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ÑÓÁÃÀÓÑÑÎÂI ÏÐÎÖÅÑÈ ÐÈÇÈÊÓ IÇ ÇÀËÅÆÍÈÌÈ I
ÍÅÇÀËÅÆÍÈÌÈ ÌÎÌÅÍÒÀÌÈ ÍÀÑÒÀÍÍß ÑÒÐÀÕÎÂÈÕ
ÂÈÏÀÄÊIÂ É ÓÊËÀÄÀÍÍß ÄÎÃÎÂÎÐIÂ

The paper studies properties of the model of work of an insurance company which takes into account
the processes of new policies incoming and their termination due to occuring of insurance event. It
is assumed that the claim severity is a sub-Gaussian random variable. The bankruptcy probability
estimates are obtaines both for dependent and independent policies incoming and termination
processes.

Ó ðîáîòi âèâ÷àþòüñÿ âëàñòèâîñòi ìîäåëi ðîáîòè ñòðàõîâî¨ êîìïàíi¨, ÿêà âðàõîâó¹ ïðîöåñè
ïîÿâè íîâèõ äîãîâîðiâ òà ¨õ ïðèïèíåííÿ ó çâ'ÿçêó ç íàñòàííÿì ñòðàõîâî¨ ïîäi¨. Òàêîæ ïðèïó-
ñêà¹òüñÿ, ùî âåëè÷èíè ïîçîâiâ ¹ ñóáãàóññîâèìè âèïàäêîâèìè âåëè÷èíàìè. Îòðèìàíî îöiíêè
éìîâiðíîñòi áàíêòðóñòâà êîìïàíi¨ ó ðàçi çàëåæíîñòi ÷è íåçàëåæíîñòi ïðîöåñiâ óêëàäàííÿ òà
ïðèïèíåííÿ ñòðàõîâèõ äîãîâîðiâ.

Âñòóï. Êëàñè÷íà ìîäåëü ðèçèêó ìà¹ âèãëÿä

U(t) = u+ ct−
Nt∑
k=1

Yk, t ≥ 0, (1)

äå u � ïî÷àòêîâèé êàïiòàë ñòðàõîâî¨ êîìïàíi¨; c � iíòåíñèâíiñòü íàäõîäæåííÿ
ñòðàõîâèõ âíåñêiâ; Y1, Y2, . . . � âåëè÷èíè ñòðàõîâèõ âèïëàò, ¹ íåçàëåæíèìè îäíà-
êîâî ðîçïîäiëåíèìè âèïàäêîâèìè âåëè÷èíàìè (â.â.); Nt � êiëüêiñòü ïîçîâiâ, ÿêi
íàäiéøëè íà ïðîòÿãîì [0, t).

Áàãàòî ðîáiò îñòàííiì ÷àñîì ïðèñâÿ÷åíi äîñëiäæåííþ àêòóàðíèõ ïðîöåñiâ
ðèçèêó ç ðiçíîãî ðîäó äîäàòêîâèìè ïðèïóùåííÿìè. Ó äàíié ñòàòòi ðîçãëÿíóòî
ìîäåëü ðîáîòè ñòðàõîâî¨ êîìïàíi¨, ùî âðàõîâó¹ äâà äîäàòêîâi ïðîöåñè: íàñòàííÿ
ñòðàõîâèõ ïîäié òà óêëàäàííÿ íîâèõ äîãîâîðiâ, êðiì òîãî ïðèïóñêà¹òüñÿ, ùî
âåëè÷èíè ïîçîâiâ ¹ ñóáãàóññîâèìè âèïàäêîâèìè âåëè÷èíàìè:

U(t) = u+
Mt∑
k=1

ck(t− tk)−
Nt∑
k=1

ck(t− sk)−
Nt∑
k=1

Yk, t ≥ 0, (2)

äå ck � iíòåíñèâíiñòü íàäõîäæåííÿ ñòðàõîâèõ âíåñêiâ çà k-èì ïîëiñîì; t1, t2, . . .
� ìîìåíòè óêëàäàííÿ íîâèõ äîãîâîðiâ; s1, s2, . . . � ìîìåíò íàñòàííÿ ñòðàõîâîãî
âèïàäêó i, âiäïîâiäíî, ïðèïèíåííÿ òåðìiíó äi¨ ïîëiñà (íàïðèêëàä, ìîìåíò ñìåðòi
çàñòðàõîâàíî¨ îñîáè); Y1, Y2, . . . � âåëè÷èíè ñòðàõîâèõ âèïëàò, ¹ íåçàëåæíèìè
îäíàêîâî ðîçïîäiëåíèìè ñóáãàóññîâèìè â.â.; Nt � â.â. iç ðîçïîäiëîì Ïóàññîíà,
ENt = αt, âiäïîâiäà¹ êiëüêîñòi ñòðàõîâèõ âèïàäêiâ, ùî âiäáóëèñÿ íà [0, t); Mt

� â.â. iç ðîçïîäiëîì Ïóàññîíà, EMt = βt, âiäïîâiäà¹ êiëüêîñòi óêëàäåíèõ íîâèõ
äîãîâîðiâ ñòðàõóâàííÿ íà [0, t). Òàêîæ ïðèïóñòèìî, ùî ïàðà {Nt,Mt} òà {tn, n ≥
1}, {sn, n ≥ 1}, {Yn, n ≥ 1} � íåçàëåæíi â ñóêóïíîñòi â.â.

Êëàñ ñóáãàóññîâèõ âèïàäêîâèõ âåëè÷èí ¹ áiëüø øèðîêèì, íiæ êëàñ ãàóñ-
ñîâèõ âåëè÷èí, à òîìó ïðåäñòàâëÿ¹ çíà÷íèé iíòåðåñ äëÿ äîñëiäæåííÿ ç òî÷êè
çîðó çàñòîñóâàííÿ ó ôiíàíñîâié òà àêòóàðié ìàòåìàòèöi. Áiëüøå ïðî âëàñòèâîñòi
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êëàñó ñóáãàóññîâèõ âåëè÷èí i ïðîöåñiâ ìîæíà äiçíàòèñÿ â êíèãàõ [1, 2] òà ñòàò-
òÿõ [4,5]. Ó ðîáîòi [3] ðîçãëÿíóòî äåÿêi âëàñòèâîñòi êëàñè÷íîãî ïðîöåñó ðèçèêó
(1) iç φ-ñóáãàóññîâèìè äîäàíêàìè.

Ðîáîòà ñêëàäà¹òüñÿ ç òðüîõ ÷àñòèí. Ó ïåðøîìó ðîçäiëi íàâåäåíî íåîáõiäíi
â ïîäàëüøîìó îçíà÷åííÿ òà òâåðäæåííÿ ç òåîði¨ ïðîñòîðiâ ñóáãàóññîâèõ âèïàä-
êîâèõ âåëè÷èí òà ïðîöåñiâ. Ó äðóãîìó ðîçäiëi äîñëiäæåíî âëàñòèâîñòi ìîäåëi
ñòðàõîâî¨ êîìïàíi¨ iç íåçàëåæíèìè ïðîöåñàìè Nt i Mt. Ó òðåòüîìó ðîçäiëi ðîç-
ãëÿíóòî ïðèïóùåííÿ ïðî ëiíiéíó çàëåæíiñòü ìiæ ìîìåíòàìè çóïèíîê ïðîöåñiâ
öèõ ïðîöåñiâ. Äëÿ îáîõ âèïàäêiâ îòðèìàíî îöiíêó éìîâiðíîñòi áàíêðóñòâà ñòðà-
õîâî¨ êîìïàíi¨.

1. Ñóáãàóññîâi âèïàäêîâi âåëè÷èíè. Íåõàé {Ω,F,P} � ñòàíäàðòíèé iìî-
âiðíiñíèé ïðîñòið, T � äåÿêà ïàðàìåòðè÷íà ìíîæèíà.

Îçíà÷åííÿ 1. [4] Öåíòðîâàíó â.â. ξ íàçèâàþòü ñóáãàóññîâîþ, ÿêùî iñíó¹
E exp{λξ}, λ ∈ R òà iñíó¹ a ≥ 0:

E exp{λξ} ≤ exp
{
λ2a2/2

}
. (3)

Êëàñ óñiõ ñóáãàóññîâèõ âåëè÷èí áóäåìî ïîçíà÷àòè Sub(Ω).

Îçíà÷åííÿ 2. [2] Íåõàé ξ ∈ Sub(Ω). Cóáãàóññîâèì ñòàíäàðòîì â.â. ξ
íàçèâàþòü òàêó ¨¨ õàðàêòåðèñòèêó

τ(ξ) = inf
{
a ≥ 0: E exp{λξ} ≤ exp

{
λ2a2/2

}
, λ ∈ R

}
. (4)

Ïðèêëàä 1. Íåõàé ξ ∼ N(0, σ2) � ãàóññîâà â.â., òîáòî Eξ = 0 òà Dξ = σ2,
òîäi

E exp{λξ} = exp
{
λ2σ2/2

}
òîáòî ξ ¹ ñóáãàóññîâîþ â.â, ó ÿêî¨ τ(ξ) = σ.

Ïðèêëàä 2. Íåõàé ξ � ðiâíîìiðíî ðîçïîäiëåíà íà âiäðiçêó [−a, a] â.â., a > 0,
òîäi

E exp{λξ} =
sh(λa)

λa
=
∞∑
k=0

(λa)2k

(2k + 1)!
≤ 1 +

∞∑
k=1

(λa)2k

6kk!
= exp

{
λ2a2

6

}
,

òîáòî ξ ¹ ñóáãàóññîâîþ â.â, ó ÿêî¨ τ 2(ξ) = Eξ2 = a2/3.

Ëåìà 1. [2] ßêùî ξ � îáìåæåíà öåíòðîâàíà â.â. òà ξ ≤ c ìàéæå íàïåâíå,
äå c � äåÿêà äîäàòíà ñòàëà, òî ξ ∈ Sub(Ω) òà τ(ξ) ≤ c.

Òåîðåìà 1. [1] Ïðîñòið ñóáãàóññîâèõ âèïàäêîâèõ âåëè÷èí ¹ áàíàõîâèì âiä-
íîñíî íîðìè τ(ξ).

2. Ìîäåëü ðîáîòè ñòðàõîâî¨ êîìïàíi¨ ç íåçàëåæíèìè ìîìåíòàìè
íàñòàííÿ ñòðàõîâèõ âèïàäêiâ é óêëàäàííÿ äîãîâîðiâ. Ðîçãëÿíåìî ïðî-
öåñ ðèçèêó (2) i äîäàòêîâî ïðèïóñòèìî, ùî ìîìåíòè óêëàäàííÿ ñòðàõîâèõ äîãî-
âîðiâ òà íàäõîäæåííÿ ïîçîâiâ ¹ íåçàëåæíèìè ñóáãàóññîâèìè â.â. Ñïðàâåäëèâå
íàñòóïíå òâåðäæåííÿ.
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Ëåìà 2. Íåõàé Yk ∈ Sub(Ω) çi ñòàíäàðòîì a, tk ∈ Sub(Ω) çi ñòàíäàðòîì
b/ck, sk ∈ Sub(Ω) çi ñòàíäàðòîì d/ck, ïðè÷îìó â.â. Nt, Mt, Yk, tk, sk � íåçà-
ëåæíi â ñóêóïíîñòi, k ≥ 1. Òîäi äëÿ âñiõ λ ∈ R ìà¹ ìiñöå òàêà îöiíêà äëÿ
åêñïîíåíöiéíîãî ìîìåíòó ïðîöåñó ðèçèêó (2):

E exp{λU(t)} ≤ exp
{
λu+

(
exp

{
λtmaxk≥1{ck}+ λ2b2

2

}
− 1
)
βt+r

+
(
exp

{
−λtmink≥1{ck}+ λ2d2

2

}
− 1
)
αt+

(
exp

{
λ2a2

2

}
− 1
)
αt
}
.

(5)

Äîâåäåííÿ. Ðîçãëÿíåìî îêðåìî êîæåí äîäàíîê ó ïðàâié ÷àñòèíi (2).
Iç (3) âèïëèâà¹, ùî

E exp{λck(t− tk)} = exp{λtck}E exp{−λcktk)} ≤ exp
{
λtck + λ2b2/2

}
.

Òîìó,

E exp

{
λ

Mt∑
k=1

ck(t− tk)

}
= E

∞∑
m=0

m∏
k=1

exp{λck(t− tk)}I{Mt = m} =

=
∞∑

m=0

m∏
k=1

E exp{λck(t−tk)}I{Mt=m}≤
∞∑

m=0

m∏
k=1

exp
{
λtck+

λ2b2

2

}
P{Mt=m}≤

≤ exp{−βt}
∞∑

m=0

(
exp

{
λtmax{ck}+ λ2b2

2

})m
(βt)m

m!
=

= exp {(exp {λtmax{ck}+ λ2b2/2} − 1) βt} .

(6)

Àíàëîãi÷íî äî (6), ç òîãî, ùî

E exp{−λck(t− sk)} ≤ exp
{
−λtck + λ2d2/2

}
,

ìàòèìåìî

E exp

{
−λ

Nt∑
k=1

ck(t−sk)
}
=E

∞∑
n=0

n∏
k=1

exp{−λck(t−sk)}I{Nt=n} =

=
∞∑
n=0

n∏
k=1

E exp{−λck(t−sk)}I{Nt=n}≤
∞∑
n=0

n∏
k=1

exp
{
−λtck+ λ2d2

2

}
P{Nt=n}≤

≤ exp{−αt}
∞∑
n=0

(
exp

{
−λtmin{ck}+ λ2d2

2

})n
(αt)n

n!
=

= exp {(exp {−λtmin{ck}+ λ2d2/2} − 1)αt} .

(7)

Íàðåøòi,

E exp

{
−λ

Nt∑
k=1

Yk

}
= E

∞∑
n=0

n∏
k=1

exp{−λYk}I{Nt = n} =

=
∞∑
n=0

n∏
k=1

E exp{−λYk}I{Nt = n} =
∞∑
n=0

(E exp{−λY1})n P{Nt = n} =

= exp{−αt}
∞∑
n=0

(E exp{−λY1})n (αt)n

n!
= exp

{(
exp

{
λ2a2

2

}
− 1
)
αt
}
.

(8)

Ëåãêî áà÷èòè, ùî ç íåðiâíîñòåé (6) � (8) âèïëèâà¹ (5). 2
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Iç ëåìè 2 i íåðiâíîñòi ×åáèøîâà âèïëèâà¹ òàêà òåîðåìà.

Òåîðåìà 2. Ïðèïóñòèìî, ùî äëÿ ïðîöåñó ðèçèêó {U(t), t ≥ 0}, âèçíà÷åíîãî
ìîäåëëþ (2), âèêîíàíi óìîâè ëåìè 2. Òîäi ìà¹ ìiñöå òàêà îöiíêà éìîâiðíîñòi
òîãî, ùî êàïiòàë ñòðàõîâî¨ êîìïàíi¨ ïåðåâèùèòü ðiâåíü x ≥ 0

P{U(t) ≥ x} ≤ inf
λ>0

exp
{
λ(u− x) +

(
exp

{
λtmaxk≥1{ck}+ λ2b2

2

}
− 1
)
βt+

+
(
exp

{
−λtmink≥1{ck}+ λ2d2

2

}
− 1
)
αt+

(
exp

{
λ2a2

2

}
− 1
)
αt
}
.

(9)

Óâåäåìî ôiëüòðàöiþ {Ft ⊂ F, t ∈ T} íà éìîâiðíiñíîìó ïðîñòîði {Ω,F,P}.
Òåîðåìà 3. Íåõàé çàäàíèé ïðîöåñ ðèçèêó (2). Òîäi

E (U(t)|Fs) = u+
∞∑
i=1

i∑
k=1

(
F

(1)
k,i (t, s)− F

(2)
k,i (t, s)− F

(3)
k,i (t, s)

)
, (10)

äå

F
(1)
k,i (t, s) = ck (t− tkI{tk ≤ s} − E(tkI{tk > s}))

i∑
m=0

I{Ms = m}×

×
(
I{Mt −Ms = i−m}I{t ≤ s}+ e−β(t−s) (β(t−s))

i−m

(i−m)!
I{t > s}

)
,

(11)

F
(2)
k,i (t, s) = ck ((t− sk)I{tk ≤ s}+ (t− E(skI{sk > s})))

i∑
n=0

I{Ns = n}×

×
(
I{Nt −Ns = i− n}I{t ≤ s}+ e−α(t−s) (α(t−s))

i−n

(i−n)! I{t > s}
)
,

(12)

F
(3)
k,i (t, s) =

i∑
k=0

(
YkI{Nt = k}I{t ≤ s}+ EYke

(−αt) (αt)
k

k!
I{t > s}

)
. (13)

Äîâåäåííÿ. Ïåðåïèøåìî (2) ó âèãëÿäi:

U(t) = u+
∞∑
i=1

i∑
k=1

ck(t− tk)I{Mt = i}−

−
∞∑
i=1

i∑
k=1

ck(t− sk)I{Nt = i} −
∞∑
i=1

i∑
k=1

YkI{Nt = i}.
(14)

Çàïèøåìî îêðåìî óìîâíå ìàòåìàòè÷íå ñïîäiâàííÿ âiä êîæíîãî äîäàíêó â
(14), i äëÿ â.â. tk ðîçãëÿíåìî ïiä-σ-àëãåáðó Fs, ÿêà çâîäèòüñÿ äî σ-àëãåáðè
σ{Mu, u ≤ s}, ïîðîäæåíî¨ ïðîöåñîìMt. Òîäi, ÿêùî tk > s, òî tk íå çàëåæèòü âiä
Fs i E(tkI{tk > s}I{Mt = i}|Fs) = E(tkI{tk > s})E(I{Mt = i}|Fs), à ÿêùî tk ≤ s,
òî âíàñëiäîê Fs-âèìiðíîñòi òà íåçàëåæíîñòi tk i Mt ìà¹ìî E(tkI{tk ≤ s}I{Mt =
i}|Fs) = tkI{tk ≤ s}E(I{Mt = i}|Fs).

Îòæå,

F
(1)
k,i (t, s) := E(ck(t− tk)I{Mt = i}|Fs) =

= cktE(I{Mt = i}|Fs)− ckE(tkI{Mt = i}|Fs) =

= ck
(
t− tkI{tk ≤ s} − E(tkI{tk > s})

)
E(I{Mt = i}|Fs).

(15)
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Óðàõîâóþ÷è îäíîðiäíiñòü, âèìiðíiñòü òà íåçàëåæíiñòü âiäïîâiäíèõ âåëè÷èí
âiäíîñíî ôiëüòðàöi¨, ìàòèìåìî

E (I{Mt −Ms = i−m,Ms = m}|Fs) = I{Ms = m}×

× (I{Mt −Ms = i−m}I{t ≤ s}+ E(I{Mt −Ms = i−m}|Fs)I{t > s}) =

= I{Ms = m}(I{Mt −Ms = i−m}I{t ≤ s}+

+P(I{Mt −Ms = i−m}|Fs)I{t > s}).

(16)

Çâiäñè

E(I{Mt = i}|Fs) = E

(
i∑

m=0

I{Mt −Ms = i−m,Ms = m}|Fs

)
=

=
i∑

m=0

I{Ms = m}(I{Mt −Ms = i−m}I{t ≤ s}+

+P(Mt −Ms = i−m)I{t > s}) =
i∑

m=0

I{Ms = m}×

×
(
I{Mt −Ms = i−m}I{t ≤ s}+ e−β(t−s) (β(t−s))

i−m

(i−m)!
I{t > s}

)
.

(17)

Äëÿ â.â. sk ïiä-σ-àëãåáðà Fs çâîäèòüñÿ äî âiäïîâiäíî¨ σ-àëãåáðè σ{Nu, u ≤ s}.
Iç òèõ ñàìèõ ìiðêóâàíü, ùî ïðèâåëè äî (15), âèïëèâà¹

F
(2)
k,i (t, s) := E(ck(t− sk)I{Nt = i}|Fs) =

= cktE(I{Nt = i}|Fs)− ckE(skI{Nt = i}|Fs) =

= ck
(
(t− sk)I{tk ≤ s}+ (t− E(skI{sk > s}))

)
E(I{Nt = i}|Fs).

(18)

Òàê ñàìî, ÿê ó (16) i (17), îòðèìà¹ìî

E(I{Nt = i}|Fs) =
i∑

n=0

I{Ns = n}×

×
(
I{Nt −Ns = i− n}I{t ≤ s}+ e−α(t−s) (α(t−s))

i−n

(i−n)! I{t > s}
)
.

(19)

Íàðåøòi,

F
(3)
k,i (t, s) := E(YkI{Nt = i}|Fs) =

=
i∑

n=0

YkI{Nt = n}I{t ≤ s}+
i∑

n=0

EYkE(I{Nt = n}I{t > s}) =

=
i∑

n=0

YkI{Nt = n}I{t ≤ s}+
i∑

n=0

EYkP(Nt = n)I{t > s} =

=
i∑

n=0

YkI{Nt = n}I{t ≤ s}+
i∑

n=0

EYke
−αt (αt)n

n!
I{t > s}.

(20)

Iç ðiâíîñòåé (15) � (20) i âèïëèâà¹ òâåðäæåííÿ òåîðåìè. 2

Ïðèïóñòèìî, ùî ó ïðîöåñi ðèçèêó (2) Nt òàMt ¹ íåçàëåæíèìè ïðîöåñàìè Ïó-
àññîíà, òîäi ìîìåíòè óêëàäàííÿ ñòðàõîâèõ äîãîâîðiâ tk òà íàäõîäæåííÿ ïîçîâiâ
sk ¹ åêñïîíåíöiéíî ðîçïîäiëåíèìè â.â. Ñïðàâåäëèâå íàñòóïíå òâåðäæåííÿ.
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Ëåìà 3. Íåõàé Yk ∈ Sub(Ω) çi ñòàíäàðòîì a, à {Mt, t ≥ 0} i {Nt, t ≥ 0}
� íåçàëåæíi ïðîöåñè Ïóàññîíà ç iíòåíñèâíîñòÿìè α > 0 i β > 0 âiäïîâiäíî.
Òîäi äëÿ âñiõ λ ∈ (−β/maxk≥1{ck}, α/maxk≥1{ck}) ìà¹ ìiñöå òàêà îöiíêà äëÿ
åêñïîíåíöiéíîãî ìîìåíòó ïðîöåñó ðèçèêó (2):

E exp{λU(t)} ≤ exp
{
λu+

(
β exp{λtmax{ck}}

β+λmin{ck}
− 1
)
βt+

+
(

α exp{−λtmin{ck}}
α−λmax{ck}

− 1
)
αt+

(
exp

{
λ2a2

2

}
− 1
)
αt
}
.

(21)

Äîâåäåííÿ. ßê i â ëåìi 2, ðîçãëÿíåìî îêðåìî êîæåí äîäàíîê ó ïðàâié ÷à-
ñòèíi (2). Îñêiëüêè tk i sk � öå åêñïîíåíöiéíî ðîçïîäiëåíi â.â. ç iíòåíñèâíîñòÿìè
α i β âiäïîâiäíî, òî

E exp{−λcktk} =
β

β + λck
, λ > −β/ck, òà E exp{λcksk} =

α

α− λck
, λ < α/ck.

Çâiäñè ìà¹ìî

E exp

{
λ

Mt∑
k=1

ck(t− tk)

}
= E

∞∑
m=0

m∏
k=1

exp{λck(t− tk)}I{Mt = m} =

=
∞∑

m=0

m∏
k=1

E exp{λck(t− tk)}I{Mt = m} =
∞∑

m=0

m∏
k=1

eλtck β
β+λck

P{Mt = m} ≤

≤ exp{−βt}
∞∑

m=0

(
β exp{λtmax{ck}}

β+λmin{ck}

)m
(βt)m

m!
=

= exp
{(

β exp{λtmax{ck}}
β+λmin{ck}

− 1
)
βt
}

(22)

òà

E exp

{
−λ

Nt∑
k=1

ck(t− sk)

}
= E

∞∑
n=0

n∏
k=1

exp{−λck(t− sk)}I{Nt = n} =

=
∞∑
n=0

n∏
k=1

E exp{−λck(t− sk)}I{Nt = n} =
∞∑
n=0

n∏
k=1

e−λtck α
α−λck

P{Nt = n} ≤

≤ exp{−αt}
∞∑
n=0

(
α exp{−λtmin{ck}}

α−λmax{ck}

)m
(αt)n

n!

= exp
{(

α exp{−λtmin{ck}}
α−λmax{ck}

− 1
)
αt
}
.

(23)

Òàêèì ÷èíîì, òâåðäæåííÿ ëåìè âèïëèâà¹ ç íåðiâíîñòåé (22), (23) òà (8). 2

Iç ëåìè 3 i íåðiâíîñòi ×åáèøîâà âèïëèâà¹ òàêà òåîðåìà.

Òåîðåìà 4. Ïðèïóñòèìî, ùî äëÿ ïðîöåñó ðèçèêó {U(t), t ≥ 0}, âèçíà÷åíîãî
ìîäåëëþ (2), âèêîíàíi óìîâè ëåìè 3. Òîäi ìà¹ ìiñöå òàêà îöiíêà éìîâiðíîñòi
òîãî, ùî êàïiòàë ñòðàõîâî¨ êîìïàíi¨ ïåðåâèùèòü ðiâåíü x ≥ 0

P{U(t) ≥ x} ≤ inf
λ∈
(
−β/max

k≥1
{ck},α/max

k≥1
{ck}

) exp
{
λ(u− x)+

+
(

β exp{λtmax{ck}}
β+λmin{ck}

− 1
)
βt+

+
(

α exp{−λtmin{ck}}
α−λmax{ck}

− 1
)
αt+

(
exp

{
λ2a2

2

}
− 1
)
αt

}
.

(24)
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3. Ìîäåëü ðîáîòè ñòðàõîâî¨ êîìïàíi¨ iç çàëåæíèìè ìîìåíòàìè íà-
ñòàííÿ ñòðàõîâèõ âèïàäêiâ é óêëàäàííÿ äîãîâîðiâ. Ðîçãëÿíåìî îêðå-
ìèé âèïàäîê çàëåæíèõ ïðîöåñiâ íàñòàííÿ ñòðàõîâèõ âèïàäêiâ òà óêëàäàííÿ
íîâèõ äîãîâîðiâ i âiäïîâiäíi ìîìåíòè çóïèíêè: τk = inf{t ≥ 0: Nt = k} òà
µk = inf{t ≥ 0: Mt = k}, äå τk âiäïîâiäàþòü íàñòàííþ ñòðàõîâîãî âèïàäêó,
òîáòî ïîäi¨, êîëè ñòðàõîâà êîìïàíiÿ ïîâèííà âèïëàòèòè êîìïåíñàöiþ êëi¹íòó,
à µk � ìîìåíòó óêëàäàííÿ íîâîãî äîãîâîðó ñòðàõóâàííÿ, òîáòî ïðèõîäó íîâîãî
êëi¹íòà. Ïîâ'ÿæåìî öi âèïàäêîâi âåëè÷èíè òàêèì ÷èíîì:

µk = aτk, k ≥ 1. (25)

Ïðèêëàäîì òàêî¨ ìîäåëi ¹ ñòðàõóâàííÿ íà äîæèòòÿ (endowment). Ñòðàõóâà-
ííÿ íà âèïàäîê äîæèòòÿ � öå âèä ñòðàõóâàííÿ, ùî ïåðåäáà÷à¹ âèïëàòó ñòðà-
õîâî¨ ñóìè ó ðàçi äîæèòòÿ çàñòðàõîâàíî¨ îñîáè äî ïîäi¨, âèçíà÷åíî¨ â äîãîâîði
ñòðàõóâàííÿ. Òàêèìè ïîäiÿìè ìîæóòü áóòè: çàêií÷åííÿ ñòðîêó ñòðàõóâàííÿ,
äîñÿãíåííÿ ïåâíîãî âiêó ÷è âåñiëëÿ.

Îòæå, ïîðàõó¹ìî óìîâíå ìàòåìàòè÷íå ñïîäiâàííÿ ïðîöåñó ðèçèêó ó âèïàäêó
çàëåæíîñòi ïðîöåñiâ íàñòàííÿ ñòðàõîâèõ âèïàäêiâ òà óêëàäàííÿ íîâèõ äîãîâî-
ðiâ.

Òåîðåìà 5. Íåõàé çàäàíèé ïðîöåñ ðèçèêó (2), ïðè÷îìó âèêîíó¹òüñÿ óìîâà
çàëåæíîñòi (25). Òîäi

E (U(t)|Fs) = u+
∞∑
i=1

i∑
k=1

(
F

(1)
k,i (t, s)− F

(2)
k,i (t, s)− F

(3)
k,i (t, s)

)
, (26)

äå

F
(1)
k,i (t, s) = ck (t− tkI{tk ≤ s} − E(tkI{tk > s}))

i∑
n=0

I{Ns = n}×

×
(
I{Nt/a −Ns = i− n}I{t ≤ as}+ e−α(

t
a
−s) (α(

t
a
−s))

i−n

(i−n)! I{t > as}
)
,

(27)

F
(2)
k,i (t, s) òà F

(3)
k,i (t, s) âèçíà÷åíî â (12) i (13) âiäïîâiäíî.

Äîâåäåííÿ. Îñêiëüêè ïðîöåñè {Nt : t ≥ 0} i {Mt : t ≥ 0} çàëåæíi çãiäíî ç
(25), òî

{Mt = m} = {µm ≤ t, µm+1 > t} =

{
τm ≤ t

a
, τm+1 >

t

a

}
=
{
Nt/a = m

}
. (28)

Ñêîðèñòà¹ìîñü äîâåäåííÿì òåîðåìè 3. Òàê ñàìî, ÿê ó (15) � (17), çàñòîñîâó-
þ÷è (28), ìàòèìåìî âiäïîâiäíî

F
(1)
k,i (t, s) = ck (t− tkI{tk ≤ s} − E (tkI{tk > s}))E

(
I
{
Nt/a = i

}
|Fs

)
(29)

òà

E(I{Nt/a = i}|Fs) =
i∑

n=0

I{Ns = n}×

×
(
I{Nt/a −Ns = i− n}I{t ≤ as}+ e−α(

t
a
−s) (α(

t
a
−s))

i−n

(i−n)! I{t > as}
)
.

(30)

Òàêîæ ìàþòü ìiñöå ðiâíîñòi (18) � (20). 2
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Çíàéäåìî òåïåð éìîâiðíiñòü òîãî, ùî êàïiòàë ñòðàõîâî¨ êîìïàíi¨ áóäå âèùèì
çà ÿêèéñü çàäàíèé ðiâåíü.

Òåîðåìà 6. Íåõàé çàäàíî ïðîöåñ ðèçèêó (2). Òîäi iìîâiðíiñòü òîãî, ùî
êàïiòàë ñòðàõîâî¨ êîìïàíi¨ áóäå âèùèì çà ÿêèéñü çàäàíèé ðiâåíü x äîðiâíþ¹:

P(U(t) > x) =
∞∑

m=0

∞∑
n=m

P(Zm,n(t) > x)P(Mt = m,Nt = n),

äå

P(Zm,n(t) > x) = P

(
m∑
k=1

cktk −
n∑

k=1

cksk +
n∑

k=1

Yk ≤ u− x+
m∑

k=n+1

ckt

)
òà

P(Mt = m,Nt = n) = e−(α+β)t (αt)
n

n!

(βt)m

m!
,

êîëè Mt, Nt � íåçàëåæíi, àáî

P(Mt = m,Nt = n) = exp {−αt}
(
t− t

a

)n−m(
t

a

)m
αn

(n−m)!m!
I{n ≥ m},

êîëè Mt, Nt � çàëåæíi âiäïîâiäíî äî ïðèïóùåííÿ (25) iç a > 1, àáî

P(Mt = m,Nt = n) = exp {−αt/a}
(
t

a
− t

)n−m

tm
αn

(n−m)!m!
I{n ≥ m},

êîëè Mt, Nt � çàëåæíi âiäïîâiäíî äî ïðèïóùåííÿ (25) iç a ≤ 1.

Äîâåäåííÿ. Ðîçãëÿíåìî ïðîöåñ ðèçèêó (2) ó ôîðìi (14). Òîäi

P(U(t) > x) = P

(
u+

∞∑
i=1

i∑
k=1

ck(t− tk)I{Mt = i}−

−
∞∑
i=1

i∑
k=1

ck(t− sk)I{Nt = i} −
∞∑
i=1

i∑
k=1

YkI{Nt = i} > x

)
.

(31)

Îñêiëüêè

U(t) = u+
Mt∑
i=1

ck(t− tk)−
Nt∑
i=1

(ck(t− sk) + Yk) = u+

+
∞∑

m=1

(
m∑
k=1

ck(t− tk)

)
I{Mt = m} −

∞∑
n=1

(
n∑

k=1

(ck(t− sk) + Yk)

)
I{Nt = n} =

= u+
∞∑

m=1

∞∑
n=1

(
m∑
k=1

ck(t− tk)−
n∑

k=1

(ck(t− sk) + Yk)

)
I{Mt = m,Nt = n},

òî

P(U(t) > x) =
∞∑

m=0

∞∑
n=0

P(Zm,n(t) > x)P(Mt = m,Nt = n) (32)

âíàñëiäîê ïðèïóùåííÿ ïðî íåçàëåæíiñòü ìiæ â.â. tk, sk, Yk òà Mt, Nt.
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Ðîçãëÿíåìî îêðåìî äîáóòêè éìîâiðíîñòåé ó ïðàâié ÷àñòèíi (32).

P(Zm,n(t) > x) = P

(
u+

m∑
k=1

ck(t− tk)−
n∑

k=1

ck(t− sk)−
n∑

k=1

Yk > x

)
=

= P

(
m∑
k=1

cktk +
n∑

k=1

Yk −
n∑

k=1

cksk ≤ u− x+
m∑
k=1

ckt−
n∑

k=1

ckt

)
.

(33)

Ïîñëiäîâíîñòi {tk} i {sk} ¹ ïîñëiäîâíîñòÿìè íåçàëåæíèõ ó ñóêóïíîñòi îäíàêîâî
ðîçïîäiëåíèõ â.â. Òîìó (33) ¹ çãîðòêîþ âiäïîâiäíèõ ðîçïîäiëiâ.

Ïðèïóñòèìî, ùî ëi÷èëüíi ïðîöåñè {Nt, t ≥ 0} i {Mt, t ≥ 0} íåçàëåæíi. Î÷å-
âèäíî,

P(Mt = m,Nt = n) = P(Mt = m)P(Nt = n) = e−(α+β)t (αt)
n

n!

(βt)m

m!
. (34)

ßêùî æ ïðîöåñè Nt i Mt çàëåæíi çãiäíî ç (25), òî

{Mt = i} = {µi ≤ t, µi+1 > t} =

{
τi ≤

t

a
, τi+1 >

t

a

}
=
{
Nt/a = i

}
. (35)

Çíàéäåìî ñóìiñíèé ðîçïîäië, âðàõîâóþ÷è íåçàëåæíiñòü ïðèðîñòiâ.

P(Nt = n,Mt = m) = P(Nt = n, µm ≤ t, µm+1 > t)

= P

(
Nt = n, τm ≤ t

a
, τm+1 >

t

a

)
= P

(
Nt = n,Nt/a = m

)
. (36)

Íåõàé a > 1. Òîäi, ïðîäîâæóþ÷è (36),

P(Nt = n,Mt = m) = P
(
Nt −Nt/a = n−m,Nt/a = m

)
I{n ≥ m} =

= P
(
Nt−t/a = n−m

)
P
(
Nt/a = m

)
I{n ≥ m} =

= exp
{
−α
(
t− t

a

)} (α(t− t
a))

n−m

(n−m)!
exp

{
−α t

a

} (α( t
a))

m

m!
I{n ≥ m} =

= exp {−αt}
(
t− t

a

)n−m ( t
a

)m αn

(n−m)!m!
I{n ≥ m}.

(37)

Àíàëîãi÷íî, êîëè a ≤ 1, ó (36) ìàòèìåìî

P(Nt = n,Mt = m) = P
(
Nt/a −Nt = n−m,Nt = m

)
I{n ≥ m} =

= exp {−αt/a}
(
t
a
− t
)n−m

tm αn

(n−m)!m!
I{n ≥ m}.

(38)

Òâåðäæåííÿ òåîðåìè âèïëèâà¹ ç ðiâíîñòåé (32) � (34) i (36) � (38). 2
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