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×ÈÑÅËÜÍÈÉ ÌÅÒÎÄ ÂIÄØÓÊÀÍÍß ÊÎÐÅÍIÂ
ÀËÃÅÁÐÀ�×ÍÈÕ I ÒÐÀÍÑÖÅÍÄÅÍÒÍÈÕ ÐIÂÍßÍÜ

The constructing of numerical method for finding roots of algebraic and transcendental equations
with the use of non-classical majorants and Newton diagrams of functions defined in tabular form
is considered. The method does not require smoothness of the function in the neighborhood of the
root.

Ïîáóäîâàíî ÷èñåëüíèé ìåòîä âiäøóêàííÿ êîðåíiâ àëãåáðà¨÷íèõ i òðàíñöåíäåíòíèõ ðiâíÿíü ç
âèêîðèñòàííÿì àïàðàòó íåêëàñè÷íèõ ìàæîðàíò i äiàãðàì Íüþòîíà ôóíêöié, çàäàíèõ òàáëè-
÷íî. Ìåòîä íå âèìàãà¹ ãëàäêîñòi ôóíêöi¨ â îêîëi êîðåíÿ.

Âñòóï. Äëÿ ÷èñåëüíîãî ðîçâ'ÿçóâàííÿ àëãåáðà¨÷íèõ i òðàíñöåíäåíòíèõ ðiâ-
íÿíü øèðîêî âèêîðèñòîâóþòüñÿ ìåòîä äîòè÷íèõ (Íüþòîíà) i ìåòîä õîðä [1].
Îäíàê öi ìåòîäè âèìàãàþòü ãëàäêîñòi ôóíêöi¨ â îêîëi êîðåíÿ ðiâíÿííÿ. Òî-
ìó âèíèêà¹ çàäà÷à ïîáóäîâè ÷èñåëüíîãî ìåòîäó, ÿêèé áè íå âèìàãàâ ãëàäêîñòi
ôóíêöi¨ â îêîëi êîðåíÿ. Ïîáóäîâà òàêîãî ìåòîäó ðîçãëÿäà¹òüñÿ â ñòàòòi, âèêîðè-
ñòîâóþ÷è àïàðàò íåêëàñè÷íèõ ìàæîðàíò i äiàãðàì Íüþòîíà ôóíêöié, çàäàíèõ
òàáëè÷íî [2] .

Ïîáóäîâà ìåòîäó. Ðîçãëÿíåìî àëãåáðà¨÷íå ÷è òðàíñöåíäåíòíå ðiâíÿííÿ
f(x) = 0. Ïðèïóñòèìî, ùî íà ïðîìiæêó [a, b] ðiâíÿííÿ ìà¹ ¹äèíèé êîðiíü x = α,
ïðè÷îìó f(a)f(b) < 0. Ïîêëàäåìî φ(x) = f(x) + c, äå c � áóäü-ÿêå ÷èñëî, äëÿ
ÿêîãî φ(x) ≥ A > 0, x ∈ [a, b]. Òîäi êîðiíü ðiâíÿííÿ f(x) = 0 áóäå i êîðåíåì
ðiâíÿííÿ φ(x) = c. Òîìó çàìiñòü âiäøóêàííÿ êîðåíÿ ðiâíÿííÿ f(x) = 0 ìîæíà
çíàõîäèòè êîðiíü ðiâíÿííÿ φ(x) = c.

Ïîçíà÷èìî ya = φ(a), yb = φ(b) i äëÿ ôóíêöi¨ y = φ(x) ïîáóäó¹ìî íåêëàñè÷íó
ìàæîðàíòó Íüþòîíà Mφ(x) çà äâîìà òî÷êàìè (a, ya) i (b, yb). Îäåðæèìî

Mφ(x) =
(
yb−xa yx−ab

) 1
b−a , x ∈ [a, b].

Ïðîëîãàðèôìó¹ìî ðiâíÿííÿ Mφ(x) = c i ïîçíà÷èìî éîãî êîðiíü ÷åðåç x1.
Îäåðæèìî

ln
(
yb−x1
a yx1−a

b

) 1
b−a = ln c,

àáî

b− x1
b− a

ln ya +
x1 − a

b− a
ln yb = ln c,

b ln ya − a ln yb + x1(ln yb − ln ya) = (b− a) ln c.

Çâiäñè

b ln
(ya
c

)
− a ln

(yb
c

)
= x1 ln

(
ya
yb

)
.

Îòæå,
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x1 =
a ln (yb/c)− b ln (ya/c)

ln (yb/ya)

àáî

x1 =
x0 ln (φ(x̄0)/c)− x̄0 ln (φ(x0)/c)

ln (φ(x̄0)/φ(x0))
,

äå x0 = a, x̄0 = b.
Îòæå, ìè îäåðæèìî çíà÷åííÿ x1, ÿêå âèðàæà¹ ïåðøå íàáëèæåííÿ êîðåíÿ

x = α.
Äëÿ çíàõîäæåííÿ äðóãîãî íàáëèæåííÿ êîðåíÿ âèçíà÷à¹ìî ïðîìiæîê [x1, x̄1],

íà ÿêîìó ìiñòèòüñÿ êîðiíü x = α , òîáòî ïîêëàäà¹ìî x1 = x1, x̄1 = x̄0, ÿêùî
f(x1)f(x̄0) < 0, àáî x1 = x0, x̄1 = x1, ÿêùî f(x1)f(x0) < 0. Òîäi äðóãå íàáëèæå-
ííÿ êîðåíÿ x = α âèçíà÷à¹òüñÿ çà ôîðìóëîþ

x2 =
x1 ln (φ(x̄1)/c)− x̄1 ln (φ(x1)/c)

ln (φ(x̄1)/φ(x1))
.

Âçàãàëi, äëÿ çíàõîäæåííÿ (n + 1)-ãî íàáëèæåííÿ êîðåíÿ (n ≥ 1) ìàòèìåìî
ôîðìóëó

xn+1 =
xn ln (φ(x̄n)/c)− x̄n ln (φ(xn)/c)

ln (φ(x̄n)/φ(xn))
, (1)

äå xn = xn, x̄n = x̄n−1, ÿêùî f(xn)f(x̄n−1) < 0, àáî xn = xn−1, x̄n = xn, ÿêùî
f(xn)f(xn−1) < 0.

Îñêiëüêè íåêëàñè÷íà ìàæîðàíòà Íüþòîíà Mφ(x) íà ïðîìiæêó [a, b] ¹ îïó-
êëîþ ôóíêöi¹þ, òî ìåòîä ¹ íàéåôåêòèâíiøèé ó âèïàäêó, êîëè ôóíêöiÿ f(x) íà
ïðîìiæêó [a, b] ¹ îïóêëîþ. Â öüîìó âèïàäêó ìåòîä áóäå øâèäøå çáiãàòèñÿ, íiæ
ìåòîä õîðä.

Ó âèïàäêó, êîëè ôóíêöiÿ f(x) ¹ îïóêëîþ íà ïðîìiæêó [a, b], ôîðìóëà äëÿ
ïîñëiäîâíèõ íàáëèæåíü äî êîðåíÿ x = α áóäå ïðîñòiøîþ. Ñïðàâäi, íåõàé íà
[a, b] ôóíêöiÿ f(x) ¹ îïóêëîþ i, íàïðèêëàä, ìîíîòîííî çðîñòàþ÷îþ. Òîäi äëÿ
çíàõîäæåííÿ (n+ 1)-ãî íàáëèæåííÿ êîðåíÿ ìàòèìåìî ôîðìóëó

xn+1 =
xn ln (φ(b)/c)− b ln (φ(xn)/c)

ln (φ(b)/φ(xn))
, n = 0, 1, ..., (2)

äå x0 = a, çà óìîâè, ùî Mφ(x) ≥ φ(x) äëÿ âñiõ x ∈ [a, b]. ßêùî Mφ(x) < φ(x)
äëÿ âñiõ x ∈ [a, b], òî ôîðìóëà ìàòèìå âèãëÿä (3).

xn+1 =
a ln (φ(xn)/c)− xn ln (φ(a)/c)

ln (φ(xn)/φ(a))
, n = 0, 1, ... (3)

Ïîêàæåìî, ùî â ïåðøîìó âèïàäêó iñíó¹ òàêèé îêië êîðåíÿ, ùî ÿêùî x0
âèáðàòè ç öüîãî îêîëó, òî ïîñëiäîâíi íàáëèæåííÿ áóäóòü çáiãàòèñÿ äî êîðåíÿ
x = α.

Ñïðàâäi, ðîçãëÿíåìî ðiâíÿííÿ x = ψ(x), äå

ψ(x) =
x ln (φ(b)/c)− b ln (φ(x)/c)

ln (φ(b)/φ(x))
.
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Òîäi

ψ′(x)=

(
ln (φ(b)/c)− bφ

′(x)
φ(x)

)
ln (φ(b)/φ(x))+(x ln (φ(b)/c) + b ln (c/φ(x))) φ′(x)

φ(x)

ln2 (φ(b)/φ(x))
.

Ïðè x = α

ψ′(α) =

(
ln (φ(b)/c)− b

c
φ′(α)

)
ln (φ(b)/c) + α

c
ln (φ(b)/c)φ′(α)

ln2 (φ(b)/c)
=

=
ln (φ(b)/c)− b

c
φ′(α) + α

c
φ′(α)

ln (φ(b)/c)
= 1− b− a

c

φ′(α)

ln (φ(b)/c)
.

Îòæå,

ψ′(α) = 1− b− a

c ln (φ(b)/c)
f ′(α).

Çâiäñè âèïëèâà¹, ùî ïðè

0 <
b− a

c ln (φ(b)/c)
f ′(α) < 1,

àáî

b− a < c
ln (φ(b))− ln c

f ′(α)

âèêîíó¹òüñÿ óìîâà ψ′(α) ≤ k < 1. ×èñëî ñ ìîæíà âèáðàòè òàê, ùî öÿ íåðiâíiñòü
áóäå ìàòè ìiñöå. Òîìó iñíó¹ òàêèé îêië êîðåíÿ, ùî ÿêùî x0 âèáðàòè ç öüîãî
îêîëó, òî iòåðàöiéíèé ïðîöåñ

xn+1 = ψ(xn), n = 0, 1, ...,

áóäå çáiãàòèñÿ.
ßêùî ïîêëàñòè c = 1, òî ôîðìóëè (1), (2) i (3) ïðèéìóòü âiäïîâiäíî òàêèé

âèãëÿä

xn+1 =
xn ln (φ(x̄n))− x̄n ln (φ(xn))

ln (φ(x̄n)/φ(xn))
, n = 0, 1, ...;

xn+1 =
xn ln φ(b)− b ln φ(xn)

ln (φ(b)/φ(xn))
, n = 0, 1, ...;

xn+1 =
a ln φ(xn)− xn ln φ(a)

ln (φ(xn)/φ(a))
, n = 0, 1, ...

Ïðèêëàäè. Ó òàáëèöi íàâåäåíî ðåçóëüòàòè ÷èñåëüíîãî ðîçâ'ÿçóâàííÿ (ðîç-
â'ÿçîê ç òî÷íiñòþ 10−6 òà êiëüêiñòü iòåðàöié k) äåêiëüêîõ ðiâíÿíü ç âèêîðè-
ñòàííÿì ìàæîðàíòíîãî ìåòîäó (1), ìåòîäó äîòè÷íèõ (Íüþòîíà) i ìåòîäó õîðä.
Ôóíêöiÿ f(x) âèáðàíèõ ðiâíÿíü íà çàäàíîìó ïðîìiæêó ¹ îïóêëîþ.
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Ðiâíÿííÿ,
ïðîìiæîê

x0, c Ðîçâ'ÿçîê ç
òî÷íiñòþ

10−6

Ìàæî-
ðàíòíèé
ìåòîä

Ìåòîä
äîòè÷íèõ

Ìåòîä
õîðä

x− sin x = 0, 25,
[0.5, 2]

x0 = 2,
c= 1

1.171229 k=10 k=5 k=16

2x − x2 − 1 = 0,
[4, 5]

x0 = 4,
c= 3

4.257462 k=4 k=5 k=15

1
x
− 2 ln x = 0,

[1; 2]
x0 = 1,
c= 2

1.421529 k=6 k=5 k=10

x+ ex + e−3x = 4,
[-1, 0]

x0 = −1,
c= 3

0.4454279 k=5 k=6 k=30

Îäåðæàíi ðåçóëüòàòè ñâiä÷àòü ïðî åôåêòèâíiñòü çàïðîïîíîâàíîãî ìåòîäó,
îñîáëèâî ó âèïàäêó îïóêëîñòi ôóíêöi¨.

Âèñíîâêè. Ïîáóäîâàíî ÷èñåëüíèé ìåòîä âiäøóêàííÿ êîðåíiâ àëãåáðà¨÷íèõ
i òðàíñöåíäåíòíèõ ðiâíÿíü ç âèêîðèñòàííÿì àïàðàòó íåêëàñè÷íèõ ìàæîðàíò i
äiàãðàì Íüþòîíà ôóíêöié, çàäàíèõ òàáëè÷íî. Äîñëiäæåíî çáiæíiñòü ìåòîäó ó
âèïàäêó îïóêëîñòi ôóíêöi¨. Ìåòîä íå âèìàãà¹ ãëàäêîñòi ôóíêöi¨ â îêîëi êîðåíÿ
ðiâíÿííÿ.
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