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ÏÐÎ ÀÑÈÌÏÒÎÒÈ×ÍÈÉ ÐÎÇÂ'ßÇÎÊ ËIÍIÉÍÎ�
ÑÈÍÃÓËßÐÍÎ ÇÁÓÐÅÍÎ� ÇÀÄÀ×I ÎÏÒÈÌÀËÜÍÎÃÎ
ÊÅÐÓÂÀÍÍß Ç ÂÈÐÎÄÆÅÍÍßÌ

Using the theory of asymptotic integration of linear singularly perturbed systems of differential
equations with degenerations the method of construction of asymptotic solution of the optimal
control problem of process, which is described of linear singularly perturbed system of differential
equations, in the case of degenerations of main matrix of criterion quality is suggested.

Âèõîäÿ÷è ç òåîði¨ àñèìïòîòè÷íîãî iíòåãðóâàííÿ ëiíiéíèõ ñèíãóëÿðíî çáóðåíèõ ñèñòåì äèôå-
ðåíöiàëüíèõ ðiâíÿíü, çàïðîïîíîâàíî ìåòîä ïîáóäîâè àñèìïòîòè÷íîãî ðîçâ'ÿçêó çàäà÷i îïòè-
ìàëüíîãî êåðóâàííÿ ïðîöåñîì, ùî îïèñó¹òüñÿ ëiíiéíîþ ñèíãóëÿðíî çáóðåíîþ ñèñòåìîþ äè-
ôåðåíöiàëüíèõ ðiâíÿíü, ó âèïàäêó âèðîäæåíîñòi ãîëîâíî¨ ìàòðèöi êðèòåðiÿ ÿêîñòi.

1. Ïîñòàíîâêà çàäà÷i. Äîñëiäæó¹òüñÿ îïòèìàëüíèé ïðîöåñ

εh
dx

dt
= A(t, ε)x+ C(t, ε)u, (1)

J =
1

2εh

T∫
0

(D(t, ε)u, u) dt→ min
u
, (2)

ÿêèé ïåðåâîäèòü ñèñòåìó iç ñòàíó

x(0, ε) = x1(ε) (3)

â ñòàí
x(T, ε) = x2(ε) (4)

çà ôiêñîâàíèé ïðîìiæîê ÷àñó T , äå A(t, ε) � äiéñíà êâàäðàòíà ìàòðèöÿ n-ãî ïî-
ðÿäêó, C(t, ε)� äiéñíà (n×m)-ìàòðèöÿ,D(t, ε)� ñèìåòðè÷íà äîäàòíî âèçíà÷åíà
ìàòðèöÿ m-ãî ïîðÿäêó, x(t, ε) i u(t, ε) � øóêàíi n-âèìiðíèé âåêòîð ñòàíó òà m-
âèìiðíèé âåêòîð êåðóâàííÿ âiäïîâiäíî, ε ∈ (0, ε0] � ìàëèé ïàðàìåòð: ε0 ≪ 1;
h ∈ N .

Ó [1] àíàëîãi÷íà çàäà÷à ðîçãëÿäàëàñü çà óìîâè detD(t, 0) ̸= 0, ∀t ∈ [0;T ]. Ó
äàíié ðîáîòi âèâ÷à¹òüñÿ áiëüø ñêëàäíèé âèïàäîê, êîëè ìàòðèöÿD(t, ε) êðèòåðiÿ
ÿêîñòi âèðîäæó¹òüñÿ ïðè ε→ 0.

Áóäåìî ïåðåäáà÷àòè, ùî âèêîíóþòüñÿ óìîâè:
1◦ Ìàòðèöi A(t, ε), C(t, ε) i D(t, ε) äîïóñêàþòü ðiâíîìiðíi àñèìïòîòè÷íi ðîç-

âèíåííÿ

A(t, ε) ∼
∑
k≥0

εkAk(t), C(t, ε) ∼
∑
k≥0

εkCk(t), D(t, ε) ∼
∑
k≥0

εkDk(t), (5)

êîåôiöi¹íòè ÿêèõ íåñêií÷åííî äèôåðåíöiéîâíi íà [0;T ].
2◦ Âåêòîðè ïî÷àòêîâîãî i êiíöåâîãî ñòàíiâ çîáðàæóþòüñÿ ó âèãëÿäi ðîçâè-

íåíü
x1(ε) ∼

∑
k≥0

εkx
(1)
k , x2(ε) ∼

∑
k≥0

εkx
(2)
k ; (6)
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3◦ Ìàòðèöÿ A0(t) ìà¹ íà çàäàíîìó âiäðiçêó [0;T ] n ïðîñòèõ âëàñíèõ çíà÷åíü
λi(t), i = 1, n;

4◦ Reλi(t) < 0, ∀t ∈ [0;T ].
5◦ λi(t) + λj(t) ̸= 0, i, j = 1, n, ∀t ∈ [0;T ].
6◦ detD0(t) ≡ 0, rankD0(t) = r, ∀t ∈ [0;T ].
7◦ det (G∗(t)D1(t)G(t)) ̸= 0, ∀t ∈ [0;T ], äå G(t) = [g1(t), . . . , gm−r(t)], gi(t),

i = 1,m− r, � áàçèñíi âåêòîðè íóëü-ïðîñòîðó ìàòðèöi D0(t).
8◦ Îáëàñòü äîïóñòèìèõ çíà÷åíü äëÿ êåðóâàííÿ u(t, ε) çáiãà¹òüñÿ ç óñiì çàäà-

íèì m�âèìiðíèì ïðîñòîðîì.
Çà òàêèõ óìîâ çàäà÷à (1)�(4) ïîëÿãà¹ ó âiäøóêàííi âåêòîðà ñòàíó x(t, ε) òà

êåðóâàííÿ u(t, ε) ó âèãëÿäi àñèìïòîòè÷íèõ ðîçâèíåíü çà ñòåïåíÿìè ìàëîãî ïà-
ðàìåòðà ε.

Çàñòîñóâàâøè äî çàäà÷i (1), (2) ïðèíöèï ìàêñèìóìó Ë. Ñ. Ïîíòðÿãiíà [2],
ïîáóäó¹ìî ôóíêöiþ Ãàìiëüòîíà

H(t, x, p, u) = ε−h(A(t, ε)x, p) + ε−h(C(t, ε)u, p)− 1

2εh
(D(t, ε)u, u),

äå p � n-âèìiðíèé âåêòîð ñïðÿæåíèõ çìiííèõ.
Äëÿ ìiíiìiçàöi¨ êðèòåðiÿ (2) íåîáõiäíî, ùîá

graduH = ε−hC∗(t, ε)p− ε−hD(t, ε)u = 0;

dp

dt
= −gradxH = −ε−hA∗(t, ε)p.

Îäåðæèìî ñèñòåìó ðiâíÿíü

εh
dx

dt
= A(t, ε)x+ C(t, ε)u;

εh
dp

dt
= −A∗(t, ε)p;

0 = C∗(t, ε)p−D(t, ε)u.

(7)

Óâiâøè â ðîçãëÿä (2n+m)-âèìiðíèé âåêòîð

y(t, ε) = col(x(t, ε), p(t, ε), u(t, ε)) (8)

ñïiââiäíîøåííÿ (7) çàïèøåìî ó âèãëÿäi

εhB̃ẏ = Ã(t, ε)y, (9)

äå ìàòðèöÿ Ã(t, ε) çîáðàæó¹òüñÿ ó âèãëÿäi àñèìïòîòè÷íîãî ðîçâèíåííÿ

Ã(t, ε) =
∞∑
k=0

εkÃk(t),

B̃ =

 E 0 0
0 E 0
0 0 0

 , Ãk(t) =

 Ak(t) 0 Ck(t)
0 −A∗k(t) 0
0 C∗k(t) −Dk(t)

 , k = 0, 1, 2, . . .
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� áëî÷íi ìàòðèöi, â ÿêèõ E � îäèíè÷íà ìàòðèöÿ n-ãî ïîðÿäêó, à ñèìâîëîì 0
ïîçíà÷åíî íóëüîâi áëîêè âiäïîâiäíèõ ðîçìiðiâ. Êðàéîâi óìîâè (3), (4) ïîäàìî ó
âèãëÿäi:

My(0, ε) +Ny(T, ε) =

(
x1(ε)
x2(ε)

)
= y0(ε), (10)

M =

(
E 0 0
0 0 0

)
, N =

(
0 0 0
E 0 0

)
. (11)

Òàêèì ÷èíîì, çàäà÷à îïòèìàëüíîãî êåðóâàííÿ (1)�(4) çâîäèòüñÿ äî äâîòî÷-
êîâî¨ êðàéîâî¨ çàäà÷i (9), (10).

2. Ïîáóäîâà ôîðìàëüíîãî ðîçâ'ÿçêó. Çãiäíî ç [3] óìîâà 7◦ çàáåçïå÷ó¹
íåîñîáëèâiñòü ìàòðèöi D(t, ε) ïðè ε > 0. Ïðè öüîìó îáåðíåíà äî íå¨ ìàòðèöÿ
ìàòèìå ïîëþñ ïî ε ïåðøîãî ïîðÿäêó.

Ó äàíîìó âèïàäêó ãðàíè÷íà â'ÿçêà ìàòðèöü Ã0(t) − λB̃(t) ñèñòåìè ðiâíÿíü
(9) áóäå ñèíãóëÿðíîþ, îñêiëüêè det(Ã0(t)−λB̃) = (−1)n+mdet(A0−λE)det(A∗0+
λE)detD0(t) ≡ 0, ∀t ∈ [0;T ], λ ∈ C. Àëå ¨¨ ðåãóëÿðíå "ÿäðî"ìiñòèòü 2n ïðîñòèõ
ñêií÷åííèõ åëåìåíòàðíèõ äiëüíèêiâ λ − λi(t), λ + λj(t), i, j = 1, n. Êðiì òîãî,
îñêiëüêè

degdet
(
Ã(t, ε)− λB̃(t)

)
= 2n = rankB̃,

òî ñèñòåìà (9) çàäîâîëüíÿ¹ óìîâó "ðàíã-ñòåïiíü" [4]. Òîìó, ÿê ïîêàçàíî â [5]
çàãàëüíèé ðîçâ'ÿçîê öi¹¨ ñèñòåìè ÿâëÿ¹ ñîáîþ ëiíiéíó êîìáiíàöiþ ¨¨ 2n ëiíiéíî
íåçàëåæíèõ ðîçâ'ÿçêiâ, ùî âiäïîâiäàþòü ñêií÷åííèì åëåìåíòàðíèì äiëüíèêàì.

Çãiäíî ç [3] ãðóïà ðîçâ'ÿçêiâ, ùî âiäïîâiäàþòü åëåìåíòàðíèì äiëüíèêàì λ−
λi(t), i = 1, n, áóäó¹òüñÿ ó âèãëÿäi

yi(t, ε) = vi(t, ε) exp

ε−h t∫
0

λi(τ, ε)dτ

 , i = 1, n, (12)

äå vi(t, ε) � øóêàíi (2n + m)-âèìiðíi âåêòîðè, λi(t, ε) � ñêàëÿðíi ôóíêöi¨, ùî
çîáðàæóþòüñÿ ôîðìàëüíèìè ðîçâèíåííÿìè çà ñòåïåíÿìè ε:

vi(t, ε) =
∞∑
k=0

εkvki(t), λi(t, ε) = λi(t) +
∞∑
k=1

εkλ
(i)
k (t), i = 1, n. (13)

Ïiäñòàâèâøè âåêòîð (12) ó ñèñòåìó (9), äiñòàíåìî

Ã(t, ε)vi(t, ε) = λi(t, ε)B̃vi(t, ε) + εhB̃v′i(t, ε). (14)

Ïîçíà÷èâøè vi(t, ε)= col
(
v
(1)
i (t, ε), v

(2)
i (t, ε), v

(3)
i (t, ε)

)
, vki(t)= col

(
v
(1)
ki (t) , v

(2)
ki (t),

v
(3)
ki (t)

)
, k = 0, 1, . . ., äå v(1)ki (t, ε), v

(2)
ki (t, ε) - n-âèìiðíi âåêòîðè, à v

(3)
ki (t, ε) - m-

âèìiðíèé, i âðàõóâàâøè ñòðóêòóðó ìàòðèöü Ã(t, ε), B̃, ðiâíÿííÿ (14) çàïèøåìî
ó âèãëÿäi ñèñòåìè òðüîõ âåêòîðíèõ ðiâíÿíü

A(t, ε)v
(1)
i (t, ε) + C(t, ε)v

(3)
i (t, ε) = λi(t, ε)v

(1)
i (t, ε) + εh

(
v
(1)
i (t, ε)

)′
; (15)

−A∗(t, ε)v(2)i (t, ε) = λi(t, ε)v
(2)
i (t, ε) + εh

(
v
(2)
i (t, ε)

)′
; (16)
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C∗(t, ε)v
(2)
i (t, ε)−D(t, ε)v

(3)
i (t, ε) = 0. (17)

Ðîçãëÿíåìî êîæíå ç öèõ ðiâíÿíü îêðåìî. Ïiäñòàâèâøè â ðiâíÿííÿ (16) ðîç-
âèíåííÿ (5), (13) i ïðèðiâíÿâøè âèðàçè ïðè îäíàêîâèõ ñòåïåíÿõ ε, ìàòèìåìî

(A∗0(t) + λi(t)E) v
(2)
0i (t) = 0;

(A∗0(t) + λi(t)E) v
(2)
ki (t) =

k∑
s=1

λsi(t)v
(2)
k−s,i(t) +

k∑
s=1

A∗s(t)v
(2)
k−s,i(t) +

(
v
(2)
k−h,i(t)

)′
,

k = 1, 2, . . ..
Îñêiëüêè çãiäíî ç 5◦ det (A∗0(t) + λi(t)E) ̸= 0, ∀t ∈ [0;T ], òî ç öèõ ðiâíîñòåé

âèïëèâà¹, ùî v(2)ki (t) = 0, k = 0, 1, . . .. Òîìó v(2)i (t, ε) = 0. Îñêiëüêè æ ìàòðèöÿ
D(t, ε) òàêîæ íåîñîáëèâà ïðè äîñèòü ìàëèõ ε > 0 çàâäÿêè óìîâi 6◦, òî ç (17)
âèïëèâà¹, ùî é v(3)i (t, ε) = 0.

Îòæå,

vi(t, ε) = col
(
v
(1)
i (t, ε), 0, 0)

)
,

äå âåêòîð v(1)i (t, ε) çàäîâîëüíÿ¹ ðiâíÿííÿ

A(t, ε)v
(1)
i (t, ε) = λi(t, ε)v

(1)
i (t, ε) + εh

(
v
(1)
i (t, ε)

)′
,

ùî çáiãà¹òüñÿ ç âiäïîâiäíèì îäíîðiäíèì ðiâíÿííÿì, äîñëiäæåíèì ó [3] (ïðè
B(t, ε) = E), ç ÿêîãî âèçíà÷àþòüñÿ êîåôiöi¹íòè ôîðìàëüíèõ ðîçâèíåíü äëÿ âiä-
ïîâiäíèõ ðîçâ'ÿçêiâ. Òîìó âåêòîðè v(1)ki (t), k = 0, 1, . . ., i ôóíêöi¨ λ(i)k , k = 0, 1, . . .,
âèçíà÷àþòüñÿ çà íàñòóïíèìè ðåêóðåíòíèìè ôîðìóëàìè:

λ
(i)
k (t) = − (gki(t), ψi(t)) , (18)

v
(1)
0i (t) = φi(t), v

(1)
ki (t) = Hi(t)bki(t), k = 1, 2, . . . ; (19)

bki(t) = λ
(i)
k (t)φi(t) + gki(t);

gki(t) =
k−1∑
s=1

λ(i)s (t)v
(1)
k−s,i(t)−

k−1∑
s=1

As(t)v
(1)
k−s,i(t) +

(
vk−h,i(t)

(1)
)′
,

(k = 1, 2, . . ., i = 1, n).
Ùî æ ñòîñó¹òüñÿ ðîçâ'ÿçêiâ, ÿêi âiäïîâiäàþòü åëåìåíòàðíèì äiëüíèêàì λ+

λj(t), j = 1, n, òî âîíè áóäóþòüñÿ ó âèãëÿäi

ỹi(t, ε) = ṽi(t, ε) exp

−ε−h
T∫
t

λ̃i(τ, ε)dτ

 , i = 1, n, (20)

äå âåêòîðè ṽi(t, ε) i ôóíêöi¨ λ̃i(t, ε) çîáðàæóþòüñÿ ôîðìàëüíèìè ðîçâèíåííÿìè

ṽi(t, ε) =
∞∑
k=0

εkṽki(t), λ̃i(t, ε) = −λi(t) +
∞∑
k=1

εkλ̃
(i)
k (t), i = 1, n. (21)
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Ó äàíîìó âèïàäêó ïðîöåäóðà âèçíà÷åííÿ êîåôiöi¹íòiâ âiäïîâiäíèõ ðîçâèíåíü
(21) çàçíà¹ ïåâíèõ òðóäíîùiâ, îáóìîâëåíèõ îñîáëèâiñòþ ìàòðèöi D0(t).

Ïiäñòàâèâøè (20) ó ñèñòåìó (9), ââåäåìî ïîçíà÷åííÿ ṽi(t, ε) = col
(
ṽ
(1)
i (t, ε),

εṽ
(2)
i (t, ε), ṽ

(3)
i (t, ε)

)
, à âåêòîðè ṽ(j)i (t, ε), j = 1, 3, ïîäàìî ó âèãëÿäi ðîçâèíåíü

ṽ
(j)
i (t, ε) =

∞∑
k=0

εkṽ
(j)
ki (t), j = 1, 3. (22)

Òîäi îäåðæèìî ðiâíÿííÿ

Ã(t, ε)ṽi(t, ε) = λ̃i(t, ε)B̃ṽi(t, ε) + εhB̃ṽ′i(t, ε), (23)

ÿêå çàïèøåòüñÿ ó âèãëÿäi ñèñòåìè òðüîõ âåêòîðíèõ ðiâíÿíü

A(t, ε)ṽ
(1)
i (t, ε) + C(t, ε)ṽ

(3)
i (t, ε) = λ̃i(t, ε)ṽ

(1)
i (t, ε) + εh

(
ṽ
(1)
i (t, ε)

)′
; (24)

−A∗(t, ε)ṽ(2)i (t, ε) = λ̃i(t, ε)ṽ
(2)
i (t, ε) + εh

(
ṽ
(2)
i (t, ε)

)′
; (25)

D(t, ε)ṽ
(3)
i (t, ε) = εC∗(t, ε)ṽ

(2)
i (t, ε). (26)

Ðiâíÿííÿ (25) çáiãà¹òüñÿ ç ðiâíÿííÿì, ç ÿêîãî âèçíà÷àþòüñÿ êîåôiöi¹íòè ôîð-
ìàëüíèõ ðîçâèíåíü äëÿ âiäïîâiäíèõ ðîçâ'ÿçêiâ ñïðÿæåíî¨ ñèñòåìè

εh
dy

dt
= −A∗(t, ε)y. (27)

Òîìó, ïðîâiâøè ìiðêóâàííÿ àíàëîãi÷íi äî âèêëàäåíèõ ó [3, c. 93], âåêòîðè ṽ(2)ki ,
k = 0, 1, . . ., i ôóíêöi¨ λ̃(i)k , k = 1, 2, . . ., âèçíà÷èìî çà ðåêóðåíòíèìè ôîðìóëàìè:

λ̃
(i)
k (t) = −λ(i)k (t), k = 1, 2, . . . ; (28)

ṽ
(2)
0i (t) = ψi(t); ṽki(t) = H∗i (t)b̃

(2)
ki (t), k = 1, 2, . . . ; (29)

b̃
(2)
ki (t) = −λ̃(i)k (t)ψi(t) + g̃

(2)
ki (t),

g̃
(2)
ki (t) = −

k−1∑
s=1

λ̃(i)s (t)ṽ
(2)
k−s,i(t)−

k∑
s=1

A∗s(t)ṽ
(2)
k−s,i(t)−

(
ṽ
(2)
k−h,i(t)

)′
;

(k = 1, 2, . . ., i = 1, n).
Ïiäñòàâèâøè âiäïîâiäíi ðîçâèíåííÿ (øóêàíi äëÿ âåêòîðiâ ṽ(1)i (t, ε), ṽ(3)i (t, ε)

i çíàéäåíi � äëÿ âåêòîðà ṽ
(2)
i (t, ε) òà ôóíêöié λ̃i(t, ε)) ó ðiâíÿííÿ (24), (26),

ïðèðiâíÿ¹ìî â íèõ âèðàçè ïðè îäíàêîâèõ ñòåïåíÿõ ε. Äiñòàíåìî

D0(t)ṽ
(3)
0i = 0; (30)

D0(t)ṽ
(3)
ki = b̃

(3)
ki (t), k = 1, 2, . . . ; (31)

(A0(t) + λi(t)E)ṽ
(1)
ki (t) = b̃

(1)
ki (t), k = 0, 1, . . . , (32)
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äå

b̃
(3)
ki (t) =

k−1∑
s=0

C∗s (t)ṽ
(2)
k−s−1,i(t)−

k∑
s=1

Ds(t)ṽ
(3)
k−s,i(t), k = 1, 2, . . . ; (33)

b̃
(1)
ki (t) =

k∑
s=1

λ(i)s (t)ṽ
(1)
k−s,i(t)−

k∑
s=1

As(t)ṽ
(1)
k−s,i(t)−

k∑
s=0

Cs(t)ṽ
(3)
k−s,i(t)+

+
(
ṽ
(1)
k−h,i(t)

)′
, k = 0, 1, . . . .

(34)

Ç ðiâíÿííÿ (30) çíàéäåìî

ṽ
(3)
0i =

m−r∑
j=1

α
(i)
0j (t)gj(t) = G(t)α

(i)
0 (t), (35)

äå α(i)
0 (t) = col

(
α
(i)
01 (t), . . . , α

(i)
0,m−r(t)

)
� (m− r)-âèìiðíèé âåêòîð, ÿêèé ïiäëÿãà¹

âèçíà÷åííþ.
Ðiâíÿííÿ (31) áóäóòü ðîçâ'ÿçíèìè âiäíîñíî ṽ(3)ki (t) òîäi i òiëüêè òîäi, êîëè

éîãî ïðàâà ÷àñòèíà � âåêòîð b̃(3)ki (t) � áóäå àíóëþâàòèñü ïiä äi¹þ ìàòðèöi G∗(t):

G∗(t)b̃
(3)
ki (t) = 0, k = 1, 2, . . . . (36)

Iç âðàõóâàííÿì (33), (35), (29) ïðè k = 1 öÿ óìîâà çàïèñó¹òüñÿ ó âèãëÿäi
G∗C∗ψi −G∗D1Gα

(i)
0 = 0, çâiäêè çàâäÿêè 7◦ çíàéäåìî

α
(i)
0 (t) = (G∗D1G)

−1G∗C∗0ψi. (37)

Öèì ñàìèì îäíîçíà÷íî âèçíà÷åíî âåêòîðè ṽ(3)0i (t) i b̃
(3)
1i (t), à âiäïîâiäíå ðiâíÿííÿ

(31) áóäå ðîçâ'ÿçíèì âiäíîñíî âåêòîðà ṽ(3)1i (t), ÿêèé çíàéäåìî çà ôîðìóëîþ

ṽ
(3)
1i (t) = D−0 (t)b̃

(3)
1i (t) +G(t)α

(i)
1 (t),

äå α(i)
1 (t) = col

(
α
(i)
11 (t), . . . , α

(i)
1,m−r(t)

)
âèçíà÷à¹òüñÿ íà íàñòóïíîìó êðîöi ç óìîâè

(35) ïðè k = 2; D−0 � ìàòðèöÿ, íàïiâîáåðíåíà äî ìàòðèöi D0.
Ìiðêóþ÷è òàê i äàëi, äëÿ çíàõîäæåííÿ âåêòîðiâ ṽ(3)ki (t) îòðèìà¹ìî òàêi ðåêó-

ðåíòíi ôîðìóëè:
ṽ
(3)
ki (t) = D−0 (t)b̃

(3)
ki (t) +G(t)α

(i)
k (t), (38)

α
(i)
k (t) = (G∗D1G)

−1G∗

[
k∑

s=0

C∗s ṽ
(2)
k−s,i −

k+1∑
s=2

D∗s ṽ
(3)
k+1−s,i −D1D

−
0 b̃

(3)
ki

]
,

k = 1, 2, . . . , i = 1, n. (39)

Îñêiëüêè âèðàç (34) äëÿ âåêòîðiâ b̃(1)ki (t) òåïåð ìiñòèòü âiäîìi âåëè÷èíè, à
ìàòðèöÿ R

(i)
0 (t) = A0(t) + λi(t)E íåîñîáëèâà çãiäíî ç óìîâîþ 5◦, òî âåêòîðè

ṽ
(1)
ki (t) îäíîçíà÷íî âèçíà÷àòèìóòüñÿ çà ðåêóðåíòíèìè ôîðìóëàìè

ṽ
(1)
0i (t) = −

(
R

(i)
0 (t)

)−1
C0(t)G(t)(G

∗D1G)
−1G∗C∗0ψi, (40)
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ṽ
(1)
ki (t) =

(
R

(i)
0 (t)

)−1
b̃
(1)
ki (t), k = 1, 2, . . . , i = 1, n. (41)

Òàêèì ÷èíîì, ðîçâ'ÿçîê êðàéîâî¨ çàäà÷i (9), (10), à âiäïîâiäíî i ðîçâ'ÿçîê
çàäà÷i îïòèìàëüíîãî êåðóâàííÿ (1)�(4), áóäåìî øóêàòè ó âèãëÿäi

y(t, ε) =
n∑

i=1

vi(t, ε)c
(i)(ε) exp

ε−h t∫
0

λi(τ, ε)dτ

+

+
n∑

i=1

ṽi(t, ε)c̃
(i)(ε) exp

ε−h T∫
t

λi(τ, ε)dτ

 ,

(42)

äå c(i), c̃(i), i = 1, n, � ñêàëÿðíi ìíîæíèêè, ÿêi çîáðàæóþòüñÿ ðîçâèíåííÿìè

c(i)(t, ε) =
∞∑
k=0

εkc
(i)
k (t), c̃(i)(t, ε) =

∞∑
k=1

εkc̃
(i)
k (t),

êîåôiöi¹íòè ÿêèõ âèçíà÷èìî iç êðàéîâèõ óìîâ.
Ïiäñòàâèâøè (42) ó êðàéîâó óìîâó (10) i âðàõóâàâøè ñòðóêòóðó ìàòðèöüM ,

N , äiñòàíåìî

n∑
i=1

v
(1)
i (0, ε)c(i)(ε) +

n∑
i=1

ṽ
(1)
i (0, ε) exp

ε−h T∫
0

λ(i)(τ, ε)dτ

 c̃(i)(ε) = x1(ε);

n∑
i=1

v
(1)
i (T, ε) exp

ε−h T∫
0

λ(i)(τ, ε)dτ

 c(i)(ε) +
n∑

i=1

ṽ
(1)
i (T, ε)c̃(i)(ε) = x2(ε),

àáî ó âåêòîðíî-ìàòðè÷íié ôîðìi V (1)(0, ε) Ṽ (1)(0, ε) exp

(
ε−h

T∫
0

Λ(τ, ε)dτ

)
V (1)(T, ε) exp

(
ε−h

T∫
0

Λ(τ, ε)dτ

)
Ṽ (1)(T, ε)

×

×
(
c(ε)
c̃(ε)

)
=

(
x1(ε)
x2(ε)

)
, (43)

äå
Λ(t, ε) = diag{λ1(t, ε), λ2(t, ε), . . . , λn(t, ε)},

V (1)(t, ε) =
[
v
(1)
1 (t, ε), v

(1)
2 (t, ε), . . . , v(1)n (t, ε)

]
=
∞∑
k=0

εkV
(1)
k (t),

Ṽ (1)(t, ε) =
[
ṽ
(1)
1 (t, ε), ṽ

(1)
2 (t, ε), . . . , ṽ(1)n (t, ε)

]
=
∞∑
k=0

εkṼ
(1)
k (t),

V
(1)
k (t) =

[
v
(1)
k1 (t), . . . , v

(1)
kn (t)

]
, Ṽ

(1)
k (t) =

[
ṽ
(1)
k1 (t), . . . , ṽ

(1)
kn (t)

]
, (44)
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c(ε) = col
[
c(1)(ε), . . . , c(n)(ε)

]
=
∞∑
k=0

εkck,

c̃(ε) = col
[
c̃(1)(ε), . . . , c̃(n)(ε)

]
=
∞∑
k=0

εkc̃k,

ck = col
(
c
(1)
k , . . . , c

(n)
k

)
, c̃k = col

(
c̃
(1)
k , . . . , c̃

(n)
k

)
, k = 0, 1, . . . .

Îñêiëüêè çãiäíî ç 4◦ äîäàíêè, ùî ìiñòÿòü åêñïîíåíòè, ¹ åêñïîíåíöiàëüíî
ìàëèìè, òî, ñëiäóþ÷è [6,7], çíåõòó¹ìî öèìè äîäàíêàìè i çàìiñòü (43) ðîçãëÿäà-
òèìåìî ðiâíîñòi(

V (1)(0, ε) 0

0 Ṽ (1)(T, ε)

)(
c(ε)
c̃(ε)

)
=

(
x1(ε)
x2(ε)

)
,

àáî
V (1)(0, ε)c(ε) = x1(ε), (45)

Ṽ (1)(T, ε)c̃(ε) = x2(ε), (46)

ç ÿêèõ i áóäåìî âèçíà÷àòè ñòàëi c(i)k , c̃(i)k ,k = 0, 1, . . ., i = 1, n.
Ïðèðiâíÿâøè â (45), (46) êîåôiöi¹íòè ïðè îäíàêîâèõ ñòåïåíÿõ ε, äiñòàíåìî

V
(1)
0 (0)c0 = x

(1)
0 ; Ṽ

(1)
0 (T )c̃0 = x

(2)
0 ; (47)

V
(1)
0 (0)ck = x

(1)
k −

k∑
s=1

V (1)
s (0)ck−s; Ṽ

(1)
0 (T )c̃k = x

(2)
k −

k∑
s=1

Ṽ (1)
s (T )c̃k−s,

k = 1, 2, . . ..
Çãiäíî ç (19), (40)

V
(1)
0 (t) = [φ1(t), φ2(t), . . . , φn(t)] ;

Ṽ
(1)
0 (t) = −

[(
R

(1)
0

)−1
C0G(G

∗D1G)
−1G∗C∗0ψ1, . . . ,(

R
(n)
0

)−1
C0G(G

∗D1G)
−1G∗C∗0ψn

]
.

(48)

Îñêiëüêè âåêòîðè φi(t), i = 1, n, ëiíiéíî íåçàëåæíi ïðè âñiõ t ∈ [0;T ], òî
detV (1)

0 (t) ̸= 0, ∀t ∈ [0;T ]. Ïðèïóñòèìî, ùî

detṼ (1)
0 (T ) ̸= 0. (49)

Òîäi ç ðiâíîñòåé (47) çíàéäåìî

c0 =
(
V

(1)
0 (0)

)−1
x
(1)
0 ; c̃0 =

(
Ṽ

(1)
0 (T )

)−1
x
(2)
0 ;

ck =
(
V

(1)
0 (0)

)−1 (
x
(1)
k −

∑k
s=1 V

(1)
s (0)ck−s

)
, k = 1, 2, . . . ;

c̃k =
(
Ṽ

(1)
0 (T )

)−1 (
x
(2)
k −

∑k
s=1 Ṽ

(1)
s (T )c̃k−s

)
, k = 1, 2, . . . .
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Âèçíà÷åííÿ ñêàëÿðiâ c(i)k , c̃(i)k ,k = 0, 1, . . ., i = 1, n, çàâåðøó¹ ïîáóäîâó ôîð-
ìàëüíîãî ðîçâ'ÿçêó (42).

3. Àñèìïòîòè÷íèé õàðàêòåð ôîðìàëüíîãî ðîçâ'ÿçêó. Ïîêàæåìî, ùî
ïîáóäîâàíà îïèñàíèì ñïîñîáîì âåêòîðíà ôóíêöiÿ (42) ¹ àñèìïòîòè÷íèì çîáðà-
æåííÿì òî÷íîãî ðîçâ'ÿçêó äàíî¨ çàäà÷i êåðóâàííÿ, ìiðêóþ÷è àíàëîãi÷íî äî [1].
Äëÿ öüîãî ðîçãëÿíåìî l-íàáëèæåííÿ, îáiðâàâøè âiäïîâiäíi ôîðìàëüíi ðÿäè íà
l-ìó ÷ëåíi:

yl(t, ε) =
l∑

k=0

εk
n∑

i=1

k∑
s=0

vsi(t)c
(i)
k−s exp

ε−h t∫
0

(
λi(τ) +

l∑
k=1

εkλ
(i)
k (τ)

)
dτ

+

+
l∑

k=0

εk
n∑

i=1

k∑
s=0

ṽsi(t)c̃
(i)
k−s exp

ε−h T∫
t

(
λi(τ) +

l∑
k=1

εkλ
(i)
k (τ)

)
dτ

 .

Ïiäñòàâèâøè öå íàáëèæåííÿ â äèôåðåíöiàëüíèé âèðàç

L(y) = Ã(t, ε)y − εhB̃(t)
dy

dt

òà êðàéîâó óìîâó (10), äiñòàíåìî

L(yl(t, ε)) = O
(
εl+1

)
,

y0(ε)−Myl(0, ε)−Nyl(T, ε) = O
(
εl+1

)
.

Òîäi, çðîáèâøè â ñèñòåìi (9) çàìiíó

y(t, ε) = yl(t, ε) + zl(t, ε), (50)

îòðèìà¹ìî òàêó êðàéîâó çàäà÷ó äëÿ âåêòîðà íåâ'ÿçêè zl(t, ε):

εhB̃
dzl(t, ε)

dt
= Ã(t, ε)zl(t, ε) + εl+1a(t, ε); (51)

Mzl(0, ε) +Nzl(T, ε) = εl+1b(ε), (52)

äå a(t, ε), b(t) � äåÿêi ðiâíîìiðíî îáìåæåíi (2n + m)- òà m-âèìiðíi âåêòîðè

âiäïîâiäíî. Ïîçíà÷èìî zl(t, ε) = col
(
z
(1)
l (t, ε); z

(2)
l (t, ε); z

(3)
l (t, ε)

)
, äå çãiäíî ç (50),

(8)
z
(1)
l (t, ε) = x(t, ε)− xl(t, ε);

z
(2)
l (t, ε) = p(t, ε)− pl(t, ε);

z
(3)
l (t, ε) = u(t, ε)− ul(t, ε),

(53)

à xl(t, ε), pl(t, ε), ul(t, ε) � âåêòîð-ôóíêöi¨ âiäïîâiäíîãî ïîðÿäêó, ùî óòâîðþ-
þòü (2n+m)-âèìiðíèé âåêòîð yl(t, ε). Òîäi ðiâíÿííÿ (51) çàïèøåòüñÿ ó âèãëÿäi
ñèñòåìè òðüîõ âåêòîðíèõ ðiâíÿíü âiäíîñíî z(i)l (t, ε), i = 1, 3:

εh
dz

(1)
l

dt
= A(t, ε)z

(1)
l + C(t, ε)z

(3)
l + εl+1a1(t, ε);

εh
dz

(2)
l

dt
= −A∗(t, ε)z(2)l + εl+1a2(t, ε);

0 = C∗(t, ε)z
(2)
l −D(t, ε)z

(3)
l + εl+1a3(t, ε),
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äå ai(t, ε), i = 1, 3, � âåêòîðè âiäïîâiäíî¨ ðîçìiðíîñòi, ùî óòâîðþþòü a(t, ε).
Îñêiëüêè çàâäÿêè óìîâi 6◦ ìàòðèöÿ D−1(t, ε) ìà¹ ïîëþñ ïåðøîãî ïîðÿäêó ïî

ε, òî ç òðåòüîãî ðiâíÿííÿ öi¹¨ ñèñòåìè ìà¹ìî

z
(3)
l (t, ε) = D−1(t, ε)C∗(t, ε)z

(2)
l (t, ε) +O

(
εl
)
. (54)

Ïîçíà÷èâøè
z̃l(t, ε) = col

(
z
(1)
l (t, ε); z

(2)
l (t, ε)

)
, (55)

i âðàõóâàâøè (54), ïåðøi äâà ðiâíÿííÿ çàïèøåìî ó âèãëÿäi

εh
dz̃l
dt

= Â(t, ε)z̃l + εl+1g(t, ε), (56)

äå

Â(t, ε) =

(
A(t, ε) C(t, ε)D−1(t, ε)C∗(t, ε)

0 −A∗(t, ε)

)
, (57)

à g(t, ε) � 2n-âèìiðíèé âåêòîð, ðiâíîìiðíî îáìåæåíèé íà [0;T ].
Ç (52) îòðèìà¹ìî é âiäïîâiäíó êðàéîâó óìîâó äëÿ âåêòîðà z̃l(t, ε):

M1z̃l(0, ε) +N1z̃l(T, ε) = εl+1b(ε), (58)

äå M1, N1 � áëî÷íi (2n× 2n)-ìàòðèöi âèãëÿäó

M1 =

(
E 0
0 0

)
, N1 =

(
0 0
E 0

)
.

Ïîêàæåìî, ùî êðàéîâà çàäà÷à (56), (58) ìà¹ ¹äèíèé ðîçâ'ÿçîê i çíàéäåìî
éîãî îöiíêó çà íîðìîþ.

Ðîçãëÿíåìî 2n-âèìiðíó îäíîðiäíó ñèñòåìó ðiâíÿíü

εh
dz̃

dt
= Â(t, ε)z̃, (59)

ÿêà âiäïîâiäà¹ (56). Çãiäíî ç (57) ¨¨ ãîëîâíà ìàòðèöÿ

Â0(t) = Â(t, 0) =

(
A0(t) C0(t)D

−1
0 (t)C∗0(t)

0 −A∗0(t)

)
.

Õàðàêòåðèñòè÷íèé ìíîãî÷ëåí öi¹¨ ìàòðèöi det
(
Â0 − λE

)
= (−1)ndet(A0−λE)×

×det(A∗0 + λE), çâiäêè âèïëèâà¹, ùî ¨¨ âëàñíèìè çíà÷åííÿìè ¹ ôóíêöi¨ λi(t),
i = 1, n, i −λj(t), j = 1, n. Íåâàæêî ïåðåêîíàòèñÿ, ùî âiäïîâiäíèìè âëàñíèìè
âåêòîðàìè áóäóòü

col(φi(t), 0) i col
(
−(R

(i)
0 (t))−1C0(t)D

−1
0 (t)C∗0(t)ψj(t), ψj(t)

)
.

Òîìó çãiäíî ç [8, 9] ôóíäàìåíòàëüíà ìàòðèöÿ ñèñòåìè (59) âèðàæà¹òüñÿ àñèìï-
òîòè÷íîþ ôîðìóëîþ

Z(t, ε) =
([

(Vl(t, ε), Ṽl(t, ε)
]
+O

(
εl+1−h))×

×diag

exp

ε−h t∫
0

Λl(τ, ε)dτ

 , exp

ε−h T∫
t

Λl(τ, ε)dτ

 ,
(60)
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äå

Vl(t, ε) =
l∑

k=0

εkVk(t), Ṽl(t, ε) =
l∑

k=0

εkṼk(t), Λl(t, ε) =
l∑

k=0

εkΛk(t),

Vk(t), Ṽk(t) � ïðÿìîêóòíi ìàòðèöi ðîçìiðíiñòþ 2n× n, ÿêi, ÿê íåâàæêî ïåðåêî-

íàòèñÿ, ñêëàäàþòüñÿ ç ìàòðè÷íèõ áëîêiâ (44) òà Ṽ (2)
k =

[
ṽ
(2)
k1 , . . . , ṽ

(2)
kn

]
:

Vk(t) =

[
V

(1)
k (t)
0

]
, Ṽk(t) =

[
Ṽ

(1)
k (t)

Ṽ
(2)
k (t)

]
,

Λ0(t) = diag {λ1(t), . . . , λn(t)}, Λk(t) = diag
{
λ
(1)
k (t), . . . , λ

(n)
k (t)

}
, k = 1, l. Ïðè

öüîìó ìàòðèöi V (1)
0 (t), Ṽ (1)

0 (t) ìàþòü âèãëÿä (48), à

Ṽ
(2)
0 (t) = [ψ1(t), ψ2(t), . . . , ψn(t)].

Òîäi, ïîçíà÷èâøè

Z1(t, ε) =
([
Vl(t, ε); Ṽl(t, ε)

]
+O

(
εl−h

))
diag

exp

ε−h t∫
0

Λl(τ, ε)dτ

 ; 0

 ;

Z2(t, ε) =
([
Vl(t, ε); Ṽl(t, ε)

]
+O

(
εl−h

))
diag

0; exp

ε−h T∫
t

Λl(τ, ε)dτ

 ,

çàãàëüíèé ðîçâ'ÿçîê ñèñòåìè (56) ïîäàìî ó âèãëÿäi

z̃l(t, ε) = Z(t, ε)c(ε) + εl−h
t∫
0

Z1(t, ε)Z
−1(τ, ε)g(τ, ε)dτ−

−εl+1−h
T∫
t

Z2(t, ε)Z
−1(τ, ε)g(τ, ε)dτ.

(61)

Ïiäñòàâèâøè (61) ó êðàéîâó óìîâó (58), ìà¹ìî

[M1Z(0, ε)+N1Z(T, ε)]c(ε)=ε
l+1b(ε)+εl−hM1

T∫
0

Z2(0, ε)Z1(τ, ε)g(τ, ε)dτ−

−εl−hN1

T∫
0

Z1(T, ε)Z
−1(τ, ε)g(τ, ε)dτ.

(62)

Âðàõóâàâøè (60) òà ñòðóêòóðó ìàòðèöü M1, N1, à òàêîæ óìîâó 4◦, çíàéäåìî

M1Z(0, ε) +N1Z(T, ε) =

[
V

(1)
l (0, ε) 0

0 Ṽ
(1)
l (T, ε)

]
+O

(
εl−h

)
.

Îñêiëüêè detV (1)
l (0, ε) ̸= 0 ïðè äîñèòü ìàëèõ ε çàâäÿêè ëiíiéíié íåçàëåæíîñòi

âåêòîðiâ φi(0), ùî óòâîðþþòü ìàòðèöþ V
(1)
0 (0), à detV (1)

l (T, ε) ̸= 0 çà óìîâîþ
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(49), òî det(M1Z(0, ε) + N1Z(T, ε)) ̸= 0 ïðè äîñèòü ìàëèõ ε ≥ 0, à ìàòðèöi(
V

(1)
l (0, ε)

)−1
i
(
Ṽ

(1)
l (T, ε)

)−1
îáìåæåíi. Òîìó ðiâíÿííÿ (62) îäíîçíà÷íî ðîçâ'ÿ-

çíå âiäíîñíî âåêòîðà c(ε). Çíàéøîâøè ç íüîãî

c(ε)=
[
diag

(
V

(1)
l (t, ε); Ṽ

(1)
l (t, ε)

)
+O

(
εl+1−h)]−1[εl+1−hM1

T∫
0

Z2(0, ε)Z
−1(τ, ε)×

× g(τ, ε)dτ − εl+1−hN1

T∫
0

Z1(T, ε)Z
−1(τ, ε)g(τ, ε)dτ + εl+1b(ε)

]
,

îòðèìà¹ìî ¹äèíèé ðîçâ'ÿçîê çàäà÷i (56), (58), ÿêèé, ñëiäóþ÷è [7], çàïèøåìî ó
âèãëÿäi

z̃l(t, ε)=(Gq)(t, ε)+εl+1Z(t, ε)
[
diag

(
V

(1)
l (0, ε); Ṽ

(1)
l (T, ε)

)
+O

(
εl−h

)]−1
b(ε), (63)

äå q(t, ε) = εl−hg(t, ε);

(Gq)(t, ε) =

T∫
0

G0(t, τ, ε)q(τ, ε)dτ

� îïåðàòîð Ãðiíà âiäïîâiäíî¨ îäíîðiäíî¨ çàäà÷i, â ÿêîìó G0(t, τ, ε) � ìàòðèöÿ
Ãðiíà, ùî ìà¹ âèãëÿä

G0(t, τ, ε) =



Z(t, ε)
[
diag

{(
V

(1)
l (0, ε)

)
;
(
Ṽ

(1)
l (T, ε)

)}
+O

(
εl−h

)]−1
×

× (M1Z2(0, ε)Z
−1(τ, ε)−N1Z1(T, ε)Z

−1(τ, ε))+
+Z1(t, ε)Z

−1(τ, ε), ÿêùî 0 ≤ τ ≤ t ≤ T ;

Z(t, ε)
[
diag

{(
V

(1)
l (0, ε)

)
;
(
Ṽ

(1)
l (T, ε)

)}
+O

(
εl−h

)]−1
×

× (M1Z2(0, ε)Z
−1(τ, ε)−N1Z1(T, ε)Z

−1(τ, ε))−
−Z2(t, ε)Z

−1(τ, ε), ÿêùî 0 ≤ t ≤ τ ≤ T ;

4. Ôîðìóëþâàííÿ îñíîâíîãî ðåçóëüòàòó. Âèõîäÿ÷è ç óìîâè 6◦ òà ñòðóê-
òóðè ìàòðèöü Z1(t, ε), Z2(t, ε), Z(t, ε), M1, N1, íåâàæêî ïåðåêîíàòèñÿ, ùî âñi
ìàòðè÷íi i âåêòîðíi ôóíêöi¨, ÿêi ìiñòÿòüñÿ â (63), ðiâíîìiðíî îáìåæåíi íà [0;T ].
Òîìó, ïåðåéøîâøè â ðiâíîñòi (63) äî îöiíîê çà íîðìîþ, äiñòàíåìî òàêó îöiíêó
äëÿ øóêàíî¨ íåâ'ÿçêè: ∥z̃l(t, ε)∥≤cεl−h, äå c � äåÿêà ñòàëà, ùî íå çàëåæèòü âiä ε.
Òîäi, çãiäíî ç (53),(54), (55) îäåðæèìî âiäïîâiäíi îöiíêè é äëÿ øóêàíèõ âåêòîðà
ñòàíó x(t, ε) òà âiäïîâiäíîãî êåðóâàííÿ u(t, ε):

∥x(t, ε)− xl(t, ε)∥≤c1εl−h,

∥u(t, ε)− ul(t, ε)∥≤c2εl−1−h,

äå c1, c2 íå çàëåæàòü âiä ε.
Ó ðåçóëüòàòi äîâåäåíî òàêó òåîðåìó.

Òåîðåìà 1. ßêùî âèêîíóþòüñÿ óìîâè 1◦�8◦, (49), òî ïðè äîñèòü ìàëèõ
ε çàäà÷à îïòèìàëüíîãî êåðóâàííÿ (1)�(4) ìà¹ ¹äèíèé ðîçâ'ÿçîê, ùî çàäà¹òüñÿ
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àñèìïòîòè÷íèìè ôîðìóëàìè

u(t, ε) =

=
l∑

k=0

εk
n∑

i=1

k∑
s=0

ṽ
(3)
si c̃

(i)
k−s exp

ε−h T∫
t

(
λi(τ) +

l∑
s=1

εsλ(i)s (τ)

)
dτ

+O
(
εl−h−1

)
,

x(t, ε) =
l∑

k=0

εk
n∑

i=1

k∑
s=0

v
(1)
si c

(i)
k−s exp

ε−h t∫
0

(
λi(τ) +

l∑
s=1

εsλ(i)s (τ)

)
dτ

+

+
l∑

k=0

εk
n∑

i=1

k∑
s=0

ṽ
(1)
si c̃

(i)
k−s exp

ε−h T∫
t

(
λi(τ) +

l∑
s=1

εsλ(i)s (τ)

)
dτ

+O
(
εl−h

)
,

äå âåêòîðè v
(1)
si (t), ṽ

(1)
si (t), ṽ

(3)
si (t), i = 1, n, ôóíêöi¨ λ

(i)
s (t) i ñêàëÿðíi ìíîæíèêè

c
(i)
j (t), c̃

(i)
j (t), j = 1, n, âèçíà÷àþòüñÿ çà ðåêóðåíòíèìè ôîðìóëàìè (18), (19),

(35)�(41), (29).
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