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ÑÒIÉÊIÑÒÜ ÑÒÎÕÀÑÒÈ×ÍÈÕ ÄÈÍÀÌI×ÍÈÕ ÑÈÑÒÅÌ
ÂÈÏÀÄÊÎÂÎ� ÑÒÐÓÊÒÓÐÈ Ç ÌÀÐÊÎÂÑÜÊÈÌÈ
ÇÁÓÐÅÍÍßÌÈ Ç ÓÑI�Þ ÏÅÐÅÄIÑÒÎÐI�Þ

The stability of solutions of stochastic dynamic systems of random structure with unbounded
memory is investigated in this article. Sufficient conditions for asymptotic stochastic stability,
stability in probability and asymptotic mean square stability of solutions of considered system are
obtained.

Â ðîáîòi äîñëiäæó¹òüñÿ ñòiéêiñòü ðîçâ'ÿçêó ñòîõàñòè÷íî¨ äèíàìi÷íî¨ ñèñòåìè âèïàäêîâî¨ ñòðó-
êòóðè ç óñi¹þ ïåðåäiñòîði¹þ. Çíàéäåíi äîñòàòíi óìîâè àñèìïòîòè÷íî¨ ñòîõàñòè÷íî¨ ñòiéêîñòi,
ñòiéêîñòi çà éìîâiðíiñòþ òà àñèìïòîòè÷íî¨ ñòiéêîñòi â ñåðåäíüîìó êâàäðàòè÷íîìó ðîçâ'ÿçêó
ðîçãëÿäóâàíî¨ ñèñòåìè.

1. Ïîñòàíîâêà çàäà÷i. Íåõàé Rn � n-âèìiðíèé äiéñíèé åâêëiäîâèé ïðîñòið
i 1 ≤ p < ∞. Õ ¹ ïðîñòîðîì ïîïåðåäíüî¨ iñòîði¨, òîáòî ïðîñòið Rn ×Dp

ρ, äå D
p
ρ

� ïðîñòið Ñêîðîõîäà [4] ëîêàëüíî îáìåæåíèõ íåïåðåðâíèõ ñïðàâà ôóíêöié, ùî
ìàþòü ëiâîñòîðîííi ãðàíèöi, φ : R+ → Rn òàêèõ, ùî

∞∫
0

|φ(s)|p ρ(s)ds <∞.

Íîðìó â ïðîñòîði Õ ââåäåìî íàñòóïíèì ÷èíîì [6]

∥φ∥X ≡

|φ(0)|p +
∞∫
0

|φ(s)|p ρ(s)ds

1/p

≡
(
|φ(0)|p + ∥φ∥pρ

)1/p
,

Îçíà÷åííÿ 1. Ôóíêöiÿ ρ : R+ → R+ íàçèâà¹òüñÿ ôóíêöi¹þ iç çãëàäæóþ÷îþ
âëàñòèâiñòþ [6], ÿêùî âîíà çàäîâîëüíÿ¹ òàêèì óìîâàì:

1) ρ � ñóìîâíà â R+;

2) äëÿ ∀z ≥ 0: K1(z) ≡ ess sup
s∈R+

ρ(s+z)
ρ(s)

≤ K <∞, K2(z) ≡ ess sup
s∈R+

ρ(s)
ρ(s+z)

<∞;

3) ρ > 0 � ñòðîãî äîäàòíà íà s ∈ (0,∞);

4) sρ(s) → 0 êîëè s→ ∞.

Íåõàé (Ω,F,F ≡ {Ft ⊂ F, t ≥ 0} ,P) � éìîâiðíiñíèé áàçèñ; {ξ(t), t ≥ 0} �
ìàðêîâñüêèé ïðîöåñ iç çíà÷åííÿìè â ìåòðè÷íîìó ïðîñòîði Y = {y1, .., yn} ç
ïåðåõiäíîþ éìîâiðíiñòþ P(s, y, A), A ⊂ BY ; {ηk, k ≥ 0} � ëàíöþã Ìàðêîâà ç
çíà÷åííÿìè â ìåòðè÷íîìó ïðîñòîði Í ç ïåðåõiäíîþ éìîâiðíiñòþ íà k -ìó êðîöi
Pk(h,G); {w (t) , t ≥ 0} − Rn-çíà÷íèé âiíåðiâ ïðîöåñ, óçãîäæåíèé ç ïîòîêîì σ-
àëãåáð {F t, t ≥ 0}.
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Ðîçãëÿíåìî äèôóçiéíó äèíàìi÷íó ñèñòåìó âèïàäêîâî¨ ñòðóêòóðè (ÄÄÑÂÑ)
ç óñi¹þ ïåðåäiñòîði¹þ

dx(t) = a
(
t, xt, ξ (t)

)
dt+ b

(
t, xt, ξ (t)

)
dw(t) (1)

ç ìàðêîâñüêèìè ïåðåìèêàííÿìè [2]

∆x (t) |t=tk = x (tk)− x (tk−) = g
(
tk−, xtk−, ξ (tk) , ηk

)
, (2)

tk ∈ S ≡ {tn ↑, n ∈ N} , lim
n→∞

tn = +∞

i ïî÷àòêîâèìè óìîâàìè

ξ (t0) = y ∈ Y, xt0 = φ ∈ X, ηk0 = h. (3)

Òóò a(t, φ) : R+×X → Rn � âåêòîðíîçíà÷íèé ôóíêöiîíàë, âèìiðíèé çà ñóêóïíi-
ñòþ çìiííèõ i ïðè êîæíîìó φ ∈ X ëîêàëüíî îáìåæåíèé ïî t; à b(t, φ) : R+×X →
Mn

n (R
n) � ìàòðè÷íîçíà÷íèé ôóíêöiîíàë âèìiðíèé çà ñóêóïíiñòþ çìiííèõ i ïðè

êîæíîìó φ ∈ X ëîêàëüíî îáìåæåíèé ïî t, à ïðîöåñ xt = (x(t), xtρ), äå

xtρ(s) ≡
{
x(t− s), t0 ≤ s ≤ t;
φ(s− t), s > t.

Íåõàé ïðè t0 ≥ 0, Xt0 � ïðîñòið âèìiðíèõ âèïàäêîâèõ ïðîöåñiâ φ(t), t ≤ t0,
òàêèõ, ùî φt0 ∈ X ç éìîâiðíiñòþ 1, i òàêèõ, ùî ïðè êîæíîìó t, φ(t) íå çàëåæèòü
âiä ïðèðîñòiâ âiíåðîâîãî ïðîöåñó {w(s)− w(t0), s ≥ t0}. Ïî÷àòêîâèé âiäðiçîê φ
â (6) íàëåæèòü Xt0 .

Ïîçíà÷èìî ÷åðåç Rt0 ≡ σ {φ(t) |t ≤ t0}, à ÷åðåç Rt ≡ Rt0 ∨ Ft.
Ñïðàâåäëèâà íàñòóïíà ëåìà [6]:

Ëåìà 1. Íåõàé ïðè t ≥ t0 {x(·)} � Rt-ïðîãðåñèâíî âèìiðíèé, áåç ðîçðèâiâ
äðóãîãî ðîäó, íåïåðåðâíèé ñïðàâà òà ôóíêöiÿ xt0(·, ω) ∈ X ç éìîâiðíiñòþ 1.

Òîäi äëÿ t ≥ t0 ìà¹ìî, ùî xt ∈ X ç éìîâiðíiñòþ 1, i ïðîöåñ xt - Rt-
ïðîãðåñèâíî âèìiðíèé, áåç ðîçðèâiâ äðóãîãî ðîäó òà íåïåðåðâíèé ñïðàâà.

Îçíà÷åííÿ 1. Ñòîõàñòè÷íèé ïðîöåñ {x(t) = x(t, ω), t ∈ (−∞, T ]} íàçèâà¹-
òüñÿ ñèëüíèì ðîçâ'ÿçêîì çàäà÷i (1)-(3), ÿêùî x(t) ïðîãðåñèâíî âèìiðíèé âiäíî-
ñíî Rt ïðè t ≤ T , âiäðiçêè òðà¹êòîðié ïðîöåñó xt ∈ X ïðè t ∈ [t0, T ], xt0 = φ
ì.í. i

x (t) = x (s) +
t

∫
s
a (τ, xτ , ξ (τ)) dτ +

t

∫
s
b (τ, xτ , ξ (τ)) dw (τ) (4)

âèêîíó¹òüñÿ ç éìîâiðíiñòþ 1 äëÿ âñiõ s ∈ [tk, tk+1) , t ∈ (s, tk+1) òà äëÿ tk ≥ t0:

x(tk) = x(tk−) + g(tk−, xtk , ξ(tk), ηk) (5)

Ïðèïóñòèìî, ùî

1) ôóíêöiîíàëè a : R×X → Rn, b : R×X →Mn
n (R

n), g : R×X×Y×H → Rn

âèìiðíi çà ñóêóïíiñòþ çìiííèõ;
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2) iñíó¹ ñòàëà L > 0 òàêà, ùî

|a(t, φ1, y)− a(t, φ2, y)|+ |b(t, φ1, y)− b(t, φ2, y)|+
+ |g(t, φ1, y, h)− g(t, φ2, y, h)| ≤ L ∥φ1 − φ2∥X

(6)

äëÿ ∀φ1, φ2 ∈ X, ∀t ∈ [t0, T ], y ∈ Y, h ∈ H;

3) iñíó¹ ñòàëà C > 0

|a(t, φ, y)|+ |b(t, φ, y)|+ |g(t, φ, y, h)| ≤ C(1 + ∥φ∥X) (7)

äëÿ ∀φ ∈ X, ∀t ∈ [t0, T ] òà y ∈ Y, h ∈ H.

Òîäi çãiäíî [9] iñíó¹ ¹äèíèé ñèëüíèé ðîçâ'ÿçîê çàäà÷i (1)-(3) ç òî÷íiñòþ äî
ñòîõàñòè÷íî¨ åêâiâàëåíòíîñòi.

Ïðè ξ(t0) = y, ηk0 = h òà xt0 = φ ∈ X ïîçíà÷èìî ÷åðåç xt(s, φ, y, h), t ≥ s
iñòîðiþ ïðîöåñó x(t), t ∈ [t0,∞) íà âiäðiçêó [s, t].

Äëÿ ñïðîùåííÿ âèêëàäîê ââàæàòèìåìî, ùî ξ(t) � îäíîðiäíèé ëàíöþã Ìàðêî-
âà çi ñêií÷åííîþ êiëüêiñòþ ñòàíiâ. Çãiäíî [3,10] {xt(s), ξ(t)} ¹ ìàðêîâñüêèì ïðî-
öåñîì, â ÿêîìó âèïàäêîâà ñêëàäîâà x(t) ∈ X õàðàêòåðèçó¹ çìiíè âåêòîðà ñòàíó
ñèñòåìè, à ξ(t) � âèïàäêîâi çìiíè ¨¨ ñòðóêòóðè ç âðàõóâàííÿì ëàíöþãà Ìàðêîâà
{ηk, k ≥ 0}, ùî âõîäèòü ÿê àðãóìåíò ó ôóíêöiþ âiäîáðàæåííÿ g(·, ·, ·, ηk). Öèì i
ïîÿñíþ¹òüñÿ îçíà÷åííÿ ñèñòåìè (4) ÿê ñèñòåìè âèïàäêîâî¨ ñòðóêòóðè.

2. Îñíîâíi îçíà÷åííÿ ñòiéêîñòi ðîçâ`ÿçêiâ äèôóçiéíèõ äèíàìi÷íèõ
ñèñòåì âèïàäêîâî¨ ñòðóêòóðè çi âñi¹þ ïåðåäiñòîði¹þ

Ïîçíà÷èìî ÷åðåç Pk((y, h), A × B) ïåðåõiäíó éìîâiðíiñòü ëàíöþãà Ìàðêîâà
{ξ(tk), ηk} íà k -ìó êðîöi:

Pk ((y, h), A×B) ≡ P (ξ(tk+1) ∈ A, η(tk+1) ∈ B|ξ(tk) = y, η(tk) = h) ,

ïðè âñiõ tk ≥ t0, (y, h) ∈ Y ×H
Äàëi ââåäåìî â ðîçãëÿä ôóíêöiþ

Pk ((x, y, h, ) , X × A×B) ≡

P
(
xtk+1 (tk, φ, y0, h0) ∈ X1, ξ(tk+1) ∈ A, η(tk+1) ∈ B|

xtk (tk−1, φ, y0, h0) = x, ξ(tk) = y, η(tk) = h
)
,

ïðè âñiõ tk ∈ S
∪
{t0} , k ∈ N

∪
{0} , φ ∈ X i áîðåëåâèõ A ⊂ BY, B ⊂ BH.

Îçíà÷åííÿ 2. Äèñêðåòíèé îïåðàòîð Ëÿïóíîâà-Êðàñîâñüêîãî (lvk)(ψ, y, h)
íà ïîñëiäîâíîñòi âèìiðíèõ ñêàëÿðíèõ ôóíêöié vk(ψ, y, h) : X × Y × H → R,
k ∈ N

∪
{0}, äëÿ ÄÄÑÂÑ (4) ç çîâíiøíiìè ìàðêîâñüêèìè ïåðåìèêàííÿìè (5)

âèçíà÷èìî ðiâíiñòþ
(lvk) (x, y, h) ≡

∫
X×Y×H

Pk (x, y, h) (dl × du× dz) vk (l, u, z)− vk (x, y, h) .

Îçíà÷åííÿ 3. ßêùî tk = kβ äëÿ âñiõ k ∈ N i ïðè äåÿêîìó β > 0 âiäîáðà-
æåííÿ a, b, g íå çàëåæàòü âiä t, ïðîöåñ ξ(t) i ëàíöþã Ìàðêîâà ηk îäíîðiäíi, òî
ñèñòåìó (4)-(5) íàçâåìî àâòîíîìíîþ.
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Ó âèïàäêó àâòîíîìíî¨ ñèñòåìè (4)-(5) ìîæíà íåõòóâàòè iíäåêñîì k â ôóíêöi¨
Pk ((x, y, h) , X1 × A×B) i äèñêðåòíèé îïåðàòîð Ëÿïóíîâà-Êðàñîâñüêîãî ñëiä
âèçíà÷èòè ðiâíiñòþ

(lv) (x, y, h) :=

∫
X×Y×H

P (x, y, h) (dl × du× dz) v (l, u, z)− v (x, y, h) .

Îçíà÷åííÿ 4. Ôóíêöiîíàëîì Ëÿïóíîâà�Êðàñîâñüêîãî äëÿ ñèñòåìè âèïàä-
êîâî¨ ñòðóêòóðè (4) íàçâåìî ïîñëiäîâíiñòü íåâiä'¹ìíèõ ôóíêöié vk(φ, y, h), k≥0,
äëÿ ÿêèõ âèêîíàíi óìîâè:

1) ïðè âñiõ k ≥ 0, y ∈ Y, h ∈ H, φ ∈ X âèçíà÷åíèé äèñêðåòíèé îïåðàòîð
Ëÿïóíîâà�Êðàñîâñüêîãî (lvk) (φ, y, h);

2) ïðè r → ∞

v̄ (r) ≡ inf
k ∈ N, y ∈ Y

h ∈ H, ∥φ∥X ≥ r

v (φ, y, h) → +∞;

3) ïðè r → 0 ìà¹ìî

v (r) ≡ sup
k ∈ N, y ∈ Y

h ∈ H, ∥φ∥X ≥ r

v (φ, y, h) → 0,

ïðè÷îìó v̄(r)i v (r)� íåïåðåðâíi i ìîíîòîííi.
Áóäåìî äîñëiäæóâàòè ñòiéêiñòü òðèâiàëüíîãî ðîçâ'ÿçêó ñèñòåìè (1)-(3)
Îçíà÷åííÿ 5. Ðîçâ'ÿçîê çàäà÷i (1)-(3) íàçâåìî:
� ñòiéêèì çà éìîâiðíiñòþ, ÿêùî äëÿ ∀ε1 > 0, ε2 > 0 ìîæíà âêàçàòè òàêå

δ > 0, ùî ç ∥φ∥X < δ âèïëèâà¹ íåðiâíiñòü

P

{
sup
T≥t

∥∥xt∥∥
X
> ε1

}
< ε2 (8)

ïðè âñiõ y ∈ Y, h ∈ H;
� àñèìïòîòè÷íî ñòiéêèì çà éìîâiðíiñòþ, ÿêùî ∀ε > 0 ìîæíà âêàçàòè òàêå

δ > 0, ùî ç ∥φ∥X < δ,

lim
T→∞

P

{
sup
T≥t

∥∥xt∥∥
X
> ε

}
= 0 (9)

ïðè âñiõ y ∈ Y, h ∈ H;
�ð-ñòiéêèì (ð > 0), ÿêùî äëÿ ∀ε > 0 ìîæíà âêàçàòè òàêå δ > 0, ùî ïðè

∥φ∥X < δ
E
∥∥xt∥∥

X
< ε (10)

ïðè âñåõ y ∈ Y, h ∈ H, ;
� àñèìïòîòè÷íî ð-ñòiéêèì, ÿêùî ñèñòåìà ð-ñòiéêà i iñíó¹ òàêå δ > 0, ùî ç

∥φ∥X < δ âèïëèâà¹
lim
t→∞

E
∥∥xt∥∥p

X
= 0. (11)
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Ïðè ð=2 ìà¹ìî ñòiéêiñòü â ñåðåäíüîìó êàäðàòè÷íîìó (l.i.m.) (10) i àñèìïòî-
òè÷íó ñòiéêiñòü â l.i.m. (11).

ßêùî ó âiäïîâiäíèõ îçíà÷åííÿõ ïîêëàñòè δ = +∞, òî äî âiäïîâiäíèõ îçíà-
÷åíü ñòiéêîñòi äîäà¹òüñÿ òåðìií "â öiëîìó".

3. Çàãàëüíi òåîðåìè ïðî ñòiéêiñòü ðîçâ'ÿçêiâ äèôóçiéíèõ äèíàìi-
÷íèõ ñèñòåì âèïàäêîâî¨ ñòðóêòóðè çi âñi¹þ ïåðåäiñòîði¹þ

Ââåäåìî ïîçíà÷åííÿ
|x(·)|∗t0 (t) ≡ sup

t0≤s≤t
|x(s)|

Îäåðæèìî ñïî÷àòêó îöiíêè ðîçâ'ÿçêó çàäà÷i (1)-(3) íà iíòåðâàëàõ [tk, tk+1) ïî
çíà÷åííÿì ðîçâ'ÿçêó â òî÷êàõ tk, k ≥ 0.
Ïðè äîâåäåííi áóäåìî âèêîðèñòîâóâàòè ñòàëi,ùî âèíèêàþòü â òàêèõ íåðiâíîñòÿõ∣∣∣∣∣

m∑
i=1

ai

∣∣∣∣∣
l

≤ k
(m)
l

m∑
i=1

|ai|l , l ≥ 0, (12)

{ai} ⊂ R, m = 1, 2, 3, 4; k
(m)
l = ml−1 ∨ 1.

À òàêîæ íåðiâíiñòü Áóêõîëüäåðà-Äåâiñà-Ãàíäi [7]:

E

∣∣∣∣∣∣
•∫

t0

ψ(s)dw(s)

∣∣∣∣∣∣
∗l

t0

(t) ≤ cl1E

 t∫
t0

|ψ(s)|2 ds

l/2

(13)

äëÿ áóäü-ÿêèõ Ft-óçãîäæåíèõ ïðîöåñiâ ψ(t, ω), òàêèõ, ùî
T∫
0

ψ2(t)dt <∞ ìàéæå

íàïåâíå.

Ëåìà 2. Íåõàé äëÿ ÄÄÑÂÑ âèêîíó¹òüñÿ óìîâà Ëiïøèöà (6) i óìîâà ðiâ-
íîìiðíî¨ îáìåæåíîñòi (7).

Òîäi ïðè âñiõ k ≥ 0 äëÿ ñèëüíîãî ðîçâ'ÿçêó çàäà÷i Êîøi (1)-(3) ìà¹ ìiñöå
íåðiâíiñòü

E
{
|x(·)|∗2tk (tk+1)

}
≤ 15(1 + 2L2)

[
E |x(·)|∗2t0 (tk) + 2C2(tk+1 − tk)

]
×

× exp {5L2((tk+1 − tk)
2 + 4)(tk+1 − tk)}

. (14)

Äîâåäåííÿ. Ïðè âñiõ t ∈ [tk, tk+1) , tk > t0 ç (4) ëåãêî îäåðæàòè íåðiâíiñòü

|x (t)| ≤ |x (tk)|+
t

∫
tk

|a (τ, xτ , ξ (τ) , )− a (τ, 0, ξ (τ))| dτ +
t

∫
tk

|a (τ, 0, ξ (τ))| dτ+

+

∣∣∣∣ t∫
tk

b (τ, xτ , ξ (τ))− b (τ, 0, ξ (τ)) dw (τ)

∣∣∣∣+ ∣∣∣∣ t∫
tk

b (τ, 0, ξ (τ)) dw (τ)

∣∣∣∣ .
Ïiäíåñåìî äî êâàäðàòó îáèäâi ÷àñòèíè îäåðæàíî¨ íåðiâíîñòi, îá÷èñëèìî sup

âiä îäåðæàíîãî âèðàçó. Âèêîðèñòîâóþ÷è (12), (13), (6) òà (7) ìàòèìåìî

E
{
|x(·)|∗2tk (tk+1)

}
ψ(t, ω) ≤ 5

[
E
∥∥xtk∥∥2

X
+ 2C2 (tk+1 − tk) + L2

(
(tk+1 − tk)

2 + 4
)
×
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×
t

∫
tk

E
{
|x (·)|2tk∗ (τ)/Ftk

}
dτ

]
.

Âèêîðèñòîâóþ÷è íåðiâíiñòü Ãðîíóîëëà [8], ëåãêî ïîáà÷èòè, ùî

E
{
|x(·)|2tk∗ (tk+1)/Ftk

}
≤ 5

[
E
{∣∣∣∣xtk∣∣∣∣2 /Ftk

}
+ 2C2 (tk+1 − tk)

]
×

×e5L2((tk+1−tk)2+4)(tk+1−tk). (15)

Ïðè t = tk+1 ñèëüíèé ðîçâ'ÿçîê çàäà÷i (1)-(3)

x(tk+1) = x(tk+1−) + g(tk+1−, xtk+1 , ξ(tk+1), ηk+1)

çàäîâîëüíÿ¹ íåðiâíiñòü

E
{
|x(tk+1)|2/Ftk

}
≤3
[
E
{
|x (tk+1−)|2 /Ftk

}
+E{

∣∣g(tk+1, x
tk+1−, ξ (tk+1−) , ηk+1

)
−

−g (tk+1, 0, ξ (tk+1−) , ηk+1) |2/Ftk}+E
{
g (tk+1, 0, ξ (tk+1−) , ηk+1) |2/Ftk

}
] ≤ (16)

≤ 3
[(
1 + 2L2

)
E
{
|x(·)|2tk∗ (tk+1)/Ftk

}
+ C2

]
.

Îñêiëüêè âèïàäêîâà âåëè÷èíà |x(·)|∗tk (tk+1) íå çàëåæèòü âiä ïîäié σ-àëãåáðû
Ftk , òî

E
{
|x(·)|∗tk

2
(tk+1)/Ftk

}
= E

{
|x(·)|∗tk

2
(tk+1)

}
.

Ïiäñòàâëÿþ÷è (15) â (16), îäåðæèìî (13). Ëåìà 1 äîâåäåíà.
Íàäàëi âèêîðèñòîâóâàòèìåìî íàñòóïíå ïîçíà÷åííÿ

k0 =

{
sup {k ∈ N : tk ≤ t} , t ≥ t1,
0, t ∈ [0, t1)

Òåîðåìà 1. Íåõàé:

1) âèêîíó¹òüñÿ óìîâà Ëiïøèöà (6) ;

2) iñíóþòü ôóíêöiîíàëè Ëÿïóíîâà-Êðàñîâñüêîãî òàêi, ùî â ñèëó ñèñòåìè
(4) âèêîíó¹òüñÿ íåðiâíiñòü

(lvk)(φ, y, h) ≤ −ak(φ, y, h) (17)

k ≥ 0, φ ∈ X, y ∈ Y, h ∈ H;

3) äîâæèíà iíòåðâàëiâ [tk, tk+1) íå ïåðåâèùó¹ ∆ > 0, k ≥ 0.

Òîäi ðîçâ'ÿçîê çàäà÷i (1)-(3) àñèìïòîòè÷íî ñòiéêèé çà éìîâiðíiñòþ â öi-
ëîìó.

Äîâåäåííÿ. Ïîçíà÷èìî ÷åðåç Ftk ìiíiìàëüíó σ-àëãåáðó, âiäíîñíî ÿêî¨ âè-
ìiðíi ξ(t) ïðè âñiõ t ∈ [t0, tk) i ηn ïðè n ≤ k. Òîäi óìîâíå ìàòåìàòè÷íå ñïîäiâàííÿ
îá÷èñëèìî çà ôîðìóëîþ [4]

E
{
vk+1

(
xtk+1 , ξ (tk+1) , ηk+1

)
/ Ftk

}
=
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=

∫
X×Y×H

Pk ((φ, y, h) (dl × dl × dz) vk+1 (l, u, z))
∣∣
φ=xtk ,y=ξ(tk),η=ηk (18)

Äàëi çà îçíà÷åííÿì äèñêðåòíîãî îïåðàòîðà Ëÿïóíîâà-Êðàñîâñüêîãî îäåðæè-
ìî

E
{
vk+1

(
xtk+1 , ξ (tk+1) , ηk+1

)
/ Ftk

}
=

= vk
(
xtk , ξ (tk) , ηk

)
+ (lvk)

(
xtk , ξ (tk) , ηk

)
≤ v̄

(∥∥xtk∥∥
X

)
(19)

Ç ëåìè 1 i âëàñòèâîñòåé ôóíêöi¨ v̄ âèïëèâà¹ iñíóâàííÿ óìîâíîãî ìàòåìàòè-
÷íîãî ñïîäiâàííÿ.

Âèêîðèñòîâóþ÷è (19), çàïèøåìî äèñêðåòíèé îïåðàòîð Ëÿïóíîâà-Êðàñîâñü-
êîãî

(lvk)
(
xtk , ξ (tk) , ηk

)
= E

{
vk+1

(
xtk , ξ (tk+1) , ηk+1

)
/ Ftk

}
−

−vk
(
xtk , ξ (tk) , ηk

)
≤ −ak

(
xtk , ξ (tk) , ηk

)
≤ 0. (20)

Òîäi ïðè k ≥ 0 ìà¹ ìiñöå

E
{
vk+1

(
xtk , ξ (tk+1) , ηk+1

)
/ Ftk

}
≤ vk

(
xtk , ξ (tk) , ηk

)
À öå îçíà÷à¹, ùî ïîñëiäîâíiñòü âèïàäêîâèõ âåëè÷èí vk (xtk , ξ (tk) , ηk) ïðåä-

ñòàâëÿ¹ ñîáîþ ñóïåðìàðòèíãàë âiäíîñíî Ftk [1].
Äàëi, âçÿâøè ìàòåìàòè÷íå ñïîäiâàííÿ âiä îáîõ ÷àñòèí íåðiâíîñòi (19), ïðî-

ñóìóâàâøè ïî k âiä n ≥ k0 äî N, ìàòèìåìî

E
{
vN+1

(
xtN+1 , ξ (tN+1) , ηN+1

)}
− E

{
vn
(
xtn , ξ (tn) , ηn

)}
=

=
N∑

k=n

E
{
lvk
(
xtk , ξ (tk) , ηk

)}
≤ −

N∑
k=n

E
{
ak
(
xtk , ξ (tk) , ηk

)}
≤ 0 (21)

Äàëi ëåãêî ïîáà÷èòè

P

{
sup
t≥t0

∥∥xt(t0, φ, y, h)∥∥X > ε1

}
= P

{
sup
n∈N

sup
tk0+n−1≤t≤tk0+n

∥∥xt(t0, φ, y, h)∥∥X > ε1

}
≤

≤ P

{
sup
n∈N

xtk0+n−1 (t0, φ, y, h) > ε1

}
≤

≤ P

{
sup
n∈N

vk0+n−1
(
xtk0+n−1 , ξ (tk0+n−1) , ηk0+n−1

)
≥ v̄ (ε1)

}
(22)

ßêùî ∥xtk∥ ≥ r, òî

sup
k≥k0,∥xtk∥≥r

vk
(
xtk , ξ (tk) , ηk

)
≥ inf

k ≥ k0, y ∈ Y ,
h ∈ H, ∥φ∥ ≥ r

vk (φ, y, h) = v̄ (r) .

Âèêîðèñòîâóþ÷è íåðiâíiñòü äëÿ íåâiä'¹ìíèõ ñóïåðìàðòèíãàëiâ [5] äëÿ îöiíêè
ïðàâî¨ ÷àñòèíè (21) ìà¹ìî:

P

{
sup
n∈N

vk0+n−1
(
xtk0+n−1 , ξ (tk0+n−1) , ηk0+n−1

)
≥ v̄ (ε1)

}
≤
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≤ 1

v̄ (ε1)
vk0 (φ, y, h) ≤

v̄ (xt)

v̄ (ε1)
. (23)

Iç âðàõóâàííÿì (23) íåðiâíiñòü (22) äà¹ ìîæëèâiñòü ãàðàíòóâàòè âèêîíàííÿ
îçíà÷åííÿ (8) ñòiéêîñòi çà éìîâiðíiñòþ â öiëîìó.

Ç (19) âèïëèâà¹ îöiíêà

E
{
vN+1

(
xtN+1 , ξ (tN+1) , ηN+1

)}
≤

≤ vk0 (φ, y, h)−
N∑

k=k0

E {ak (xtk , ξ (tk) , ηk)} ≤ vk0 (φ, y, h) (24)

ïðè âñiõ N > k0, y ∈ Y, h ∈ H, φ ∈ X.
Çàóâàæèìî, ùî ïîñëiäîâíiñòü ak, k ≥ 0 ïðåäñòàâëÿ¹ ñîáîþ ôóíêöiîíàëè Ëÿ-

ïóíîâà�Êðàñîâñüêîãî. À îòæå, iñíóþòü [1,11] íåïåðåðâíi ñòðîãî ìîíîòîííi ôóí-
êöi¨ a(r) i ā(r), ðiâíi íóëþ ïðè r = 0 i òàêi, ùî

a (∥φ∥X) ≤ ak(φ, y, h) ≤ ā (∥φ∥X)

äëÿ k ∈ N, y ∈ Y, h ∈ H, φ ∈ X.
Òàêèì ÷èíîì iç çáiæíîñòi ðÿäó â ëiâié ÷àñòèíi (24) âèïëèâà¹ çáiæíiñòü ðÿäó

∞∑
k=k0

E
{
ā
(∥∥xtk (t0, φ, y, h)∥∥X)}

äëÿ ∀t0 ≥ 0, y ∈ Y, h ∈ H, φ ∈ X.
Òîäi, iç âðàõóâàííÿì a(r) i ðiâíîñòi a(0) = 0 îäåðæèìî

lim
k→∞

∥∥xtk (t0, φ, y, h)∥∥X = 0.

Çâiäñè âèïëèâà¹ ïðÿìóâàííÿ äî íóëÿ çà éìîâiðíiñòþ ïîñëiäîâíîñòi
v̄ (∥xtk (t0, φ, y, h)∥X) ïðè k → ∞ äëÿ âñiõ t0 ≥ 0, y ∈ Y, h ∈ H, φ ∈ X.

Òàêèì ÷èíîì ç âëàñòèâîñòåé ôóíêöiîíàëó Ëÿïóíîâà-Êðàñîâñüêîãî íåâiä'¹ì-
íèé ñóïåðìàðòèíãàë v (xtk , ξ (tk) , ηk) ïðè k → ∞ ïðÿìó¹ äî íóëÿ çà éìîâiðíiñòþ
ïðè âñiõ ðåàëiçàöiÿõ ïðîöåñó ξ(t, ω) i ïîñëiäîâíîñòi ηk.

Äàëi, íåâiä'¹ìíèé îáìåæåíèé çâåðõó ñóïåðìàðòèíãàë ìà¹ ãðàíèöþ ç éìîâið-
íiñòþ 1 [3].

Âèêîðèñòîâóþ÷è ëåìó 1 îäåðæèìî àñèìïòîòè÷íó ñòiéêiñòü â çà éìîâiðíiñòþ
â öiëîìó ðîçâ'ÿçêó çàäà÷i (1)-(3). Òåîðåìà 1 äîâåäåíà.

Òåîðåìà 2. Íåõàé âèêîíóþòüñÿ óìîâè òåîðåìè 1, ïðè÷îìó ôóíêöiîíàëè
Ëÿïóíîâà-Êðàñîâñüêîãî {vk, k ≥ 0}, {ak, k ≥ 0} çàäîâîëüíÿþòü íåðiâíîñòi

c1 |φ (0)|2 ≤ vk (φ, y, h) ≤ c2 ∥φ∥2X (25)

c3 |φ (0)|2 ≤ ak (φ, y, h) ≤ c4 ∥φ∥2X , (26)

ïðè äåÿêèõ ci > 0, i =
____

1, 4 äëÿ âñiõ∀k ∈ N, y ∈ Y, h ∈ H, φ ∈ X.
Òîäi ðîçâ'ÿçîê çàäà÷i (1)-(3) àñèìïòîòè÷íî ñòiéêèé â ñåðåäíüîìó êâàäðà-

òè÷íîìó â öiëîìó.
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Äîâåäåííÿ. Âèêîðèñòîâóþ÷è (21) äëÿ n = k0, â ñèëó (25) ëåãêî îäåðæàòè
íàñòóïíi íåðiâíîñòi

E
{∥∥xtN+1

∥∥2
X

}
≤ 1

c1
E
{
vN+1

(
xtN+1 , ξ (tN+1) , ηN+1

)}
≤

≤ 1

c1
E {vk0 (φ, ξ (tk0) , ηk0)} ≤ c2

c1
∥φ∥2X

äëÿ âñiõ N>k0, φ∈X i ïî÷àòêîâèõ ðîçïîäiëàõ âèïàäêîâîãî âåêòîðà {ξ(tk0), ηk0}.
Çâiäñè âèïëèâà¹ ñòiéêiñòü â ñåðåäíüîìó êâàäðàòè÷íîìó ðîçâ'ÿçêó çàäà÷i(1)-

(3)
Âèêîðèñòîâóþ÷è (21), (25) i (26) ìîæíà îäåðæàòè íåðiâíiñòü

N∑
k=k0

E
{∥∥xtN+1

∥∥2
X

}
≤ 1

c3

N∑
k=k0

E {ak (φ, ξ (tk) , ηk)} ≤

≤ 1

c3
E {vk0 (φ, ξ (tk0) , ηk0)} ≤ c2

c3
∥φ∥2X

Öÿ íåðiâíiñòü ãàðàíòó¹ çáiæíiñòü ðÿäó, ÷ëåíàìè ÿêîãî âèñòóïàþòüE{|xtN+1|2X}
äëÿ áóäü-ÿêèõ ïî÷àòêîâèõ äàíèõ xtk0 = φ i ïî÷àòêîâîìó ðîçïîäiëi âèïàäêîâîãî
âåêòîðà {ξ (tk0) , ηk0}.

Òàêèì ÷èíîì,
lim
k→∞

E∥xtk∥2X = 0

ïðè âñiõ t0 ≥ 0, ùî i äîâîäèòü òåîðåìó 3.
Íàñëiäîê 1. ßêùî âèêîíóþòüñÿ óìîâè òåîðåìè 2 i ìà¹ ìiñöå íåðiâíiñòü (23),

òî ðîçâ'ÿçîê çàäà÷i Êîøi (1)-(3) ñòiéêèé â l.i.m. â öiëîìó.
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