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Ñ. Ì. ×óéêî, À. Ñ. ×óéêî (Äîíáàñcêèé ãîñ. ïåä. óí-ò)

ÎÁÎÁÙÅÍÍÛÉ ÎÏÅÐÀÒÎÐ ÃÐÈÍÀ ÊÐÀÅÂÎÉ ÇÀÄÀ×È Ñ
ÈÌÏÓËÜÑÍÛÌ ÂÎÇÄÅÉÑÒÂÈÅÌ ÒÈÏÀ INTERFACE
CONDITIONS

Constructive conditions for the existence of solutions have been found and generalized Green's
operator for Noetherian linear system of the di�erential equation with impulse perturbation has
been constructed in critical and noncritical cases.

Îäåðæàíi êîíñòðóêòèâíi óìîâè iñíóâàííÿ òà çíàéäåíî óçàãàëüíåíèé îïåðàòîð Ãðiíà äëÿ ïî-
áóäîâè ðîçâ'ÿçêiâ íåòåðîâî¨ ëiíiéíî¨ êðàéîâî¨ çàäà÷i äëÿ ñèñòåìè çâè÷àéíèõ äèôåðåíöiàëüíèõ
ðiâíÿíü ç iìïóëüñíèì âïëèâîì ó êðèòè÷íîìó òà íåêðèòè÷íîìó âèïàäêó.

1. Ïîñòàíîâêà çàäà÷è. Ðàññìîòðèì çàäà÷ó î íàõîæäåíèè ðåøåíèÿ [1�4]

z(t) = col

(
z(1)(t), ... , z(n)(t)

)
, z(j)(·) ∈ C1

{
[a; b ] \ {τi}I

}
, j = 1, 2, . . . , n

ëèíåéíîãî íåîäíîðîäíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ

dz/dt = A(t)z + f(t), t ̸= τi, i = 1, 2, . . . , p, (1)

ñ èìïóëüñíûì âîçäåéñòâèåì òèïà "interface conditions" [5�12]

ℓiz(·) = αi, αi ∈ Rm, i = 1, 2, . . . , p, (2)

ãäå A(t)− (n × n)− ìåðíàÿ ìàòðèöà, íåïðåðûâíàÿ íà îòðåçêå [a; b], ℓiz(·)− ëè-
íåéíûå âåêòîðíûå ôóíêöèîíàëû âèäà

ℓiz(·) =
i∑

j=0

ℓ
(j)
i z(·) : C

{
[a, τi+1 [ \{τ1, . . . , τi}I

}
→ Rm;

çäåñü

ℓ
(0)
i z(·) : C[a, τ1[→ Rm, . . . , ℓ

(i)
i z(·) : C[τi, τi+1[→ Rm, i = 1, . . . , p− 1, . . . ,

ℓ(0)p z(·) : C[a, τ1[→ Rm, . . . , ℓ(p)p z(·) : C[τp, b] → Rm

� ëèíåéíûå îãðàíè÷åííûå ôóíêöèîíàëû. Ïóñòü X0(t)− íîðìàëüíàÿ (X0(a) =
In) ôóíäàìåíòàëüíàÿ ìàòðèöà îäíîðîäíîé ÷àñòè ñèñòåìû (1).

Ôóíäàìåíòàëüíàÿ ìàòðèöà X(t) îäíîðîäíîé ÷àñòè ñèñòåìû (1), (2) ñ èì-
ïóëüñíûì âîçäåéñòâèåì òèïà "interface conditions"ïðåäñòàâèìà â âèäå

X(t) =


X0(t)W0, t ∈ [a; τ1[,
X0(t)W1, t ∈ [τ1; τ2[,
............ ............. ,
X0(t)Wp, t ∈ [τp; b],

(3)

ãäå Wi � ïîñòîÿííûå (n × n)− ìåðíûå ìàòðèöû. Â ñòàòüÿõ [7, 8] ôóíäàìåí-
òàëüíàÿ ìàòðèöà X(t) îäíîðîäíîé ÷àñòè ñèñòåìû (1), (2) ñ èìïóëüñíûì âîçäåé-
ñòâèåì áûëà íàéäåíà â ïðåäïîëîæåíèè W0 = In, à, ñëåäîâàòåëüíî, rank X(t) =
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n, t ∈ [a; τ1[, ÷òî ïðèâîäèëî ê ñóùåñòâåííûì îãðàíè÷åíèÿ, à èìåííî � äîïîë-
íèòåëüíûì óñëîâèÿì ðàçðåøèìîñòè îäíîðîäíîé ÷àñòè ñèñòåìû (1), (2) ñ èì-
ïóëüñíûì âîçäåéñòâèåì, êîòîðàÿ, î÷åâèäíî, áåç îãðàíè÷åíèÿ W0 = In èìååò ïî
ìåíüøåé ìåðå îäíî òðèâèàëüíîå íåïðåðûâíîå ðåøåíèå z(t) ≡ 0, t ∈ [a; b]. Òàêèì
îáðàçîì, öåëüþ äàííîé ñòàòüè ÿâëÿåòñÿ íàõîæäåíèè ðåøåíèÿ ñèñòåìû (1), (2) ñ
èìïóëüñíûì âîçäåéñòâèåì òèïà "interface conditions" áåç îãðàíè÷åíèÿ W0 = In,
à, ñëåäîâàòåëüíî, áåç îãðàíè÷åíèÿ rank X(t) = n, t ∈ [a; τ1[.

2. Îäíîðîäíàÿ çàäà÷à ñ èìïóëüñíûì âîçäåéñòâèåì òèïà "interface
conditions". Ðàññìîòðèì çàäà÷ó î ïîñòðîåíèè ðåøåíèÿ ëèíåéíîé îäíîðîäíîé
çàäà÷è ñ èìïóëüñíûì âîçäåéñòâèåì òèïà "interface conditions"

dz/dt = A(t)z, t ̸= τi, ℓiz(·) = 0, i = 1, 2, . . . , p.

Äëÿ íàõîæäåíèÿ ìàòðèö W0,W1 ∈ Rn×n èñïîëüçóåì óðàâíåíèå

Q1W1 + ℓ
(0)
1 X0(·)W0 = 0, Q1 := ℓ

(1)
1 X0(·) ∈ Rm×n,

ðàçðåøèìîå îòíîñèòåëüíî ìàòðèöû W1 ∈ Rn×n òîãäà è òîëüêî òîãäà, êîãäà

PQ∗
1
ℓ
(0)
1 X0(·)W0 = 0;

ïîñëåäíåå ðàâåíñòâî îáåñïå÷èâàåò ìàòðèöà

W0 = P1U1 ∈ N
[
PQ∗

1
ℓ
(0)
1 X0(·)

]
, U1 ∈ Rn×n,

ãäå
P1 := P[

PQ∗
1
ℓ
(0)
1 X0(·)

] ∈ Rn×n.

Çäåñü PQ∗
1
� îðòîïðîåêòîð: Rm → N(Q∗1), P[PQ∗

1
ℓ
(0)
1 X0(·)

] � îðòîïðîåêòîð:

Rn → N
[
PQ∗

1
ℓ
(0)
1 X0(·)

]
.

Ïðè p = 1 ïîëîæèì U1 = In; åñëè æå p > 1, òî ìàòðèöà áóäåò îïðåäåëåíà èç
óñëîâèÿ ðàçðåøèìîñòè â ìîìåíòû âðåìåíè τ2, τ3, ... îäíîðîäíîé ÷àñòè çàäà÷è
(1), (2) ñ èìïóëüñíûì âîçäåéñòâèåì òèïà "interface conditions". Òàêèì îáðàçîì,

W1 = −Q+
1 ℓ

(0)
1 X0(·)W0 + PQ1V1 · U1, V1 ∈ Rn×n, detV1 ̸= 0.

Äëÿ íàõîæäåíèÿ ìàòðèöû W2 ∈ Rn×n èñïîëüçóåì óðàâíåíèå

Q2W2 + ℓ
(0)
2 X0(·)W0 + ℓ

(1)
2 X0(·)W1 = 0, Q2 := ℓ

(2)
2 X0(·) ∈ Rm×n,

ðàçðåøèìîå îòíîñèòåëüíî ìàòðèöû W2 ∈ Rn×n òîãäà è òîëüêî òîãäà, êîãäà

PQ∗
2

[
ℓ
(0)
2 X0(·)W0 + ℓ

(1)
2 X0(·)W1

]
= 0,

÷òî ðàâíîñèëüíî

PQ∗
2

{
ℓ
(0)
2 X0(·)P1 + ℓ

(1)
2 X0(·)

[
PQ1V1 −Q+

1 ℓ
(0)
1 X0(·)P1

]}
U1 = 0;
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ïîñëåäíåå ðàâåíñòâî îáåñïå÷èâàåò ìàòðèöà U1 = P2U2 ∈ Rn×n, ãäå

P2 := P
PQ∗

2

{
ℓ
(0)
2 X0(·)P1+ℓ

(1)
2 X0(·)

[
PQ1

V1−Q+
1 ℓ

(0)
1 X0(·)P1

]}.
Çäåñü PQ∗

2
� îðòîïðîåêòîð: Rm → N(Q∗2),

P2 = P
PQ∗

2

[
ℓ
(0)
2 X0(·)W0+ℓ

(1)
2 X0(·)W1

]
∣∣∣∣∣∣∣∣ U1 = In

� îðòîïðîåêòîð:

Rn → N

{
ℓ
(0)
2 X0(·)P1 + ℓ

(1)
2 X0(·)

[
PQ1V1 −Q+

1 ℓ
(0)
1 X0(·)P1

]}
.

Òàêèì îáðàçîì,

W2 = −Q+
2

[
ℓ
(0)
2 X0(·)W0 + ℓ

(1)
2 X0(·)W1

]
+ PQ2V2 · U2, V2 ∈ Rn×n, detV2 ̸= 0,

÷òî ðàâíîñèëüíî

W2 = −Q+
2

{
ℓ
(0)
2 X0(·)P1 + ℓ

(1)
2 X0(·)

[
PQ1V1 −Q+

1 ℓ
(0)
1 X0(·)P1

]}
P2 · U2 + PQ2V2 · U2,

ïðè ýòîì

W0 = P1U1 = P1P2 · U2, W1 = −Q+
1 ℓ

(0)
1 X0(·)P1P2 · U2 + PQ1V1P2 · U2.

Ïðè p = 2 ïîëîæèì U2 = In; åñëè æå p > 2, òî ìàòðèöà áóäåò îïðåäåëåíà èç
óñëîâèÿ ðàçðåøèìîñòè â ìîìåíòû âðåìåíè τ3, τ4, ... îäíîðîäíîé ÷àñòè çàäà÷è
(1), (2) ñ èìïóëüñíûì âîçäåéñòâèåì òèïà "interface conditions". Äëÿ íàõîæäåíèÿ
ìàòðèöû W3 ∈ Rn×n èñïîëüçóåì óðàâíåíèå

Q3W3 + ℓ
(0)
3 X0(·)W0 + ℓ

(1)
3 X0(·)W1 + ℓ

(2)
3 X0(·)W2 = 0, Q3 := ℓ

(3)
3 X0(·) ∈ Rm×n,

ðàçðåøèìîå îòíîñèòåëüíî ìàòðèöû W3 ∈ Rn×n òîãäà è òîëüêî òîãäà, êîãäà

PQ∗
3

[
ℓ
(0)
3 X0(·)W0 + ℓ

(1)
3 X0(·)W1 + ℓ

(2)
3 X0(·)W2

]
= 0,

÷òî ðàâíîñèëüíî

PQ∗
3

{
ℓ
(0)
3 X0(·)P1P2 + ℓ

(1)
3 X0(·)

[
PQ1V1P2 −Q+

1 ℓ
(0)
1 X0(·)P1P2

]
+ ℓ

(2)
3 X0(·)

{
PQ2V2−

−Q+
2

{
ℓ
(0)
2 X0(·)P1 + ℓ

(1)
2 X0(·)

[
PQ1V1 −Q+

1 ℓ
(0)
1 X0(·)P1

]}
P2

}}
· U2 = 0;
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ïîñëåäíåå ðàâåíñòâî îáåñïå÷èâàåò ìàòðèöà U2 = P3U3 ∈ Rn×n, ãäå

P3 := P
PQ∗

3

[
ℓ
(0)
3 X0(·)W0+ℓ

(1)
3 X0(·)W1+ℓ

(2)
3 X0(·)W2

]
∣∣∣∣∣∣∣∣ U2 = In

.

Çäåñü PQ∗
3
� îðòîïðîåêòîð: Rm → N(Q∗3), P3 � îðòîïðîåêòîð:

Rn → N

{
PQ∗

3

{
ℓ
(0)
3 X0(·)P1P2 + ℓ

(1)
3 X0(·)

[
PQ1V1P2 −Q+

1 ℓ
(0)
1 X0(·)P1P2

]
+

+ℓ
(2)
3 X0(·)

{
PQ2V2 −Q+

2

{
ℓ
(0)
2 X0(·)P1 + ℓ

(1)
2 X0(·)

[
PQ1V1−

−Q+
1 ℓ

(0)
1 X0(·)P1

]}
P2

}}}
.

Òàêèì îáðàçîì,

W3 = −Q+
3

[
ℓ
(0)
3 X0(·)W0 + ℓ

(1)
3 X0(·)W1 + ℓ

(2)
3 X0(·)W2

]
· U2 + PQ3V3 · U3,

V3 ∈ Rn×n, detV3 ̸= 0,

÷òî ðàâíîñèëüíî

W3 = −Q+
3

{
ℓ
(0)
3 X0(·)P1P2 + ℓ

(1)
3 X0(·)

[
PQ1V1P2 −Q+

1 ℓ
(0)
1 X0(·)P1P2

]
+

+ℓ
(2)
3 X0(·)

{
PQ2V2 −Q+

2

{
ℓ
(0)
2 X0(·)P1 + ℓ

(1)
2 X0(·)

[
PQ1V1−

−Q+
1 ℓ

(0)
1 X0(·)P1

]}
P2

}}
P3 · U3 + PQ3V3 · U3,

ïðè ýòîì

W0 = P1P2P3 · U3, W1 = −Q+
1 ℓ

(0)
1 X0(·)P1P2P3 · U3 + PQ1V1P2P3 · U3,

W2 = −Q+
2

{
ℓ
(0)
2 X0(·)P1 + ℓ

(1)
2 X0(·)

[
PQ1V1 −Q+

1 ℓ
(0)
1 X0(·)P1

]}
P2P3 · U3+

+PQ2V2P3 · U3.

Ïðè p = 3 ïîëîæèì U3 = In; åñëè æå p > 3, òî ìàòðèöà áóäåò îïðåäåëåíà èç
óñëîâèÿ ðàçðåøèìîñòè â ìîìåíòû âðåìåíè τ4, τ5, ... îäíîðîäíîé ÷àñòè çàäà-
÷è (1), (2) ñ èìïóëüñíûì âîçäåéñòâèåì òèïà "interface conditions". Ïðîäîëæàÿ
ðàññóæäåíèÿ, äëÿ íàõîæäåíèÿ ìàòðèöû Wp ∈ Rn×n èñïîëüçóåì óðàâíåíèå

QpWp +

p−1∑
i=0

ℓ(i)p X0(·)Wi = 0, Qp := ℓ(p)p X0(·) ∈ Rm×n,
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ðàçðåøèìîå îòíîñèòåëüíî ìàòðèöû Wp ∈ Rn×n òîãäà è òîëüêî òîãäà, êîãäà

PQ∗
p

p−1∑
i=0

ℓ(i)p X0(·)Wi = 0,

ïîñëåäíåå ðàâåíñòâî îáåñïå÷èâàåò ìàòðèöà Up−1 = PpUp ∈ Rn×n, ãäå

Pp := P
PQ∗

p

∑p−1
i=0 ℓ

(i)
p X0(·)Wi

∣∣∣∣∣∣∣∣ Up−1 = In

.

Çäåñü PQ∗
p
� îðòîïðîåêòîð: Rm → N(Q∗p), Pp � îðòîïðîåêòîð:

Rn → N

[
PQ∗

p

p−1∑
i=0

ℓ(i)p X0(·)Wi

]
.

Òàêèì îáðàçîì,

Wp = −Q+
p

p−1∑
i=0

ℓ(i)p X0(·)Wi + PQpVp · Up, Vp ∈ Rn×n, detVp ̸= 0, Up = In,

ïðè ýòîì

W0 = P1P2 ... Pp · Up, W1 = −Q+
1 ℓ

(0)
1 X0(·)P1P2 ... P3 · Up + PQ1V1P2 ... Pp · Up,

W2 = −Q+
2

{
ℓ
(0)
2 X0(·)P1 + ℓ

(1)
2 X0(·)

[
PQ1V1 −Q+

1 ℓ
(0)
1 X0(·)P1

]}
P2 ... Pp · Up+

+PQ2V2P3 ... Pp · Up, ... .

Ëåììà. Îäíîðîäíàÿ ÷àñòü ëèíåéíîé çàäà÷è (1), (2) ñ èìïóëüñíûì âîçäåé-
ñòâèåì òèïà "interface conditions"

dz/dt = A(t)z, t ̸= τi, ℓiz(·) = 0, i = 1, 2, . . . , p

èìååò ðåøåíèå
z(t, c) = X(t)c, c ∈ Rn,

ïðåäñòàâèìîå ôóíäàìåíòàëüíîé ìàòðèöåé X(t) âèäà (3), ãäå Wi � ïîñòîÿí-
íûå (n× n)− ìåðíûå ìàòðèöû:

W0 = P1U1, P1 = P[
PQ∗

1
ℓ
(0)
1 X0(·)

] ∈ Rn×n;

W1 = −Q+
1 ℓ

(0)
1 X0(·)W0 + PQ1V1 · U1, U1 = P2U2,

P2 = P
PQ∗

2

[
ℓ
(0)
2 X0(·)W0+ℓ

(1)
2 X0(·)W1

]
∣∣∣∣∣∣∣∣ U1 = In

;
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W2 = −Q+
2

[
ℓ
(0)
2 X0(·)W0 + ℓ

(1)
2 X0(·)W1

]
+ PQ2V2 · U2, U2 = P3U3,

P3 := P
PQ∗

3

[
ℓ
(0)
3 X0(·)W0+ℓ

(1)
3 X0(·)W1+ℓ

(2)
3 X0(·)W2

]
∣∣∣∣∣∣∣∣ U2 = In

; ... ;

Wp = −Q+
p

p−1∑
i=0

ℓ(i)p X0(·)Wi + PQpVp .

3. Íåîäíîðîäíàÿ çàäà÷à ñ èìïóëüñíûì âîçäåéñòâèåì òèïà "interface
conditions". Ïðåäïîëîæèì âûïîëíåííûìè óñëîâèÿ ëåììû. Ðåøåíèå íåîäíîðî-
äíîé çàäà÷è (1), (2) ñ èìïóëüñíûì âîçäåéñòâèåì òèïà "interface conditions"èùåì
â âèäå

G

[
f(s);αi

]
(t) =



K

[
f(s)

]
(t), t ∈ [a; τ1[,

X0(t)γ1 +K

[
f(s)

]
(t), t ∈ [τ1; τ2[,

.................................... , .............. ,

X0(t)γp +K

[
f(s)

]
(t), t ∈ [τp; b],

ãäå

K

[
f(s)

]
(t) := X0(t)

t∫
a

X−10 (s)f(s)ds

� îïåðàòîð Ãðèíà çàäà÷è Êîøè äëÿ íåîäíîðîäíîé äèôôåðåíöèàëüíîé ñèñòåìû
(1), γ1, γ2, ... , γp íåèçâåñòíûå ïîñòîÿííûå èç Rn, äëÿ íàõîæäåíèÿ êîòîðûõ
èñïîëüçóåì êðàåâîå óñëîâèå (2), â ÷àñòíîñòè, ïðè i = 1, 2, ... p ïîëó÷àåì óðàâ-
íåíèå

Qiγi = αi − ℓiK

[
f(s)

]
(·),

ðàçðåøèìîå òîãäà è òîëüêî òîãäà, êîãäà

PQ∗
i

{
αi − ℓiK

[
f(s)

]
(·)

}
= 0, i = 1, 2, ... p, (4)

ïðè ýòîì

γi = Q+
i

{
αi − ℓiK

[
f(s)

]
(·)

}
, i = 1, 2, ... p.

Ñëåäóÿ òðàäèöèîííîé êëàññèôèêàöèè êðàåâûõ çàäà÷ [3,4], ñëó÷àé

p∑
i=1

P 2
Q∗

i
̸= 0

íàçîâåì êðèòè÷åñêèì; â ýòîì ñëó÷àå óñëîâèÿ ñóùåñòâîâàíèÿ è âèä îáùåãî ðå-
øåíèÿ çàäà÷è (1), (2) îïðåäåëÿåò ñëåäóþùàÿ òåîðåìà.
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Òåîðåìà. Ëèíåéíàÿ íåäíîðîäíàÿ çàäà÷à (1), (2) ñ èìïóëüñíûì âîçäåéñòâè-
åì òèïà "interface conditions"â êðèòè÷åñêîì ñëó÷àå ðàçðåøèìà òîãäà è òîëüêî
òîãäà, êîãäà âûïîëíåíû óñëîâèÿ (4); â ýòîì ñëó÷àå çàäà÷à (1), (2) èìååò ðå-
øåíèå

z(t, c) = X(t)c+G

[
f(s);αi

]
(t), c ∈ Rn,

ïðåäñòàâèìîå ôóíäàìåíòàëüíîé ìàòðèöåé X(t) âèäà (3) è îáîáùåííûì îïå-
ðàòîðîì Ãðèíà

G

[
f(s);αi

]
(t) =



K

[
f(s)

]
(t), t ∈ [a; τ1[,

X0(t)Q
+
1

{
α1 − ℓ1K

[
f(s)

]
(·)

}
+K

[
f(s)

]
(t), t ∈ [τ1; τ2[,

..................................................................... , .............. ,

X0(t)Q
+
p

{
αp − ℓpK

[
f(s)

]
(·)

}
+K

[
f(s)

]
(t), t ∈ [τp; b]

çàäà÷è (1), (2) ñ èìïóëüñíûì âîçäåéñòâèåì òèïà "interface conditions".

Äîêàçàííàÿ òåîðåìà îáîáùàåò àíàëîãè÷íûå óòâåðæäåíèÿ äëÿ ðàçëè÷íûõ ãè-
áðèäíûõ çàäà÷. Äåéñòâèòåëüíî, äëÿ ñèñòåì ñ òîë÷êàìè â çàäàííûå ìîìåíòû
âðåìåíè, èññëåäîâàííûõ À.Ä. Ìûøêèñîì è À.Ì. Ñàìîéëåíêî, íåîäíîðîäíàÿ
çàäà÷à Êîøè z(a) = α äëÿ ñèñòåìû (1) â êðèòè÷åñêîì ñëó÷àå ñëó÷àå ðàçðåøè-
ìà íå äëÿ âñåõ α ∈ Rn (òðåáîâàíèå 3 â ñòàòüå [1, c. 203]). Çàäà÷à ñ âûðîæäåííûì
èìïóëüñíûì âîçäåéñòâèåì [15, 16] ïðèâîäèòñÿ ê çàäà÷å âèäà (1), (2) ñ èìïóëü-
ñíûì âîçäåéñòâèåì òèïà "interface conditions"â êðèòè÷åñêîì ñëó÷àå.

Ïðèìåð 1. Óñëîâèÿ òåîðåìû âûïîëíåíû äëÿ çàäà÷è

dz/dt = A(t)z + f(t), t ∈ [0; 2π], t ̸= 2π

3
, t ̸= 4π

3
, ℓiz(·) = αi, (5)

ãäå

ℓ1z(·) := z
(π
3
+ 0
)
− z

(
2π

3
− 0

)
, ℓ2z(·) := z (0)− z (2π) ;

A(t) = J2 :=

(
0 1
−1 0

)
, f(t) :=

(
cos 3t
sin 3t

)
, α1 =

(
0
3
4

)
, α2 =

(
0
0

)
.

Íîðìàëüíàÿ ôóíäàìåíòàëüíàÿ ìàòðèöà îäíîðîäíîé ÷àñòè äèôôåðåíöèàëü-
íîé ñèñòåìû (5)

X0(t) =

(
cos t sin t
− sin t cos t

)
îïðåäåëÿåò ìàòðèöó Q1 = O2, ñëåäîâàòåëüíî PQ∗

1
= I2, ïðè ýòîì P1 = O2

è W0 = O2. Òàêèì îáðàçîì, äëÿ çàäà÷è (5) èìååò ìåñòî êðèòè÷åñêèé ñëó÷àé.
Ïîñêîëüêó ℓ(0)1 X0(·) = I2, ïîñòîëüêóW1 = I2. Êðîìå òîãî, íåâûðîæäåíà ìàòðèöà
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Q2 = −I2, ñëåäîâàòåëüíî PQ2 = PQ∗
2
= O2, ïðè ýòîì P2 = I2, W2 = O2. Òàêèì

îáðàçîì,

X(t) =


O2, t ∈ [0; 2π

3
[,

X0(t), t ∈ [2π
3
; 4π

3
[,

O2, t ∈ [4π
3
; 2π].

Îïåðàòîð Ãðèíà çàäà÷è Êîøè äëÿ íåîäíîðîäíîé äèôôåðåíöèàëüíîé ñèñòåìû
(5)

K

[
f(s)

]
(t) := X0(t)

t∫
a

X−10 (s)f(s)ds =
1

4

(
sin t+ sin 3t
cos t− cos 3t

)
îïðåäåëÿåò óñëîâèå ðàçðåøèìîñòè (4) çàäà÷è (5) äëÿ i = 1, ïðè ýòîì

γ1 = Q+
1

{
α1 − ℓ1K

[
f(s)

]
(·)

}
= 0.

Ïîñêîëüêó PQ∗
2
= O2, ïîñòîëüêó óñëîâèå ðàçðåøèìîñòè (4) çàäà÷è (5) äëÿ i = 2

âûïîëíåíî, ïðè ýòîì

γ2 = Q+
2

{
α2 − ℓ2K

[
f(s)

]
(·)

}
= 0.

Òàêèì îáðàçîì, äëÿ çàäà÷è (5)

K

[
f(s)

]
(t) ≡ G

[
f(s);αi

]
(t).

Ïðèìåðîì ôóíäàìåíòàëüíîé ìàòðèöû X(t), òîæäåñòâåííî ðàâíîé íóëþ ÿâ-
ëÿåòñÿ ñëåäóþùàÿ çàäà÷à.

Ïðèìåð 2. Óñëîâèÿ òåîðåìû âûïîëíåíû äëÿ çàäà÷è

dz/dt = A(t)z + f(t), t ∈ [0; 2π], t ̸= 2π

3
, t ̸= 4π

3
, ℓiz(·) = αi, (6)

ãäå

ℓ1z(·) := z

(
2π

3
+ 0

)
− z

(
4π

3
− 0

)
, ℓ2z(·) := z (0)− z

(
4π

3
− 0

)
;

A(t) = J2 :=

(
0 1
−1 0

)
, f(t) :=

(
cos 3t
sin 3t

)
, α1 =

(
0
0

)
, α2 = −1

8

( √
3
3

)
.

Íîðìàëüíàÿ ôóíäàìåíòàëüíàÿ ìàòðèöà îäíîðîäíîé ÷àñòè äèôôåðåíöèàëü-
íîé ñèñòåìû (6)

X0(t) =

(
cos t sin t
− sin t cos t

)
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îïðåäåëÿåò íåâûðîæäåííóþ ìàòðèöó

Q1 =

(
0

√
3

−
√
3 0

)
,

ñëåäîâàòåëüíî PQ1 = PQ∗
1
= O2, ïðè ýòîì P1 = I2. Ïîñêîëüêó ℓ

(0)
1 z(·) = 0,

ïîñòîëüêó W1 = 0. Êðîìå òîãî, âûðîæäåíà ìàòðèöà Q2 = O2, ñëåäîâàòåëüíî
PQ2 = PQ∗

2
= I2, ïðè ýòîì P2 = O2. Òàêèì îáðàçîì, äëÿ çàäà÷è (6) èìååò ìåñòî

êðèòè÷åñêèé ñëó÷àé. Ïîñêîëüêó Q2 = 0, ïîñòîëüêó W2 = 0. Èòàê, X(t) ≡ 0.
Óñëîâèå ðàçðåøèìîñòè (4) çàäà÷è (6) äëÿ i = 1 âûïîëíåíî, ïîñêîëüêó PQ∗

1
=

O2. Îïåðàòîð Ãðèíà çàäà÷è Êîøè äëÿ äèôôåðåíöèàëüíîé ñèñòåìû (6)

K

[
f(s)

]
(t) := X0(t)

t∫
a

X−10 (s)f(s)ds =
1

4

(
sin t+ sin 3t
cos t− cos 3t

)
îïðåäåëÿåò óñëîâèå ðàçðåøèìîñòè (4)

PQ∗
2

{
α2 − ℓ2K

[
f(s)

]
(·)

}
= 0

çàäà÷è (6) äëÿ i = 2, ïðè ýòîì

γ1 = −1

4

(
0
1

)
, γ2 =

(
0
0

)
.

Òàêèì îáðàçîì, äëÿ çàäà÷è (6)

G

[
f(s);αi

]
(t) =



K

[
f(s)

]
(t), t ∈ [0; 2π

3
[,

X0(t)γ1 +K

[
f(s)

]
(t), t ∈ [2π

3
; 4π

3
[,

K

[
f(s)

]
(t), t ∈ [4π

3
; 2π].

Â íåêðèòè÷åñêîì ñëó÷àå
p∑

i=1

P 2
Q∗

i
= 0

ëèíåéíàÿ íåäíîðîäíàÿ çàäà÷à (1), (2) ñ èìïóëüñíûì âîçäåéñòâèåì òèïà "inter-
face conditions"ðàçðåøèìà äëÿ ëþáûõ íåîäíîðîäíîñòåé f ∈ C[a, b] è αi ∈ Rm,
ïðè ýòîì âèä îáùåãî ðåøåíèÿ çàäà÷è (1), (2) îïðåäåëÿåò ñëåäóþùåå óòâåðæäå-
íèå.

Ñëåäñòâèå. Ëèíåéíàÿ íåäíîðîäíàÿ çàäà÷à (1), (2) ñ èìïóëüñíûì âîçäåé-
ñòâèåì òèïà "interface conditions"â íåêðèòè÷åñêîì ñëó÷àå ðàçðåøèìà äëÿ ëþ-
áûõ íåîäíîðîäíîñòåé f(t) ∈ C[a, b] è αi ∈ Rm; ïðè ýòîì çàäà÷à (1), (2) èìååò
ðåøåíèå

z(t, c) = X(t)c+G

[
f(s);αi

]
(t), c ∈ Rn,
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ïðåäñòàâèìîå ôóíäàìåíòàëüíîé ìàòðèöåé X(t) âèäà (3) è îáîáùåííûì îïåðà-

òîðîì Ãðèíà G

[
f(s);αi

]
(t) çàäà÷è (1), (2) ñ èìïóëüñíûì âîçäåéñòâèåì òèïà

"interface conditions".
Çàìåòèì, ÷òî â íåêðèòè÷åñêîì ñëó÷àå ïðåäñòàâëåíèå (3) ôóíäàìåíòàëüíîé

ìàòðèöû X(t) ñóùåñòâåííî óïðîùàåòñÿ, ïîñêîëüêó ðàâåíñòâà PQ∗
i
= 0 âëåêóò çà

ñîáîé Pi = In, i = 1, 2, ... p; êðîìå òîãî, ïîñêîëüêóW0 = P0 = In, ïîñòîëüêó èñ-
ñëåäîâàííàÿ â ñòàòüÿõ [7,8] çàäà÷à ïðåäñòàâëÿåò íåêðèòè÷åñêèé ñëó÷àé çàäà÷è
(1), (2) ñ èìïóëüñíûì âîçäåéñòâèåì òèïà "interface conditions".

Ïðèìåð 3. Óñëîâèÿ ñëåäñòâèÿ âûïîëíåíû äëÿ çàäà÷è

dz/dt = A(t)z + f(t), t ∈ [0; 2π], t ̸= 2π

3
, t ̸= 4π

3
, ℓiz(·) = αi, αi = 0, (7)

ãäå

ℓ1z(·) := z

(
2π

3
+ 0

)
− z

(
4π

3
− 0

)
, ℓ2z(·) := z (0)− z (2π) ;

A(t) = J2 :=

(
0 1
−1 0

)
, f(t) :=

(
cos 3t
sin 3t

)
.

Íîðìàëüíàÿ ôóíäàìåíòàëüíàÿ ìàòðèöà îäíîðîäíîé ÷àñòè äèôôåðåíöèàëü-
íîé ñèñòåìû (7)

X0(t) =

(
cos t sin t
− sin t cos t

)
îïðåäåëÿåò íåâûðîæäåííóþ ìàòðèöó

Q1 =

(
0

√
3

−
√
3 0

)
,

ñëåäîâàòåëüíî PQ1 = PQ∗
1
= O2, ïðè ýòîì P1 = I2. Ïîñêîëüêó ℓ

(0)
1 z(·) = 0,

ïîñòîëüêó W1 = 0. Êðîìå òîãî, íåâûðîæäåíà ìàòðèöà Q2 = I2, ñëåäîâàòåëüíî
PQ2 = PQ∗

2
= O2, ïðè ýòîì P2 = I2. Òàêèì îáðàçîì, äëÿ çàäà÷è (7) èìååò ìåñòî

íåêðèòè÷åñêèé ñëó÷àé, ïðè ýòîì

X(t) =


X0(t), t ∈ [0; 2π

3
[,

O2, t ∈ [2π
3
; 4π

3
[,

X0(t), t ∈ [4π
3
; 2π].

Îïåðàòîð Ãðèíà çàäà÷è Êîøè äëÿ íåîäíîðîäíîé ñèñòåìû (7)

K

[
f(s)

]
(t) := X0(t)

t∫
a

X−10 (s)f(s)ds =
1

4

(
sin t+ sin 3t
cos t− cos 3t

)
îïðåäåëÿåò âåêòîðû

γ1 = Q+
1

{
α1 − ℓ1K

[
f(s)

]
(·)

}
= −1

4

(
0
1

)
, γ2 =

(
0
0

)
.

Òàêèì îáðàçîì, äëÿ çàäà÷è (7)
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G

[
f(s);αi

]
(t) =



K

[
f(s)

]
(t), t ∈ [0; 2π

3
[,

X0(t)γ1 +K

[
f(s)

]
(t), t ∈ [2π

3
; 4π

3
[,

K

[
f(s)

]
(t), t ∈ [4π

3
; 2π].

Çàìåòèì, ÷òî íàõîæäåíèå ôóíäàìåíòàëüíîé ìàòðèöû îäíîðîäíîé ÷àñòè çà-
äà÷è (7) âîçìîæíî ñ èñïîëüçîâàíèåì òåõíèêè [7,8]; â òî æå âðåìÿ, íàõîæäåíèå
ôóíäàìåíòàëüíîé ìàòðèöû îäíîðîäíîé ÷àñòè çàäà÷è (5) ñ èñïîëüçîâàíèåì òå-
õíèêè [7,8] íåâîçìîæíî. Äîêàçàííàÿ òåîðåìà ÿâëÿåòñÿ ÷àñòíûì ñëó÷àåì àíàëî-
ãè÷íîãî óòâåðæäåíèÿ [6,14,17], îäíàêî íàõîæäåíèå ôóíäàìåíòàëüíîé ìàòðèöû
îäíîðîäíîé ÷àñòè çàäà÷è (1), (2) ñ èìïóëüñíûì âîçäåéñòâèåì òèïà "interface
conditions"ñ èñïîëüçîâàíèåì òåõíèêè [6,14,17] ïðåäïîëàãàåò èñïîëüçîâàíèå ìà-
òðèö çíà÷èòåëüíî áîëüøåé ðàçìåðíîñòè.
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