîðåìè 1:

U(t, x1, x2) =

{
eν·x

sh [t||ν||]
||ν||

}∣∣∣∣
(i,0)

=
eix1

i
sh [ti] = eix1 sin t,

U(t, x1, x2) =
∂

∂ν2

{
eν·x

sh [t||ν||]
||ν||

}∣∣∣∣
(i,0)

= x2 e
ix1 sin t.

Çà ðàõóíîê ñèìåòði¨ çìiííèõ x1 òà x2 ó ðiâíÿííi òà óìîâàõ Äiðiõëå çàïèøåìî
ùå ðîçâ'ÿçêè çàäà÷i (20), ùî âiäïîâiäàþòü ìóëüòèiíäåêñó (0, i):

U(t, x1, x2) = eix2 sin t,

U(t, x1, x2) = x1 e
ix2 sin t.

Çàóâàæèìî, ùî ïiäõiä âèêîðèñòàííÿ òåîðåìè 1 äëÿ çíàõîäæåííÿ íåòðèâi-
àëüíèõ ðîçâ'ÿçêiâ çàäà÷i (20) ïîêàçàíî ëèøå íà ïðèêëàäi âåêòîðà (i, 0), îäíàê,
ëåãêî ïðîâåñòè àíàëîãi÷íi îá÷èñëåííÿ äëÿ îäíîïàðàìåòðè÷íèõ çëi÷åííèõ ìíî-
æèí âåêòîðiâ (ki, 0) òà (0, ki), äå k ∈ N. Çîêðåìà, äëÿ îäíîïàðàìåòðè÷íî¨ ñiì'¨
(ki, 0), k ∈ N, êîðåíiâ ðiâíÿíü ||ν||2 = −k2 âiä ðîçâ'ÿçêiâ çàäà÷i (20) âèãëÿäó

Uk(t, x1, x2) = eikx1 sin kt,

Uk(t, x1, x2) = x2 e
ikx1 sin kt

çà äîïîìîãîþ äèôåðåíöiàëüíî-ñèìâîëüíîãî ìåòîäó [7] ìîæíà îòðèìàòè ðîçâ'ÿç-
êè çàäà÷i ó âèãëÿäi:

U(t, x1, x2) = φ(x1 + t)− φ(x1 − t),

U(t, x1, x2) = x2 {φ(x1 + t)− φ(x1 − t)},
äå φ(x) � äîâiëüíà äâi÷i íåïåðåðâíî äèôåðåíöiéîâíà íà R ïåðiîäè÷íà ôóíêöiÿ
ç ïåðiîäîì T = 2π, òîáòî φ ∈ C2

2π.
Àíàëîãi÷íî çà îäíîïàðàìåòðè÷íîþ ñiì'¹þ (0, ki), k ∈ N, êîðåíiâ ðiâíÿíü

||ν||2 = −k2 çíàõîäèìî ùå òàêi ðîçâ'ÿçêè çàäà÷i (20):

U(t, x1, x2) = φ(x2 + t)− φ(x2 − t),

U(t, x1, x2) = x1 {φ(x2 + t)− φ(x2 − t)},
äå φ ∈ C2

2π.
Ïðîäåìîíñòðó¹ìî çàïðîïîíîâàíèé ïiäõiä çíàõîäæåííÿ íåòðèâiàëüíèõ ðîç-

â'ÿçêiâ çàäà÷i (20) ùå äëÿ âåêòîðà α = (4 + 3i, 2 − 6i) ∈ M ç íåíóëüîâèìè
êîîðäèíàòàìè. Çà òåîðåìîþ 1 çíàõîäèìî òàêèé íåòðèâiàëüíèé ðîçâ'ÿçîê çàäà÷i
(20):

U(t, x1, x2) =

{
eν·x

sh [t||ν||]
||ν||

}∣∣∣∣
ν=α

=
e(4+3i)x1+(2−6i)x2

5
sin [5t] .

Çàóâàæèìî çíîâó, ùî êîðåíÿìè ðiâíÿíü ||ν||2 = −k2, k = 5m, m ∈ N, ¹ òàêîæ
îäíîïàðàìåòðè÷íà ñiì'ÿ

(
(4 + 3i)m, (2 − 6i)m

)
,m ∈ N, ÿêié âiäïîâiäàþòü òàêi

ðîçâ'ÿçêè çàäà÷i (20):

Um(t, x1, x2) =
e(4+3i)mx1+(2−6i)mx2

5
sin [5mt] , m ∈ N.
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Çà öèìè ðîçâ'ÿçêàìè îäåðæó¹ìî ðîçâ'ÿçêè çàäà÷i (20) ó âèãëÿäi

U(t, x1, x2) = φ
(
(3− 4i)x1 + (−6− 2i)x2 + 5t

)
−φ
(
(3− 4i)x1 + (−6− 2i)x2 − 5t

)
,

äå φ ∈ C2
10π. N

Âèñíîâêè. Äîâåäåíî, ùî ÿäðî çàäà÷i Äiðiõëå ó øàði ¹ òðèâiàëüíèì ëèøå
ó ðàçi ñòàëîãî äèñêðèìiíàíòà 4D ïîëiíîìà L( · , ν), ÿêèé íå íàëåæèòü äî ìíî-
æèíè P = {−4π2k2/h2, k ∈ N}. ßêùî æ äèñêðèìiíàíò 4D ñòàëèé i íàëåæèòü
äî ìíîæèíè P , òî ÿäðî çàäà÷i íåòðèâiàëüíå i âèçíà÷à¹òüñÿ öiëîþ ôóíêöi¹þ. Â
iíøèõ âèïàäêàõ âñòàíîâëåíî äîñòàòíi óìîâè iñíóâàííÿ ìíîæèíè íåòðèâiàëüíèõ
ðîçâ'ÿçêiâ çàäà÷i, äî ÿêî¨ íàëåæàòü, çîêðåìà, êâàçiïîëiíîìíi ôóíêöi¨. Äëÿ ïîáó-
äîâè êâàçiïîëiíîìíèõ òà iíøèõ ðîçâ'ÿçêiâ çàäà÷i âèêîðèñòàíî äèôåðåíöiàëüíî-
ñèìâîëüíèé ìåòîä.

Ó ïîäàëüøié ïåðñïåêòèâi ¹ öiêàâèìè äîñëiäæåííÿ ùîäî âñòàíîâëåííÿ íåîá-
õiäíèõ òà äîñòàòíiõ óìîâ iñíóâàííÿ êâàçiïîëiíîìíèõ ðîçâ'ÿçêiâ äîñëiäæóâàíî¨
îäíîðiäíî¨ çàäà÷i Äiðiõëå.
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