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ÎÖIÍÊÈ ÇÀËÈØÊÎÂÈÕ ×ËÅÍIÂ ÊÂÀÇI�ÎÁÅÐÍÅÍÈÕ
IÍÒÅÐÏÎËßÖIÉÍÈÕ ËÀÍÖÞÃÎÂÈÕ ÄÐÎÁIÂ

New estimates of remainders of quasi–reciprocal interpolation continued fraction of Thiele type
and quasi –reciprocal interpolation continued fraction of type C–fraction obtained.

Îòðèìàíi íîâi îöiíêè çàëèøêîâèõ ÷ëåíiâ êâàçi�îáåðíåíîãî iíòåðïîëÿöiéíîãî ëàíöþãîâîãî
äðîáó òèïó Òiëå òà êâàçi�îáåðíåíîãî iíòåðïîëÿöiéíîãî ëàíöþãîâîãî äðîáó òèïó C�äðîáó.

Âñòóï. Íåõàé ðîçãëÿäà¹òüñÿ iíòåðïîëÿöiÿ ôóíêöi¨ f(x) îäíi¹¨ äiéñíî¨ çìiííî¨
íà êîìïàêòi R ⊂ R. Íàéêðàùå öÿ çàäà÷à âèâ÷åíà ó âèïàäêó, êîëè àãðåãàò íàáëè-
æåííÿ âèáðàþòü ó âèãëÿäi áàãàòî÷ëåíà, àáî óçàãàëüíåíîãî áàãàòî÷ëåíà, ÿêèé
ïîáóäîâàíèé çà ÷åáèøîâñüêîþ ñèñòåìîþ ôóíêöié [1,2]. Ëàíöþãîâi äðîáè â ÿêî-
ñòi iíòåðïîëÿöiéíîãî àãðåãàòó äîñëiäæóâàëèñü â ðîáîòàõ Âðîíñüêîãî [3, 4], Òi-
ëå [5], Íüîðëóíäà [6], Ìiëí�Òîìñîíà [7]. Ó âêàçàíié ðîáîòi Ìiëí�Òîìïñîíà äîâå-
äåíà ôîðìóëà çàëèøêîâîãî ÷ëåíà äëÿ iíòåðïîëÿöiéíîãî ëàíöþãîâîãî äðîáó Òi-
ëå. Ôîðìóëà çàëèøêîâîãî ÷ëåíà áóëà óçàãàëüíåíà íà âèïàäîê ôóíêöiîíàëüíèõ
iíòåðïîëÿöiéíèõ ëàíöþãîâèõ äðîáiâ â ðîáîòi [8]. Ïîäàëüøi îöiíêè çàëèøêîâîãî
÷ëåíà iíòåðïîëÿöiéíîãî ëàíöþãîâîãî äðîáó Òiëå áóëè îòðèìàíi â ðîáîòi [9]. Äà-
íà ðîáîòà ïðèñâÿ÷åíà âñòàíîâëåííþ îöiíîê çàëèøêîâèõ ÷ëåíiâ êâàçi�îáåðíåíèõ
iíòåðïîëÿöiéíèõ ëàíöþãîâèõ äðîáiâ òèïó Òiëå òà òèïó C�äðîáó.

1. Ïîñòàíîâêà çàäà÷i iíòåðïîëÿöi¨. Îáåðíåíi ëàíöþãîâi äðîáè. Íåõàé
R ⊂ R�êîìïàêò. Ôóíêöiÿ f(x), f(x) ∈ C(R), çàäàíà ñâî¨ìè çíà÷åííÿìè â
òî÷êàõ ìíîæèíè

X = {xi : xi ∈ R, xi ̸= xj, êîëè i ̸= j, i, j = 0, 1, . . . , n}. (1)

Äîñëiäæó¹òüñÿ çàäà÷à iíòåðïîëÿöi¨ ôóíêöié íà êîìïàêòi îáåðíåíèì ëàíöþãîâèì
äðîáîì

Dn(x) =
Pn(x)

Qn(x)
=

(
b0(x) +

a1(x)

b1(x) +

a2(x)

b2(x) + · · · +

an−1(x)

bn−1(x) +

an(x)

bn(x)

)−1
=

=

(
b0(x) +

n

K
k=1

ak(x)

bk(x)

)−1
, (2)

äå b0(x), ak(x), bk(x) ∈ C(R), ak(x) ̸≡ 0, k = 1, . . . , n. Ëàíöþãîâèé äðiá (2) ìà¹
çàäîâîëüíÿòè iíòåðïîëÿöiéíó óìîâó

Dn(xi) = yi, äå xi ∈ X, yi = f(xi). (3)

Âèáèðàþ÷è åëåìåíòè ëàíöþãîâîãî äðîáó b0(x), ak(x), bk(x), k = 1, 2, . . . , n, â òî-
ìó ÷è iíøîìó âèãëÿäi, ìîæíà ïîáóäóâàòè, âçàãàëi êàæó÷è, ðiçíi ôóíêöiîíàëüíi
iíòåðïîëÿöiéíi ëàíöþãîâi äðîáè [10]� [17].

Íàóê. âiñíèê Óæãîðîä óí-òó, 2013, âèï. 24 , N 2



ÎÖIÍÊÈ ÇÀËÈØÊÎÂÈÕ ×ËÅÍIÂ ÊÂÀÇI�ÎÁÅÐÍÅÍÈÕ ËÀÍÖÞÃÎÂÈÕ ÄÐÎÁIÂ 123

Êàíîíi÷íèé çíàìåííèê Qn(x) îáåðíåíîãî ëàíöþãîâîãî äðîáó (2) âèçíà÷à¹-
òüñÿ ÷åðåç åëåìåíòè öüîãî äðîáó çà ôîðìóëîþ Îéëåðà�Ìiíäií à [18,19]

Qn(x) = B
[n]
0 (x)

r∑
k=0

R
[n]
k,0(x), (4)

äå

R
[n]
k,s(x) =

n+1−2k∑
i=s

Xi(x)R
[n]
k−1,i+2(x), R

[n]
0,s(x) = 1, (5)

Xi(x) =
ai(x)

bi(x) bi+1(x)
, B

[n]
0 (x) =

n∏
i=0

bi(x), r =
[
n+1
2

]
.

Çà äîïîìîãîþ ìåòîäó ïîâíî¨ ìàòåìàòè÷íî¨ iíäóêöi¨ äîâîäèòüñÿ, ùî R[n]
k,0(x) ìi-

ñòèòü
k∏

i=1

(n− 2k + i+ 1)/k! äîäàíêiâ.

ßêùî åëåìåíòè îáåðíåíîãî ëàíöþãîâîãî äðîáó (2) áàãàòî÷ëåíè, ñòåïiíü áà-
ãàòî÷ëåíó êàíîíi÷íîãî ÷èñåëüíèêà degPn(x) 6 n i ôóíêöiÿ f(x) ∈ C(n+1)(R), òî
çàëèøêîâèé ÷ëåí îáåðíåíîãî iíòåðïîëÿöiéíîãî ëàíöþãîâîãî äðîáó âèçíà÷à¹òüñÿ
ôîðìóëîþ [8]

Rn(x) = f(x)−Dn(x) =

n∏
k=0

(x− xk)

(n+ 1)!Qn(x)

dn+1

d xn+1

[
f(x)Qn(x)

]∣∣∣
x=ξ

, ξ ∈ IntR. (6)

Çàñòîñóâàâøè ôîðìóëó Ëåéáíiöà ïîõiäíî¨ (n+1)-ãî ïîðÿäêó äîáóòêó äâîõ ôóí-
êöié ìà¹ìî, ùî

dn+1

d xn+1

[
f(x)Qn(x)

]
= f (n+1)(x)Qn(x) +

n+1∑
m=1

Cm
n+1 f

(n+1−m)(x)×

×
m∑
j=0

Cj
m

(
B

[n]
0 (x)

)(m−j) r∑
k=0

(
R

[n]
k,0(x)

)(j)
. (7)

Êðiì òîãî iç (5) âèïëèâà¹ íàñòóïíà ðåêóðåíòíà ôîðìóëà çíàõîäæåííÿ ïîõiäíèõ

(
R

[n]
k,0(x)

)(m)
=

n+1−2k∑
j=0

m∑
i=0

Ci
mX

(i)
j (x)

(
R

[n]
k−1,j+2(x)

)(m−i)
. (8)

2. Îöiíêà çàëèøêîâîãî ÷ëåíà êâàçi�îáåðíåíîãî iíòåðïîëÿöiéíîãî ëàí-
öþãîâîãî äðîáó òèïó Òiëå. Íåõàé ôóíêöiÿ f(x) íà êîìïàêòi R iíòåðïîëþ-
¹òüñÿ ëàíöþãîâèì äðîáîì âèãëÿäó [13]

D(t)
n (x) =

P
(t)
n (x)

Q
(t)
n (x)

=

(
d0 +

n

K
k=1

x− xk−1
dk

)−1
, (9)

ÿêèé íàçèâàþòü êâàçi�îáåðíåíèì iíòåðïîëÿöiéíèì ëàíöþãîâèì äðîáîì òèïó Òi-
ëå (Ò�ÊIËÄ).
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Òåîðåìà 1 ( [13]). Êîåôiöi¹íòè Ò�ÊIËÄ (9) âèçíà÷àþòüñÿ ÷åðåç çíà÷åííÿ
ôóíêöi¨ y = f(x) ó iíòåðïîëÿöiéíèõ âóçëàõ (1) çà äîïîìîãîþ ðåêóðåíòíîãî
ñïiââiäíîøåííÿ ó âèãëÿäi ñêií÷åíîãî ëàíöþãîâîãî äðîáó

d0 =
1

y0
, dk =

xk − xk−1

−dk−1 + · · · +

xk − x1

−d1 +

xk − x0

1

yk
− d0

, k = 1, 2, . . . , n. (10)

Ëåãêî ïåðåâiðèòè, ùî ìà¹ ìiñöå íàñòóïíå òâåðäæåííÿ.

Òåîðåìà 2. Ò�ÊIËÄ Òiëå (9) äðîáîâî-ðàöiîíàëüíà ôóíêöiÿ. Ñòåïåíi áàãà-

òî÷ëåíiâ êàíîíi÷íèõ ÷èñåëüíèêà P
(t)
n (x) òà çíàìåííèêà Q

(t)
n (x) çàäîâîëüíÿþòü

íåðiâíîñòi degP
(t)
n (x) 6 [n/2] , degQ

(t)
n (x) 6 [(n+ 1)/2] .

Òåîðåìà 3. 1) Íåõàé ôóíêöiÿ f(x) ∈ C(n+1)(R). 2) Íåõàé âñi êîåôiöi¹íòè
Ò�ÊIËÄ (9), ÿêèé ïîáóäîâàíèé çà çíà÷åííÿìè ôóíêöi¨ f(x) â iíòåðïîëÿöié-
íèõ âóçëàõ (1), âiäìiíi âiä íóëÿ. Òîäi çàëèøêîâèé ÷ëåí Ò�ÊIËÄ çàäîâîëüíÿ¹
íåðiâíiñòü

∣∣∣∣∣f(x)− P
(t)
n (x)

Q
(t)
n (x)

∣∣∣∣∣ 6
f ∗ |B[n]

0 |
n∏

k=0

|x− xk|

(n+ 1)! |Q(t)
n (x)|

(
κn+2(ω)+

+
r∑

m=1

Cm
n+1

1

(d∗)2m

r−m∑
i=0

ρi

i!

m+i∏
j=1

(n− 2(m+ i) + j + 1)

)
, (11)

äå ρ = diam R, d∗ = min
06i6n

|di| , ω = ρ/(d∗)
2, f ∗ = max

06i6r
max
x∈R

∣∣f (n+1−i)(x)
∣∣ ,

κn(ω) =

(
1 +

√
1 + 4ω

)n − (1−√
1 + 4ω

)n
2n
√
1 + ω

, r =
[
n+1
2

]
.

Äîâåäåííÿ. Â âèïàäêó Ò�ÊIËÄ Xi(x) = (x − xi)/(di di+1). Äàëi, îñêiëüêè
Yi = X ′i(x) = 1/(di di+1), ïðè i = 0, 1, · · · , n−1, i X(k)

i (x) ≡ 0, êîëè k = 2, 3, · · · , n,
òî ôîðìóëà (8) íàáóâà¹ âèãëÿäó

(
R

[n]
k,0(x)

)(m)

=
n+1−2k∑

j=0

(
Xj(x)

(
R

[n]
k−1,j+2(x)

)(m)

+mYj

(
R

[n]
k−1,j+2(x)

)(m−1))
. (12)

Â ðîçãëÿäóâàíîìó âèïàäêó R[n]
k,0(x) áàãàòî÷ëåí ñòåïåíÿ k, òî

(
R

[n]
k,0(x)

)(m)
= 0,

êîëè k < m. Êðiì òîãî deg P
(t)
n (x) 6 r çãiäíî iç òåîðåìîþ 2 i B[n]

0 íå çàëåæèòü
âiä x. Òîäi ôîðìóëà (7) ïåðåïèøåòüñÿ íàñòóïíèì ÷èíîì

dn+1

d xn+1

[
f(x)Q(t)

n (x)
]
= f (n+1)(x)Q(t)

n (x)+

+B
[n]
0

r∑
m=1

Cm
n+1 f

(n+1−m)(x)
r∑

k=m

(
R

[n]
k,0(x)

)(m)
. (13)
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ßêùî ñêîðèñòàòèñÿ ìåòîäîì ïîâíî¨ ìàòåìàòè÷íî¨ iíäóêöi¨, òî iç ôîðìóëè (12)
îòðèìó¹ìî (

R
[n]
m+s,0(x)

)(m)
= m!M

[n,s]
m+s,0(x), s = 0, 1, · · · , r −m,

äå

M
[n,0]
m,0 (x) =

n+1−2m∑
j1=0

Yj1

n+3−2m∑
j2=j1+2

Yj2

n−1∑
jm=jm−1+2

Yjm , (14)

M
[n,s]
m+s,0(x) =

n+1−2(m+s)∑
j=0

(
Xj M

[n,s−1]
m+s−1,j+2(x) + Yj M

[n,s]
m+s−1,j+2(x)

)
. (15)

Îñêiëüêè |Yi| = |1/(di di+1)| 6 1/(d∗)
2, à êiëüêiñòü äîäàíêiâ â ïðàâié ÷àñòèíi

ôîðìóëè (14) ðiâíà
m∏
j=1

(n− 2m+ j + 1)/m!, òî ìà¹ìî

∣∣M [n,0]
m,0 (x)

∣∣ 6 1

m! (d∗)2m

m∏
j=1

(n− 2m+ j + 1). (16)

Ñïèðàþ÷èñü íà îñòàííþ íåðiâíiñòü çà äîïîìîãîþ ìåòîäó ïîâíî¨ ìàòåìàòè÷íî¨
iíäóêöi¨ ç ôîðìóëè (15) îòðèìó¹ìî, ùî

∣∣∣M [n,s]
m+s,0(x)

∣∣∣ 6 ρs

m! s! (d∗)2(m+s)

m+s∏
j=1

(n−2(m+s)+j+1), s = 1, 2, . . . , r−m. (17)

Çãiäíî ç òåîðåìîþ 1 ([11])
∣∣Q(t)

n (x)
∣∣ 6 ∣∣B[n]

0

∣∣κn+2(ω). Çâiäñè òà ç (13),(16), (17)
îòðèìó¹ìî (11).

Òåîðåìà 4. 1) Íåõàé f(x) ∈ C(n+1)(R). 2) Íåõàé êîåôiöi¹íòè Ò�ÊIËÄ
(9), ÿêèé ïîáóäîâàíèé çà çíà÷åííÿìè ôóíêöi¨ f(x) â iíòåðïîëÿöiéíèõ âóçëàõ
(1), çàäîâîëüíÿþòü óìîâó Ñë¹øèíñüêîãî�Ïðií ñãåéìà, òîáòî |di| > ρ + 1, i =
0, 1, · · · , n, ρ ̸= 1. Òîäi çàëèøêîâèé ÷ëåí Ò-ÊIËÄ (9) çàäîâîëüíÿ¹ íåðiâíiñòü∣∣∣∣∣f(x)− P

(t)
n (x)

Q
(t)
n (x)

∣∣∣∣∣ 6 f ∗ |B[n]
0 |ρn+1(ρn+1 − 1)

(n+ 1)! (ρ− 1)

(
κn+2(ω)+

+
r∑

m=1

Cm
n+1

1

(d∗)2m

r−m∑
i=0

ρi

i!

m+i∏
j=1

(n− 2(m+ i) + j + 1)
)
, (18)

äå ρ, d∗, ω, f
∗ âèçíà÷åíi â óìîâi òåîðåìè 3.

Äîâåäåííÿ. Çãiäíî ç òåîðåìîþ 2 ([11]) ïðè âèêîíàííi óìîâ òåîðåìè êàíîíi-
÷íèé çíàìåííèê Ò�ÊIËÄ çàäîâîëüíÿ¹ íåðiâíiñòü

∣∣Q(t)
n (n)

∣∣ > (ρn+1 − 1)/(ρ− 1).
Êðiì òîãî, |x−xi| 6 ρ, i = 0, 1, . . . , n− 1. Òîäi iç óìîâ äàíî¨ òåîðåìè òà òåîðåìè
3 îòðèìó¹ìî îöiíêó (18).
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3. Îöiíêà çàëèøêîâîãî ÷ëåíà êâàçi�îáåðíåíîãî iíòåðïîëÿöiéíîãî ëàí-
öþãîâîãî äðîáó òèïó C�äðîáó. Íà êîìïàêòi R ôóíêöiþ f(x) ìîæíà òàêîæ
iíòåðïîëþâàòè ëàíöþãîâèì äðîáîì âèãëÿäó

D(c)
n (x) =

P
(c)
n (x)

Q
(c)
n (x)

=

(
e0 +

n

K
k=1

ek(x− xk−1)

1

)−1
, (19)

ÿêèé íàçèâà¹òüñÿ êâàçi�îáåðíåíèì iíòåðïîëÿöiéíèì ëàíöþãîâèì äðîáîì òèïó
C � äðîáó (C�ÊIËÄ).

Òåîðåìà 5. Êîåôiöi¹íòè C�ÊIËÄ (19) âèçíà÷àþòüñÿ ÷åðåç çíà÷åííÿ ôóí-
êöi¨ y = f(x) â iíòåðïîëÿöiéíèõ âóçëàõ (1) çà äîïîìîãîþ ðåêóðåíòíîãî ñïiâ-
âiäíîøåííÿ ó âèãëÿäi ñêií÷åíîãî ëàíöþãîâîãî äðîáó

e0 =
1

y0
, e1 =

1/y1 − e0
x1 − x0

, (20a)

em =
1

xm − xm−1

(
−1 +

em−1 (xm − xm−2)

−1 +

em−2 (xm − xm−3)

−1 +

+ · · · +

e2 (xm − x1)

−1 +

e1 (xm − x0)

1/ym − e0

)
, m = 2, 3, . . . , n. (20b)

Äîâåäåííÿ. Äëÿ äîâåäåííÿ òâåðäæåííÿ òåîðåìè ñêîðèñòà¹ìîñÿ ìåòîäîì
ïîâíî¨ ìàòåìàòè÷íî¨ iíäóêöi¨. Ç iíòåðïîëÿöiéíî¨ óìîâè (3) ïðè äîâiëüíîìó m,
0 6 m 6 n, âèïëèâà¹, ùî

ym = D(c)
n (xm) =

(
e0 +

m

K
k=1

ek (xm − xk−1)

1

)−1
. (21)

Çâiäñè ôîðìóëè (20a) î÷åâèäíi. Ïðèm = 2 ôîðìóëà (20b) âèêîíó¹òüñÿ. Çðîáèìî
ïðèïóùåííÿ, ùî âêàçàíà ôîðìóëà ìà¹ ìiñöå äëÿ m = 2, 3, . . . , s − 1. Òîäi äëÿ
m = s ç ôîðìóëè (21) îòðèìó¹ìî

ys =

(
e0 +

s

K
k=1

ek(xs − xk−1)

1

)−1
.

Ïîçíà÷èìî ÷åðåç

S = 1 +
s

K
k=2

ek(xs − xk−1)

1
. (22)

Òîäi ys = 1/(e0 + e1(xs − x0)/S). Çâiäêè

S =
e1(xs − x0)

1/ys − e0
. (23)

Ç iíøîãî áîêó ëàíöþãîâèé äðiá â ïðàâié ÷àñòèíi (22) � iíòåðïîëÿöiéíèé ëàí-
öþãîâèé äðiá òèïó C�äðîáó, ÿêèé ïîáóäîâàíèé çà çíà÷åííÿìè ôóíêöi¨ â ií-
òåðïîëÿöiéíèõ âóçëàõ x1, x2, . . . , xs i êîåôiöi¹íòè öüîãî äðîáó âèçíà÷àþòüñÿ çà
äîïîìîãîþ ðåêóðåíòíî¨ ôîðìóëè [11]. Çîêðåìà

es =
1

xs − xs−1

(
−1 +

es−1 (xs − xs−2)

−1 + · · · +

e3 (xs − x2)

−1 +

e2 (xs − x1)

S − 1

)
.
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Ïiäñòàâèâøè â îñòàíí¹ ñïiââiäíîøåííÿ çíà÷åííÿ S ç (23) îòðèìà¹ìî, ùî ôîð-
ìóëà (20b) âèêîíó¹òüñÿ i äëÿ m = s, à îòæå i äëÿ äîâiëüíîãî m.

Çàóâàæåííÿ 1. Ëåãêî áà÷èòè, ùî C�ÊIËÄ (19) äðîáîâî�ðàöiîíàëüíà ôóí-
êöiÿ i deg P

(c)
n (x) 6 [n/2] , deg Q

(c)
n (x) 6 [(n+ 1)/2] .

C�ÊIËÄ (19) åêâiâàëåíòíèé Ò�ÊIËÄ (9), îñêiëüêè ìiæ êîåôiöi¹íòàìè ëàí-
öþãîâèõ äðîáiâ ìàþòü ìiñöå ñïiââiäíîøåííÿ e0 = d0, e1 = 1/d1, ei = 1/(di−1 di),
i = 2, 3, . . . , n. Àëå êîåôiöi¹íòè C�ÊIËÄ (19) ìîæóòü áóòè áåçïîñåðåäíüî îá÷è-
ñëåíi ÷åðåç çíà÷åííÿ ôóíêöi¨ f(x) â iíòåðïîëÿöiéíèõ âóçëàõ.

Òåîðåìà 6. 1) Íåõàé ôóíêöiÿ f(x) ∈ C(n+1)(R). 2) Íåõàé çà çíà÷åííÿìè
ôóíêöi¨ f(x) â iíòåðïîëÿöiéíèõ âóçëàõ (1) ïîáóäîâàíèé C�ÊIËÄ (19), âñi êîå-
ôiöi¹íòè ÿêîãî âiäìiííi âiä íóëÿ. Òîäi çàëèøêîâèé ÷ëåí C�ÊIËÄ çàäîâîëüíÿ¹
íåðiâíiñòü ∣∣∣∣f(x)− P

(c)
n (x)

Q
(c)
n (x)

∣∣∣∣ 6 f ∗
n∏

k=0

|x− xk|

(n+ 1)! |Q(c)
n (x)|

(
κn+2(δ)+

+
r∑

m=1

Cm
n+1(a

∗)m
r−m∑
i=0

δi

i!

m+i∏
j=1

(n− 2(m+ i) + j + 1)
)
, (24)

äå f ∗ = max
06i6r

max
x∈R

∣∣f (n+1−i)(x)
∣∣ , δ = ρe∗, e∗ = max

16i6n
|ei| , à κn(δ), ρ, r âèçíà÷åíi â

óìîâi òåîðåìè 3.

Äîâåäåííÿ. Òàê ÿê ó âèïàäêó C�ÊIËÄ (19) ìàþòü ìiñöå ñïiââiäíîøåííÿ:

B
[n]
0 = e0, Xi(x) = ei+1(x− xi), X

′
i(x) = ei+1, X

(k)
i (x) ≡ 0,

äå i = 0, 1, . . . , n − 1, k = 2, 3, . . . , n − 1, i
(
R

[n]
k,0(x)

)(m)
= 0, êîëè k < m, òî

ôîðìóëà (7) ïåðåïèøåòüñÿ íàñòóïíèì ÷èíîì

dn+1

d xn+1

[
f(x)Q(c)

n (x)
]
= f (n+1)(x)Q(c)

n (x)+

+e0

r∑
m=1

Cm
n+1 f

(n+1−m)(x)
r∑

k=m

(
R

[n]
k,0(x)

)(m)
. (25)

Çà äîïîìîãîþ ìåòîäó ïîâíî¨ ìàòåìàòè÷íî¨ iíäóêöi¨ ëåãêî ïîêàçàòè, ùî(
R

[n]
m+s,0(x)

)(m)
= m!N

[n,s]
m+s,0(x), s = 0, 1, . . . , r −m,

äå

N
[n,0]
m,0 (x) =

n+1−2m∑
j1=0

aj1+1

n+3−2m∑
j2=j1+2

aj2+1 · · ·
n−1∑

jm=jm−1+2

ajm+1, (26)

N
[n,s]
m+s,0(x) =

n+1−2(m+s)∑
j=0

(
Xj(x) N

[n,s−1]
m+s−1,j+2(x) + aj+1N

[n,s]
m+s−1,j+2(x)

)
. (27)

Çãiäíî ç òåîðåìîþ 1 ([11]) ∣∣Q(c)
n (x)

∣∣ 6 |e0|κn+2(δ). (28)
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Â ñèëó òîãî, ùî |ei| 6 e∗, i = 1, 2, . . . , n, òî ç (26) ìà¹ìî

|N [n,0]
m,0 (x)| 6

(e∗)m

m!

m∏
j=1

(n− 2m+ j + 1) . (29)

Ñêîðèñòàâøèñü ìåòîäîì ïîâíî¨ ìàòåìàòè÷íî¨ iíäóêöi¨ ç (27) îòðèìó¹ìî

|N [n,s]
m+s,0(x)| 6

ρs (e∗)m+s

m! s!

m+s∏
j=1

(n− 2(m+ s) + j + 1) , s = 0, 1, . . . , r −m. (30)

Ç (25),(28),(29) òà (30) îòðèìó¹ìî (24).
Äëÿ ïîäàëüøèõ îöiíîê çàëèøêîâîãî ÷ëåíà C�ÊIËÄ (19) ïîòðiáíå íàñòóïíå

òâåðäæåííÿ.

Òåîðåìà 7. ßêùî ÷àñòèííi ÷èñåëüíèêè ai(x)îáåðíåíîãî ëàíöþãîâîãî äðîáó

Dn(x) =
Pn(x)

Qn(x)
=

(
a0(x) +

n

K
i=1

ai(x)

1

)−1
(31)

äëÿ äîâiëüíîãî x ∈ R çàäîâîëüíÿþòü óìîâó òèïó Ïåéäîíà�Óîëëà

|a0(x)| > 1, |ai(x)| 6 t(1− t), i = 1, 2, . . . , n, t ∈ (0; 1
2
],

òî çíàìåííèê Qn(x) îáåðíåíîãî ëàíöþãîâîãî äðîáó (31) çàäîâîëüíÿ¹ íåðiâíiñòü

|Qn(x)| >


(1− t)n+3 − tn+3

(1− t)n+2 − tn+2
, ÿêùî 0 < t < 1

2
,

n+ 3

2(n+ 2)
, ÿêùî t = 1

2
.

(32)

Òåîðåìà 8. 1) Íåõàé ôóíêöiÿ f(x) ∈ C(n+1)(R). 2) Íåõàé çà çíà÷åííÿìè
ôóíêöi¨ f(x) â iíòåðïîëÿöiéíèõ âóçëàõ (1) ïîáóäîâàíèé C�ÊIËÄ (19), âñi êî-
åôiöi¹íòè ÿêîãî âiäìiííi âiä íóëÿ, à ÷àñòèííi ÷èñåëüíèêè C�ÊIËÄ çàäîâîëü-
íÿþòü óìîâó òèïó Ïåéäîíà�Óîëëà, òîáòî 0 < |ei(x − xi−1)| 6 δ 6 t(1 − t),
i = 1, 2, . . . , n, t ∈ (0; 1

2
].

Òîäi ìà¹ ìiñöå îöiíêà çàëèøêîâîãî ÷ëåíà C�ÊIËÄ (19):
a) êîëè 0 < t < 1

2∣∣∣∣f(x)− P
(c)
n (x)

Q
(c)
n (x)

∣∣∣∣ 6 f ∗ρn+1

(n+ 1)!

(1− t)n+2 − tn+2

(1− t)n+3 − tn+3

(
κn+2(t(1− t))+

+
r∑

m=1

Cm
n+1

tm(1− t)m

ρm

r−m∑
i=0

ti(1− t)i

i!

m+i∏
j=1

(n− 2(m+ i) + j + 1)
)
, (33)

á) êîëè t = 1
2 ∣∣∣∣f(x)− P

(c)
n (x)

Q
(c)
n (x)

∣∣∣∣ 6 f ∗ρn+1

(n+ 1)!

2(n+ 2)

n+ 3

(
κn+2(

1
4
)+

+
r∑

m=1

Cm
n+1

1

(4ρ)m

r−m∑
i=0

1

4i i!

m+i∏
j=1

(n− 2(m+ i) + j + 1)
)
, (34)

äå δ, e∗, ρ, κn(δ), f
∗, r âèçíà÷åíi â óìîâàõ òåîðåì 3 òà 6.
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Äîâåäåííÿ. Çãiäíî iç óìîâîþ äàíî¨ òåîðåìè e∗ 6 t(1− t)/ρ. Òîäi ç òåîðåì 6
òà 7 îòðèìó¹ìî íåðiâíîñòi (33) òà (34).
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