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ÇÀÄÀ×À ÒÈÏÓ ÄIÐIÕËÅ ÄËß ÁÅÇÒÈÏÍÎÃÎ ÐIÂÍßÍÍß Ç
×ÀÑÒÈÍÍÈÌÈ ÏÎÕIÄÍÈÌÈ Ó ÄÂÎÂÈÌIÐÍIÉ ÎÁËÀÑÒI

Two-point boundary value Dirichlet-type problem for linear partial differential equation with one
spatial variable is considered. The unity theorem and existence theorems of the solution of prob-
lem in space Hn

q (Q) are proved. Correctness after Hadamard of the problem is shown, which
distinguishes it from an ill-conditioned after Hadamard problem with many spatial variables.

Ðîçãëÿíóòî äâîòî÷êîâó êðàéîâó çàäà÷ó òèïó Äiðiõëå äëÿ ëiíiéíîãî äèôåðåíöiàëüíîãî ðiâíÿí-
íÿ ç ÷àñòèííèìè ïîõiäíèìè ó âèïàäêó îäíi¹¨ ïðîñòîðîâî¨ çìiííî¨. Äîâåäåíî òåîðåìè iñíóâàííÿ
òà ¹äèíîñòi ðîçâ'ÿçêó çàäà÷i ó ïðîñòîði Hn

q (Q). Ïîêàçàíî êîðåêòíiñòü çà Àäàìàðîì çàäà÷i, ùî
âiäðiçíÿ¹ ¨¨ âiä íåêîðåêòíî¨ çàäà÷i ç áàãàòüìà ïðîñòîðîâèìè çìiííèìè.

Âñòóï. Â îñòàííi ðîêè âåëèêà óâàãà ïðèäiëÿ¹òüñÿ äîñëiäæåííþ êîðåêòíî-
ñòi íåêëàñè÷íèõ çàäà÷ äëÿ äèôåðåíöiàëüíèõ ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè i
ñèñòåì ðiâíÿíü çi ñòàëèìè êîåôiöi¹íòàìè, ñåðåä ÿêèõ çàäà÷i òèïó Äiðiõëå. Âiäî-
ìî, ùî äëÿ åëiïòè÷íèõ ðiâíÿíü êðàéîâi çàäà÷i ç äàíèìè ïî âñié ãðàíèöi îáëàñòi
äîñëiäæåíi äîñòü äîáðå [1�3]. Ó òîé æå ÷àñ çàäà÷i äëÿ áåçòèïíèõ ðiâíÿíü ìàëî
âèâ÷åíi, à ¨õ äîñëiäæåííÿ ïî÷àëîñü ïîðiâíÿíî íåäàâíî. Î÷åâèäíî, öå ïîâ'ÿçàíî
ç òèì, ùî ó çàãàëüíîìó âèïàäêó, êðàéîâi çàäà÷i äëÿ íååëiïòè÷íèõ ðiâíÿíü ¹
íåêîðåêòíèìè, à ¨õ ðîçâ'ÿçíiñòü ïîâ'ÿçàíà ç ïðîáëåìîþ ìàëèõ çíàìåííèêiâ, ÿêi
âèíèêàþòü ïðè ïîáóäîâi ðîçâ'ÿçêiâ.

Êîðåêòíiñòü êðàéîâèõ çàäà÷ òèïó Äiðiõëå äëÿ ðiâíÿíü ç ÷àñòèííèìè ïîõi-
äíèìè äîñëiäæóâàëàñü ó ðîáîòàõ áàãàòüîõ àâòîðiâ, çîêðåìà [4�7].

Ó ñòàòòi ðîçãëÿíóòî êðàéîâó çàäà÷ó òèïó Äiðiõëå äëÿ áåçòèïíîãî äèôåðåí-
öiàëüíîãî ðiâíÿííÿ ç ÷àñòèííèìè ïîõiäíèìè ó äâîâèìiðíié îáëàñòi. Ïîäiáíà çà-
äà÷à äëÿ ðiâíÿííÿ ç áàãàòüìà ïðîñòîðîâèìè çìiííèìè ¹ íåêîðåêòíîþ çà Àäà-
ìàðîì, à ¨¨ ðîçâ'ÿçíiñòü çàëåæèòü âiä îöiíêè çíèçó ìàëèõ çíàìåííèêiâ [8]. Îñî-
áëèâiñòþ äàíî¨ ðîáîòè ¹ òå, ùî íà âiäìiíó âiä çàäà÷i ó áàãàòîâèìiðíié äiéñíié
îáëàñòi, ó çàäà÷i äëÿ äèôåðåíöiàëüíîãî ðiâíÿííÿ ç îäíi¹þ ïðîñòîðîâîþ çìiííîþ
âiäïîâiäíi âèðàçè çíèçó âäàëîñÿ îöiíèòè ñòàëèìè, ùî âêàçó¹ íà ¨¨ êîðåêòíiñòü.

1. Ïîñòàíîâêà çàäà÷i. Ïîçíà÷èìî ÷åðåç Q äåêàðòîâèé äîáóòîê âiäðiçêà
[0, T ], äå T > 0, i âiäðiçêà X = [0, π], òîáòî Q = [0, T ]× X.

Ââåäåìî øêàëè ïðîñòîðiâ {Hq(X)}q∈R i {Hn
q (Q)}q∈R, äåHq(X)� ãiëüáåðòîâèé

ïðîñòið ôóíêöié γ = γ(x) =
∑
k∈N

γk sin kx, ïðè÷îìó γk ∈ C, ç íîðìîþ

∥γ∥Hq(X) =
(∑
k∈N

k̃2q|γk|2
) 1

2
, k̃ =

√
1 + k2,

à Hn
q (Q), n ∈ Z+ � áàíàõiâ ïðîñòið ôóíêöié u(t, x) òàêèõ, ùî ôóíêöi¨

∂ru(t, x)

∂tr
,

r = 0, 1, . . . , n − 1, äëÿ êîæíîãî t ∈ [0, T ] íàëåæàòü äî ïðîñòîðiâ Hq−r(X) âiä-
ïîâiäíî i íåïåðåðâíi çà çìiííîþ t ó öèõ ïðîñòîðàõ. Êâàäðàò íîðìè ôóíêöi¨ u ó
ïðîñòîði Hn

q (Q) îá÷èñëþ¹òüñÿ çà ôîðìóëîþ
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∥u∥2Hn
q (Q)

=
n∑

r=0

max
[0,T ]

∥∥∥∂ru(t, ·)
∂tr

∥∥∥2
Hq−r(X)

.

Â îáëàñòi Q ðîçãëÿíåìî çàäà÷ó äëÿ ëiíiéíîãî äèôåðåíöiàëüíîãî ðiâíÿííÿ ç
÷àñòèííèìè ïîõiäíèìè çi ñòàëèìè êîåôiöi¹íòàìè

Lu =
∑
|s|≤n

as0,s1
∂2su

∂t2s0∂x2s1
= 0, (1)

Mlu =
∂2lu

∂t2l

∣∣∣
t=0

= φl, Mn+lu =
∂2lu

∂t2l

∣∣∣
t=T

= φn+l, l = 0, 1, . . . , n− 1, (2)

∂2mu

∂x2m

∣∣∣
x=0

=
∂2mu

∂x2m

∣∣∣
x=π

= 0, m = 0, 1, . . . , n− 1, (3)

äå |s|=s0+s1, as0,s1∈C, an,0=1, u=u(t, x) � øóêàíà ôóíêöiÿ, à φ0, φ1, . . . , φ2n−1
� çàäàíi ôóíêöi¨ çìiííî¨ x ∈ X.

ßêùî âèêîíó¹òüñÿ óìîâà u∈H2n
q (Q), òî âiðíèìè ¹ ôîðìóëè Lu ∈ H0

q−2n(Q),
Mlu ∈ Hq−2l(X) i Mn+lu ∈ Hq−2(n+l)(X) äëÿ l = 0, 1, . . . , n− 1.

Îçíà÷åííÿ 1. Ïiä ðîçâ'ÿçêîì çàäà÷i (1)�(3) áóäåìî ðîçóìiòè ôóíêöiþ u =
u(t, x), ÿêà çàäîâîëüíÿ¹ ðiâíÿííÿ (1) i óìîâè (2), (3) òà íàëåæèòü äî ïðîñòîðó
H2n

q (Q).

Äëÿ iñíóâàííÿ ðîçâ'ÿçêó çàäà÷i (1)�(3) íåîáõiäíî, ùîá ôóíêöi¨ φl òà φn+l

íàëåæàëè äî ïðîñòîðiâ Hq−2l(X), Hq−2(n+l)(X) ïðè l = 0, 1, . . . , n − 1 âiäïîâiä-
íî. Öå òâåðäæåííÿ ¹ íàñëiäêîì ç îçíà÷åííÿ ðîçâ'ÿçêó çàäà÷i òà âëàñòèâîñòåé
ïðîñòîðiâ Hn

q (Q) i Hq(X).
2. Ïîáóäîâà ôîðìàëüíîãî ðîçâ'ÿçêó. Òåîðåìà ¹äèíîñòi. Ðîçâ'ÿçîê çà-

äà÷i (1)�(3) øóêà¹ìî ó âèãëÿäi ðÿäó:

u(t, x) =
∑
k∈N

uk(t) sin kx, (4)

äå êîåôiöi¹íòè uk = uk(t)�íåâiäîìi ôóíêöi¨, ÿêi òðåáà âèçíà÷èòè.
Î÷åâèäíî, ùî ôóíêöiÿ (4) çàäîâîëüíÿ¹ óìîâè (3). Çàëèøà¹òüñÿ âèçíà÷èòè

êîåôiöi¹íòè uk(t) òàê, ùîá ðÿä (4) çàäîâîëüíÿâ ðiâíÿííÿ (1) òà óìîâè (2).
Ïiäñòàâëÿþ÷è ôîðìóëó (4) ó ðiâíÿííÿ (1) òà óìîâè (2), îòðèìà¹ìî, ùî ôóí-

êöiÿ uk(t) äëÿ êîæíîãî k ∈ N ¹ ðîçâ'ÿçêîì âiäïîâiäíî¨ êðàéîâî¨ çàäà÷i äëÿ
çâè÷àéíîãî äèôåðåíöiàëüíîãî ðiâíÿííÿ, à ñàìå çàäà÷i:

d2nuk
dt2n

+
n∑

j=1

bj(k)
d2(n−j)uk
dt2(n−j)

= 0, (5)

u
(2l)
k (0) = φlk, u

(2l)
k (T ) = φn+l,k, l = 0, 1, . . . , n− 1, (6)

äå bj(k) =
j∑

s1=0

(−1)s1an−j,s1k
2s1 �ìíîãî÷ëåíè ñòåïåíÿ íå âèùå j, φlk �êîåôiöi¹í-

òè Ôóð'¹ ôóíêöi¨ φl, à φn+l,k �êîåôiöi¹íòè Ôóð'¹ ôóíêöi¨ φn+l.
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�äèíiñòü ðîçâ'ÿçêó uk çàäà÷i (5), (6) ó ïðîñòîði C2n[0, T ] äëÿ âñiõ k ∈ N
¹ íåîáõiäíîþ i äîñòàòíüîþ óìîâîþ ¹äèíîñòi ðîçâ'ÿçêó çàäà÷i (1)�(3) ó ïðîñòî-
ði H2n

q (Q) äëÿ äîâiëüíîãî q ∈ R. Ñàìå òîìó, ÿêùî õî÷à á äëÿ îäíîãî k iñíó¹
íåòðèâiàëüíèé ðîçâ'ÿçîê ûk = ûk(t) îäíîðiäíî¨ çàäà÷i (5), (6), òî îäíîðiäíà çà-
äà÷à (1)�(3) òàêîæ ìà¹ íåòðèâiàëüíèé ðîçâ'ÿçîê u = û(t, x), ÿêèé âèçíà÷à¹òüñÿ
ôîðìóëîþ û(t, x) = ûk(t) sin kx i ðîçâ'ÿçîê çàäà÷i (1)�(3) íå ìîæå áóòè ¹äèíèì.

Äëÿ ïîáóäîâè ðîçâ'ÿçêó çàäà÷i (5), (6) ó ðiâíÿííi (5) ïðîíîðìó¹ìî êîåôiöi¹í-
òè bj(k), j=0, 1, . . . , n, i ïîäàìî ¨õ ó âèãëÿäi äîáóòêó bj(k)=k̃2j b̃j(k). Ôóíêöi¨ b̃j(k),
ÿê i êîåôiöi¹íòè bj(k), ëiíiéíî çàëåæàòü âiä ïàðàìåòðiâ an−j,0, an−j,1, . . . , an−j,j i
ðiâíîìiðíî îáìåæåíi çà k. Î÷åâèäíî, ñïðàâäæó¹òüñÿ íåðiâíiñòü

∣∣b̃j(k)∣∣ ≤ j∑
s1=0

∣∣an−j,s1∣∣ |k|2s1
k̃2j

≤ max
s1=0,1,...,j

∣∣an−j,s1∣∣ j∑
s1=0

|k|2s1

k̃2j
.

ßêùî êîåôiöi¹íòè as0,s1∈C ðiâíÿííÿ (1) ðîçãëÿäàòè ó êðóçi äåÿêîãî ðàäióñà A
ç öåíòðîì ó ïî÷àòêó êîîðäèíàò êîìïëåêñíî¨ ïëîùèíè, òî îòðèìà¹ìî îöiíêè

∣∣b̃j(0)∣∣ = ∣∣an−j,0∣∣ ≤ A,
∣∣b̃j(±1)

∣∣ ≤ (j + 1)2−
j
2A ≤ 3

2
A,

∣∣b̃j(k)∣∣ ≤ A

k̃2j
|k|2j+2

|k|2 − 1
<

A|k|2

|k|2 − 1
, k ̸∈ {−1, 0, 1},

òîáòî
∣∣b̃j(k)∣∣ < 2A äëÿ âñiõ k ∈ Z. Çâiñè âèïëèâà¹, ùî äëÿ âñiõ (ç âðàõóâàííÿì

êðàòíîñòi) êîðåíiâ ±λ1(k), . . . ,±λn(k) ìíîãî÷ëåíà

Pk(λ) = λ2n +
n∑

j=1

b̃j(k)λ
2(n−j)

âèêîíóþòüñÿ íåðiâíîñòi [9]:

|λj(k)|2 ≤ 1 + max {|b̃1|, . . . , |b̃n|} ≤ 1 + 2A. (7)

Ïîçíà÷èìî ÷åðåç K ìíîæèíó òèõ íàòóðàëüíèõ ÷èñåë k, äëÿ ÿêèõ ìíîãî÷ëåí
Pk(λ) ìà¹ êðàòíèé êîðiíü.

Ó âèïàäêó ðiçíèõ êîðåíiâ λ1(k), . . . , λn(k) ç íåâiä'¹ìíèìè äiéñíèìè ÷àñòèíà-
ìè, îäíîðiäíå ðiâíÿííÿ (5) ìà¹ òàêó ôóíäàìåíòàëüíó ñèñòåìó ðîçâ'ÿçêiâ:

ukj(t) = ek̃λj(k)t, uk,n+j(t) = e−k̃λj(k)t, j = 1, 2, . . . , n, k ∈ N \K.

Çàãàëüíèé ðîçâ'ÿçîê çàäà÷i (5), (6) ïîäà¹òüñÿ ó âèãëÿäi ðÿäó

uk(t) =
n∑

j=1

(
Ckje

k̃λj(k)t + Ck,n+je
−k̃λj(k)t

)
, k ∈ N \K, (8)

äå Ckj òà Ck,n+j �äîâiëüíi êîìïëåêñíi ñòàëi, i íàëåæèòü äî ïðîñòîðó C2n[0, T ].
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ßêùî uk(t)�ðîçâ'ÿçîê çàäà÷i (5), (6), òî ÷èñëà Ckj òà Ck,n+j, j = 1, 2, . . . , n,
óòâîðþþòü ðîçâ'ÿçîê ñèñòåìè ëiíiéíèõ àëãåáðè÷íèõ ðiâíÿíü

n∑
j=1

(Ckj + Ck,n+j) = φ0k;

n∑
j=1

λ2j(Ckj + Ck,n+j) = φ1kk̃
−2;

n∑
j=1

λ4j(Ckj + Ck,n+j) = φ2kk̃
−4;

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
n∑

j=1

λ
2(n−1)
j (Ckj + Ck,n+j) = φn−1,kk̃

−2(n−1);

n∑
j=1

(
Ckje

k̃λj(k)T + Ck,n+je
−k̃λj(k)T

)
= φnk;

n∑
j=1

λ2
(
Ckje

k̃λj(k)T + Ck,n+je
−k̃λj(k)T

)
= φn+1,kk̃

−2;

n∑
j=1

λ4
(
Ckje

k̃λj(k)T + Ck,n+je
−k̃λj(k)T

)
= φn+2,kk̃

−4;

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
n∑

j=1

λ2(n−1)
(
Ckje

k̃λj(k)T + Ck,n+je
−k̃λj(k)T

)
= φ2n−1,kk̃

−2(n−1).

(9)

Íàâïàêè, ÿêùî ÷èñëà Ckj òà Ck,n+j, äå j = 1, 2, . . . , n, óòâîðþþòü ðîçâ'ÿçîê
ñèñòåìè ëiíiéíèõ àëãåáðè÷íèõ ðiâíÿíü (9), òî ôóíêöiÿ uk(t), ùî âèçíà÷åíà ôîð-
ìóëîþ (8) ¹ ðîçâ'ÿçêîì çàäà÷i (5), (6).

Äëÿ çíàõîäæåííÿ íåâiäîìèõ Ckj òà Ck,n+j, j = 1, 2, . . . , n, çàïèøåìî ñèñòåìó
(9) ó ìàòðè÷íîìó âèãëÿäi

1 . . . 1 1 . . . 1
λ21 . . . λ2n λ21 . . . λ2n
λ41 . . . λ4n λ41 . . . λ4n

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
λ
2(n−1)
1 . . . λ

2(n−1)
n λ

2(n−1)
1 . . . λ

2(n−1)
n

eλ1(k)k̃T . . . eλn(k)k̃T e−λ1(k)k̃T . . . e−λn(k)k̃T

λ21e
λ1(k)k̃T . . . λ2ne

λn(k)k̃T λ21e
−λ1(k)k̃T . . . λ2ne

−λn(k)k̃T

λ41e
λ1(k)k̃T . . . λ4ne

λn(k)k̃T λ41e
−λ1(k)k̃T . . . λ4ne

−λn(k)k̃T

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
λ
2(n−1)
1 eλ1(k)k̃T . . . λ

2(n−1)
n eλn(k)k̃T λ

2(n−1)
1 e−λ1(k)k̃T . . . λ

2(n−1)
n e−λn(k)k̃T


×

×



C1

C2

. . .
Cn

Cn+1

Cn+2

. . .
C2n


=



φ0k

φ1kk̃
−2

. . .

φn−1,kk̃−2(n−1)
φnk

φn+1,kk̃
−2

. . .

φ2n−1,kk̃
−2(n−1)
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i çðîáèìî ðîçáèòòÿ ìàòðèöü, âðàõîâóþ÷è çíàê êîðåíiâ ±λj, j = 1, . . . , n. Îïó-
ñòèìî äëÿ ñïðîùåííÿ iíäåêñ k òà ââåäåìî òàêi ïîçíà÷åííÿ:

W =


1 1 . . . 1
λ21 λ22 . . . λ2n
λ41 λ42 . . . λ4n

. . . . . . . . . . . . . . . . . . . . . . . . . . . .
λ
2(n−1)
1 λ

2(n−1)
2 . . . λ

2(n−1)
n

, S =


eλ1(k)k̃T 0 . . . 0

0 eλ2(k)k̃T . . . 0
0 0 . . . 0

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
0 0 . . . eλn(k)k̃T

,

C+=


C1

C2

. . .
Cn

 , C−=


Cn+1

Cn+2

. . .
C2n

 , φ+=


φ0k

φ1kk̃
−2

. . .

φn−1,kk̃
−2(n−1)

 , φ−=


φnk

φn+1,kk̃
−2

. . .

φ2n−1,kk̃
−2(n−1)

 .

Òîäi âèõiäíå ðiâíÿííÿ çàïèøåìî ó íàñòóïíîìó âèãëÿäi:(
W W
WS WS−1

)(
C+

C−

)
=

(
φ+

φ−

)
.

Äëÿ âèçíà÷åííÿ íåâiäîìèõ C+ òà C− âèêîðèñòà¹ìî ôîðìóëó(
W W
WS WS−1

)
=

(
W 0
0 W

)
×
(
I I
S S−1

)
,

òîäi

(
I I
S S−1

)(
C+

C−

)
=

(
W−1φ+

W−1φ−

)
.

Ïîçíà÷èìî R1 = W−1φ+, R2 = W−1φ−, òîäi îòðèìà¹ìî ëiíiéíó ñèñòåìó{
C+ + C− = R1,

SC+ + S−1C− = R2.

Ðîçâ'ÿæåìî ¨¨ ìåòîäîì Ãàóññà òà îòðèìà¹ìî òàêèé ðåçóëüòàò:{
C+ = R1 − C−,

SR1 − SC− + S−1C− = R2;

{
C+ = R1 − C−,

C− = (S−1 − S)−1(R2 − SR1).

Çàïèøåìî R1 ó âèãëÿäi äîáóòêó R1 = (S−1−S)−1(S−1−S)R1 òà çíàéäåìî
ðîçâ'ÿçîê ñèñòåìè {

C+=(S−1 − S)−1(S−1R1 −R2),

C−=(S−1 − S)−1(R2 − SR1).

Âðàõîâóþ÷è ïîçíà÷åííÿ R1 i R2, îòðèìà¹ìî ôîðìóëè äëÿ çíàõîäæåííÿ íå-
âiäîìèõ êîåôiöi¹íòiâ C+ i C−:{

C+=(S−1 − S)−1(S−1W−1φ+ −W−1φ−),

C−=(S−1 − S)−1(W−1φ− − SW−1φ+).
(10)

Ïîçíà÷èìî ÷åðåç E+ ðÿäîê åêñïîíåíò
(
eλ1(k)k̃t eλ2(k)k̃t . . . eλn(k)k̃t

)
, à ÷å-

ðåç E− �ðÿäîê
(
e−λ1(k)k̃t e−λ2(k)k̃t . . . e−λn(k)k̃t

)
, òîäi uk(t) = C+E+ + C−E−

çà ôîðìóëîþ (8).
Ïiäñòàâèâøè ôîðìóëè (10), îòðèìà¹ìî:

uk(t) = (S−1−S)−1(S−1W−1φ+−W−1φ−)E++(S−1−S)−1(W−1φ−−SW−1φ+)E−.
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Çãðóïó¹ìî äîäàíêè áiëÿ âåêòîðiâ φ+ i φ−:
uk(t) = (S−1 − S)−1(S−1E+ − SE−)W−1φ+ + (S−1 − S)−1(E− − E+)W−1φ−.

Îòæå, ó òåðìiíàõ êîðåíiâ λ1(k), . . . , λn(k) ðîçâ'ÿçîê çàäà÷i (5), (6) ìà¹ òàêèé
âèãëÿä:

uk(t) =
n∑

j=1

n−1∑
l=0

sh(λj(k)k̃t)

sh(λj(k)k̃T )
· ∆jl(k)

∆(k)
φn+l,kk̃

−2l−

−
n∑

j=1

n−1∑
l=0

sh(λj(k)k̃(t− T ))

sh(λj(k)k̃T )
· ∆jl(k)

∆(k)
φlkk̃

−2l,

(11)

äå ∆(k) =
∏

1≤r<q≤n

(
λ2q(k)−λ2r(k)

)
� âèçíà÷íèê Âàíäåðìîíäà, à ∆jl(k)�éîãî âiä-

ïîâiäíi àëãåáðè÷íi äîïîâíåííÿ, j =, 1, . . . , n, l = 0, 2, . . . , n− 1.
Ç ôîðìóëè (4) ôîðìàëüíèé ðîçâ'ÿçîê çàäà÷i (1)�(3) ïîäà¹òüñÿ ó âèãëÿäi ðÿäó:

u(t, x)=
∑
k∈N

n∑
j=1

n−1∑
l=0

(
sh(λj(k)k̃t)

sh(λj(k)k̃T )
φn+l,k−

sh(λj(k)k̃(t−T ))
sh(λj(k)k̃T )

φlk

)
∆jl(k)

∆(k)
k̃−2l sin kx.(12)

Äëÿ òîãî, ùîá çàäà÷à (5), (6) ìàëà ¹äèíèé êëàñè÷íèé ðîçâ'ÿçîê äëÿ êîæíîãî
k ∈ N\K íåîáõiäíî i äîñòàòíüî, ùîá âèêîíóâàëàñü óìîâà sh(λj(k)k̃T ) ̸= 0 äëÿ
j = 1, . . . , n. Ç öi¹¨ óìîâè âèïëèâà¹, ùî ek̃λj(k)T

(
e−2k̃λj(k)T − 1

)
̸= 0. Îñêiëüêè

ek̃λj(k)T ̸= 0, òî äëÿ âèêîíàííÿ äàíî¨ óìîâè íåîáõiäíî, ùîá e−2k̃λj(k)T ̸= 1. Çâiäñè
âèïëèâà¹, ùî −2λj(k)k̃T + 2πl ̸= 0 àáî λj(k)k̃T − πl ̸= 0 äëÿ äîâiëüíîãî l ∈ Z+.

Òàêèì ÷èíîì λj(k) ̸=
πl

k̃T
äëÿ äîâiëüíèõ öiëèõ äîäàòíèõ l i k.

Ó ïðîòèëåæíîìó âèïàäêó, êîëè sh(λj(k)k̃T ) = 0 äëÿ äåÿêîãî j, iñíó¹ òàêå

÷èñëî l ∈ Z+, ùî êîðiíü λj(k) âèçíà÷à¹òüñÿ çà ôîðìóëîþ: λj(k) =
πl

k̃T
. Òîìó âè-

êîíó¹òüñÿ ðiâíiñòü
( πl
k̃T

)2n
+

n∑
j=1

b̃j(k)
( πl
k̃T

)2(n−j)
= 0 ÷è åêâiâàëåíòíà ¨é ðiâíiñòü

1 +
n∑

j=1

bj(k)k
jT 2j(πl)−2j = 0. (13)

Äëÿ êðàòíèõ êîðåíiâ (k ∈ K) çàãàëüíèé ðîçâ'ÿçîê ðiâíÿííÿ (5) òàêîæ áó-
äå ìàòè âèãëÿä (8), â ÿêîìó, çàëåæíî âiä êðàòíîñòi êîðåíiâ λj(k), çàìiñòü ÷è-
ñëîâèõ êîåôiöi¹íòiâ Ckj òà Ck,n+j áóäóòü ìíîãî÷ëåííi êîåôiöi¹íòè Ckj(t), äå
j = 1, . . . , 2n1, n1�êiëüêiñòü êðàòíèõ êîðåíiâ. Ðîçâ'ÿçíiñòü ó öiëèõ äîäàòíèõ
÷èñëàõ l i k ðiâíÿííÿ (10) ¹ óìîâîþ íå¹äèíîñòi ðîçâ'ÿçêó çàäà÷i (5), (6) i çà
êðàòíèõ êîðåíiâ.

Òåîðåìà 1. Äëÿ ¹äèíîñòi ðîçâ'ÿçêó çàäà÷i (1)�(3) ó ïðîñòîði H2n
q (Q) íå-

îáõiäíî i äîñòàòíüî, ùîá ðiâíÿííÿ (13) íå ìàëî ðîçâ'ÿçêiâ ó öiëèõ äîäàòíèõ
÷èñëàõ l i k.

Äîâåäåííÿ. Íåîáõiäíiñòü.Íåõàé îäíîðiäíà çàäà÷à (1), (2) ó ïðîñòîðiH2n
q (Q)

ìà¹ íå áiëüøå îäíîãî ðîçâ'ÿçêó. ßêùî iñíó¹ ðîçâ'ÿçîê çàäà÷i (1), (2), òîäi âñi
ôóíêöi¨ uk(t) çíàõîäÿòüñÿ îäíîçíà÷íî, òîáòî îäíîðiäíà çàäà÷à (5), (6) ó ïðîñòîði
C2n[0;T ] äëÿ âñiõ k∈Z+ ìà¹ ¹äèíèé ðîçâ'ÿçîê. Îòæå, ∆(k) ̸=0, ÿêùî k ∈ Z+ \K,

Íàóê. âiñíèê Óæãîðîä óí-òó, 2013, âèï. 24 , N 2



32 I. I. ÂÎËßÍÑÜÊÀ, Â. Ñ. IËÜÊIÂ

òîáòî e−k̃λj(k)T ̸= ek̃λj(k)T äëÿ j=1, . . . , n. Îòæå, ðiâíÿííÿ (10) íå ìà¹ ðîçâ'ÿçêiâ
ó öiëèõ äîäàòíèõ ÷èñëàõ l i k. Àíàëîãi÷íi íåðiâíîñòi îòðèìó¹ìî ïðè k∈K.

Äîñòàòíiñòü. Äîâåäåìî âiä ñóïðîòèâíîãî. Íåõàé ðiâíÿííÿ (13) ìà¹ ðîçâ'ÿ-

çîê äëÿ k∗, l∗. Òîäi ìîæíà ââàæàòè, ùî λ1(k∗) =
πl∗

k̃∗T
, à îäíîðiäíà çàäà÷à (5),

(6) ìà¹ òàêi ðîçâ'ÿçêè: ek̃
∗λ1(k)t = eπl

∗ t
T , e−k̃

∗λ1(k)t = e−πl
∗ t
T . Çâiäñè âèïëèâà¹,

ùî çàäà÷à (1)�(3) ó ïðîñòîði H2n
q (Q) ÿêùî ìà¹, òî áåçëi÷ ðîçâ'ÿçêiâ, îñêiëüêè

u∗(t, x) =
(
C1e

πl∗
t
T + C2e

−πl∗ t
T
)
sin k∗x, äå C1 i C2�äîâiëüíi êîìïëåêñíi ñòàëi, ¹

ðîçâ'ÿçêàìè âiäïîâiäíî¨ îäíîðiäíî¨ çàäà÷i. Òåîðåìó äîâåäåíî.
3. Îöiíþâàííÿ ðîçâ'ÿçêó. Òåîðåìà iñíóâàííÿ Äëÿ äîâåäåííÿ íàëåæíî-

ñòi ðîçâ'ÿçêó çàäà÷i (1)�(3) äî ïðîñòîðó Hn
q (Q) îöiíèìî àáñîëþòíó âåëè÷èíó

ôóíêöié uk(t) òà ¨õ ïîõiäíèõ äî ïîðÿäêó n äëÿ t ∈ [0, T ] i k ∈ N \K:

∣∣u(r)k (t)
∣∣≤ k̃r

|∆(k)|
max
j,l

|∆jl(k)|
(

n∑
j=1

∣∣λrj(k)∣∣∣∣(ek̃λj(k)(t−T ) − (−1)re−k̃λj(k)(t−T )
)∣∣∣∣e−k̃λj(k)T − ek̃λj(k)T

∣∣ ×

×
n−1∑
l=0

∣∣k̃−2lφlk

∣∣+ n∑
j=1

∣∣λrj(k)∣∣∣∣((−1)re−k̃λj(k)t − ek̃λj(k)t
)∣∣∣∣e−k̃λj(k)T − ek̃λj(k)T

∣∣ n−1∑
l=0

∣∣k̃−2lφn+l,k

∣∣).
Ïåðåòâîðèìî äàíó íåðiâíiñòü äî âèãëÿäó

∣∣u(r)k (t)|2 ≤ n3(1 + 2A)2r
k̃2r

|∆(k)|2
max
j,l

|∆jl(k)|2×

×
(
max

j

∣∣∣ek̃λj(k)(t−T )−(−1)re−̃kλj(k)(t−T )

e−̃kλj(k)T−ek̃λj(k)T

∣∣∣2+max
j

∣∣∣(−1)re−̃kλj(k)t−ek̃λj(k)t

e−k̃λj(k)T − ek̃λj(k)T

∣∣∣2)×
×
( n−1∑

l=0

∣∣k̃−2lφlk

∣∣2 + n−1∑
l=0

∣∣k̃−2lφn+l,k

∣∣2).
(14)

Îñêiëüêè ∆jl(k) � âèçíà÷íèêè ïîðÿäêó n−1, ùî ìàþòü îáìåæåíi åëåìåíòè,
ÿêi ¹ ñòåïåíÿìè ÷èñåë λj, j = 1, . . . , n, òî, âðàõîâóþ÷è (7), ñïðàâåäëèâîþ áóäå
îöiíêà:

|∆jl(k)| ≤ (n− 1)!(1 + 2A)(n−1)
2/2. (15)

Äëÿ ïîäàëüøî¨ îöiíêè |uk| ðîçãëÿíåìî âèðàç
∏

1≤r<q≤n

(
λ2q(k)−λ2r(k)

)2
. Ïîçíà÷èìî

µ(k) = λ2(k). Òîäi ìíîãî÷ëåí Pk(λ) çàïèøåòüñÿ ó âèãëÿäi Pk(λ
2) = Fk(µ) = µn+

n∑
j=1

b̃j(k)µ
(n−j), i

∏
1≤r<q≤n

(
λ2q(k)−λ2r(k)

)2
=

∏
1≤r<q≤n

(
µq(k)−µr(k)

)2
. Äèñêðèìiíàíò

D(k) ïîëiíîìà Fk(µ) ïîäàìî äâîìà ñïîñîáàìè:

D(k) =
∏

1≤r<q≤n

(
µq(k)− µr(k)

)2
= k̃−n(n−1)

∏
1≤r<q≤n

(
k̃µq(k)− k̃µr(k)

)2
,
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D(k)=±

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 b̃1(k) . . . b̃n−1(k) b̃n(k) 0 . . . 0

0 1 . . . b̃n−2(k) b̃n−1(k) b̃n(k) . . . 0
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
0 0 . . . b̃1(k) b̃2(k) b̃3(k) . . . b̃n(k)

n (n−1)b̃1(k) . . . b̃n−1(k) 0 0 . . . 0

0 n . . . 2b̃n−2(k) b̃n−1(k) 0 . . . 0
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
0 0 . . . n (n−1)b̃1(k) (n−2)b̃2(k) . . . b̃n−1(k)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
,

äå çíàê ïåðåä âèçíà÷íèêîì âèçíà÷à¹òüñÿ çà ôîðìóëîþ (−1)(n−1)n/2.
Äèñêðèìiíàíò D(k) ïîäàìî ó âèãëÿäi ìíîãî÷ëåíà çà çìiííîþ k/k̃:

D(k) = D0

(k
k̃

)n(n−1)
+ D1

k̃

(
k
k̃

)n(n−1)−1
+ D2

k̃2

(
k
k̃

)n(n−1)−2
+ . . .+

Dn(n−1)

k̃n(n−1) =

=
(

k
k̃

)n(n−1)(
D0 +

D1

k
+ D2

k2
+ . . .+

Dn(n−1)

kn(n−1)

)
,

(16)

äå D0, D1, D2, . . . , Dn(n−1) �êîìïëåêñíi ÷èñëà, ÿêi ¹ ìíîãî÷ëåíàìè âiä as0,s1 , ïðè-

÷îìó D0 �äèñêðèìiíàò ìíîãî÷ëåíà µn+
n∑

j=1

an−j,jµ
n−j (öåé ìíîãî÷ëåí áóäó¹òüñÿ

çà ãîëîâíîþ ÷àñòèíîþ ðiâíÿííÿ (1)):

D0 = ±

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 an−1,1 . . . a1,n−1 a0,n 0 . . . 0
0 1 . . . a2,n−2 a1,n−1 a0,n . . . 0
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
0 0 . . . an−1,1 an−2,2 an−3,3 . . . a0,n
n (n−1)an−1,1 . . . a1,n−1 0 0 . . . 0
0 n . . . 2a2,n−2 a1,n−1 0 . . . 0
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
0 0 . . . n (n−1)an−1,1 (n−2)an−2,2 . . . a1,n−1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
,

äå çíàê âèçíà÷à¹òü çà ôîðìóëîþ (−1)
(n−1)n

2 , Dn(n−1) �äèñêðèìiíàò ìíîãî÷ëå-

íà µn +
n∑

j=1

an−j,0µ
n−j (ìíîãî÷ëåí áóäó¹òüñÿ çà êîåôiöi¹íòàìè áiëÿ ÷èñòèõ çà t

ïîõiäíèõ).

Ó ðîáîòi [10], ïðè |k| ≥ D̃0

|D0|
, äå D̃0 = 2(|D1|+|D2|+. . .+|Dn(n−1)|), ó âèïàäêó,

êîëè D0 ̸= 0, äîâåäåíî ñïðàâåäëèâiñòü îöiíêè çíèçó ìîäóëÿ D(k)

|D(k)| ≥ |D0|
2

·
( 1√

2

)n(n−1)
=
(√

2
)−n(n−1)−2|D0|, . (17)

Îòðèìàíà îöiíêà ¹ òî÷íîþ çà k ïðè |k| ≥ D̃0

|D0|
, îñêiëüêè îöiíêà çâåðõó, ÿêà

âèïëèâà¹ iç çîáðàæåííÿ äèñêðèìiíàíòà D(k), ìà¹ òàêèé âèãëÿä |D(k)| ≤ 3

2
|D0|.

Ç îöiíêè (17) âèïëèâà¹ òàêîæ ñêií÷åííiñòü ìíîæèíè K.
Ó ôîðìóëi (14) çàëèøà¹òüñÿ îöiíèòè çâåðõó íàñòóïíi äðîáè

ek̃λj(k)(t−T ) − (−1)re−k̃λj(k)(t−T )

e−k̃λj(k)T − ek̃λj(k)T
,

(−1)re−k̃λj(k)t − ek̃λj(k)t

e−k̃λj(k)T − ek̃λj(k)T
.
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Äëÿ öüîãî âèêîðèñòà¹ìî òàêi äâi ôîðìóëè:
∣∣ek̃λl(k)t

∣∣=ek̃Reλl(k)t≤max
{
1, ek̃Reλl(k)T

}
òà k̃|Reλj| → ∞ ïðè |k| → ∞. Î÷åâèäíî, ùî òðåáà äîâåñòè ëèøå äðóãó ôîðìóëó.

Âðàõîâóþ÷è çàìiíó λ2=µ, ç ðiâíîñòi 2Reµj(k)=µj(k)+µ̄j(k)=µj(k)−(−µ̄j(k))

i òîãî, ùî −µ̄1(k), . . . ,−µ̄n(k) ¹ êîðåíÿìè ìíîãî÷ëåíà F1k(µ) =
n∏

j=1

(µ + µ̄j(k)) =

µn +
n∑

j=1

(−1)−j¯̃bj(k)µ
n−j, îòðèìà¹ìî, ùî ÷èñëà 2Reµj(k) ¹ ìíîæíèêàìè ðåçóëü-

òàíòà R(k) =
n∏

j=1

n∏
l=1

(µj(k) − (−µ̄l(k))) ìíîãî÷ëåíiâ Fk òà F1k. Öåé ðåçóëüòàíò

äîðiâíþ¹ òàêîìó âèçíà÷íèêó:

R(k) =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 b̃1(k) . . . b̃n(k) 0 . . . 0

0 1 . . . b̃n−1(k) b̃n(k) . . . 0
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
0 0 . . . b̃2(k) b̃3(k) . . . b̃n(k)

1 −¯̃b1(k) . . . (−1)n¯̃bn(k) 0 . . . 0

0 1 . . . (−1)n−1¯̃bn−1(k) (−1)n¯̃bn(k) . . . 0
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

0 0 . . . −¯̃b2(k) −¯̃b3(k) . . . (−1)n¯̃bn(k).

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
Äëÿ äîâiëüíîãî j = 1, . . . , n îöiíèìî ìîäóëü äàíîãî ðåçóëüòàíòà çâåðõó

|R(k)| ≤ 2n
2

(1 + 2A)2(n
2−1)|Reµj|.

Äëÿ îöiíêè çíèçó ïîäàìî ðåçóëüòàíò ó âèãëÿäi

R(k) =
(k
k̃

)n2(
R0 +

R1

k
+
R2

k2
+ . . .+

Rn2

kn2

)
, k ̸= 0, (18)

äå R0 äîðiâíþ¹ òàêîìó âèçíà÷íèêó:

R0 =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 an−1,1 . . . a1,n−1 a0,n 0 . . . 0
0 1 . . . a2,n−2 a1,n−1 a0,n . . . 0
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
0 0 . . . an−1,1 an−2,2 an−3,3 . . . 0
1 −ān−1,1 . . . (−1)n−1ā1,n−1 (−1)nā0,n 0 . . . 0
0 1 . . . (−1)n−2ā2,n−2 (−1)n−1ā1,n−1 (−1)nā0,n . . . 0
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
0 0 . . . −ān−1,1 −ān−2,2 −ān−3,3 . . . (−1)nā0,n

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
,

i ó âèïàäêó R0 ̸= 0 ìà¹ìî äîáóòîê

R(k) =
R0

2

(k
k̃

)n2(
2 +

2

kR0

(
R1 +

R2

k
+ . . .+

Rn2

kn2−1

))
.

ßêùî k ∈ Z i |k| ≥ R̃0

|R0|
, äå R̃0 = 2(|R1| + |R2| + . . . + |Rn2|), òî ñïðàâäæó¹òüñÿ

íåðiâíiñòü |R(k)| ≥ |R0|
2

( |k|
k̃

)n2

≥ (
√
2)−n

2−2|R0|.
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Ç îñòàííiõ íåðiâíîñòåé âèïëèâà¹, ùî
k̃2|Reµj(k)| ≥ k̃2·2−n2

(1+2A)2(1−n
2)|R(k)| ≥ k̃2·(

√
2)−3n

2−2(1+2A)2(1−n
2)|R0| =

k̃2C → ∞, ïðè k̃ → ∞.
Îòæå, k̃|Reλj(k)| → ∞ ïðè |k| → ∞, îñêiëüêè ç k̃ → ∞ âèïëèâà¹ |k| → ∞ i

âèêîíóþòüñÿ íåðiâíîñòi |Reλj(k)|2 ≥ |Reµ| > C → ∞. Ç âèùå íàâåäåíèõ îöiíîê

îòðèìà¹ìî, ùî k̃|Reλj(k)| ≥ k̃ · (
√
2)−

3
2
n2−1(1 + 2A)1−n

2 |R0|.
Ïåðåéäåìî äî îöiíêè äðîáiâ

ek̃λj(k)(t−T )−(−1)re−k̃λj(k)(t−T )

e−k̃λj(k)T − ek̃λj(k)T
,
(−1)re−k̃λj(k)t − ek̃λj(k)t

e−k̃λj(k)T − ek̃λj(k)T
,

ïðè k̃ ≥ M1

|R0|
i |k| ≥ R̃0

|R0|
, äå M1 =

ln 2

T
(
√
2)

3
2
n2−1(1 + 2A)n

2−1, âðàõîâóþ÷è ïðè

öüîìó çíàê Reλj(k) òà ïàðíiñòü r.
ßêùî Reλj(k) > 0 i r�ïàðíå, òî íà âiäðiçêó [0, T ] ñïðàâäæóþòüñÿ îöiíêè∣∣∣eλj(k)k̃(t−T ) − e−λj(k)k̃(t−T )

e−λj(k)k̃T − eλj(k)k̃T

∣∣∣ = ∣∣∣e−λj(k)k̃(t−T )
(
e2λj(k)k̃(t−T ) − 1

)
eλj(k)k̃T

(
e−2λj(k)k̃T − 1

) ∣∣∣ ≤
≤ e−Reλj(k)k̃t

∣∣∣e2λj(k)k̃(t−T ) − 1

e−2λj(k)k̃T − 1

∣∣∣ ≤ ∣∣∣e2λj(k)k̃(t−T ) − 1

e−2λj(k)k̃T − 1

∣∣∣ ≤ 4;

∣∣∣ e−λj(k)k̃t − eλj(k)k̃t

e−λj(k)k̃T − eλj(k)k̃T

∣∣∣ = ∣∣∣ eλj(k)k̃t
(
e−2λj(k)k̃t − 1

)
eλj(k)k̃T

(
e−2λj(k)k̃T − 1

)∣∣∣ ≤
≤ e−Reλj(k)k̃(T−t)

∣∣∣ e−2λj(k)k̃t − 1

e−2λj(k)k̃T − 1

∣∣∣ ≤ ∣∣∣ e−2λj(k)k̃t − 1

e−2λj(k)k̃T − 1

∣∣∣ ≤ 4.

Àíàëîãi÷íî, ó âèïàäêó, êîëè Reλj(k) < 0 i r�ïàðíå íà [0, T ] âèêîíóþòüñÿ
òàêi íåðiâíîñòi:∣∣∣eλj(k)k̃(t−T ) − e−λj(k)k̃(t−T )

e−λj(k)k̃T − eλj(k)k̃T

∣∣∣ = ∣∣∣eλj(k)k̃(t−T )
(
1− e−2λj(k)k̃(t−T )

)
e−λj(k)k̃T

(
1− e2λj(k)k̃T

) ∣∣∣ ≤
≤ eReλj(k)k̃t

∣∣∣1− e−2λj(k)k̃(t−T )

1− e2λj(k)k̃T

∣∣∣ ≤ ∣∣∣1− e−2λj(k)k̃(t−T )

1− e2λj(k)k̃T

∣∣∣ ≤ 4;

∣∣∣ e−λj(k)k̃t − eλj(k)k̃t

e−λj(k)k̃T − eλj(k)k̃T

∣∣∣ = ∣∣∣ e−λj(k)k̃t
(
1− e2λj(k)k̃t

)
e−λj(k)k̃T

(
1− e2λj(k)k̃T

)∣∣∣ ≤
≤ eReλj(k)k̃(T−t)

∣∣∣ 1− e2λj(k)k̃t

1− e2λj(k)k̃T

∣∣∣ ≤ ∣∣∣ 1− e2λj(k)k̃t

1− e2λj(k)k̃T

∣∣∣ ≤ 4.

ßêùî æ Reλj(k) > 0 i r�íåïàðíå, òî íà âiäðiçêó [0, T ] ìàòèìåìî òàêi îöiíêè∣∣∣eλj(k)k̃(t−T ) + e−λj(k)k̃(t−T )

e−λj(k)k̃T − eλj(k)k̃T

∣∣∣ = ∣∣∣e−λj(k)k̃(t−T )
(
e2λj(k)k̃(t−T ) + 1

)
eλj(k)k̃T

(
e−2λj(k)k̃T − 1

) ∣∣∣ ≤
≤ e−Reλj(k)k̃t

∣∣∣e2λj(k)k̃(t−T ) + 1

e−2λj(k)k̃T − 1

∣∣∣ ≤ ∣∣∣e2λj(k)k̃(t−T ) + 1

e−2λj(k)k̃T − 1

∣∣∣ ≤ 4;
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∣∣∣ e−λj(k)k̃t + eλj(k)k̃t

e−λj(k)k̃T − eλj(k)k̃T

∣∣∣ = ∣∣∣ eλj(k)k̃t
(
e−2λj(k)k̃t + 1

)
eλj(k)k̃T

(
e−2λj(k)k̃T − 1

)∣∣∣ ≤
≤ e−Reλj(k)k̃(T−t)

∣∣∣ e−2λj(k)k̃t + 1

e−2λj(k)k̃T − 1

∣∣∣ ≤ ∣∣∣ e−2λj(k)k̃t + 1

e−2λj(k)k̃T − 1

∣∣∣ ≤ 4,

Ó âèïàäêó, êîëè Reλj(k) < 0 i r�íåïàðíå íà [0, T ] ñïðàâåäëèâèìè áóäóòü
íåðiâíîñòi

∣∣∣eλj(k)k̃(t−T ) + e−λj(k)k̃(t−T )

e−λj(k)k̃T − eλj(k)k̃T

∣∣∣ = ∣∣∣eλj(k)k̃(t−T )
(
1 + e−2λj(k)k̃(t−T )

)
e−λj(k)k̃T

(
1− e2λj(k)k̃T

) ∣∣∣ ≤
≤ eReλj(k)k̃t

∣∣∣1 + e−2λj(k)k̃(t−T )

1− e2λj(k)k̃T

∣∣∣ ≤ ∣∣∣1 + e−2λj(k)k̃(t−T )

1− e2λj(k)k̃T

∣∣∣ ≤ 4;

∣∣∣ e−λj(k)k̃t + eλj(k)k̃t

e−λj(k)k̃T − eλj(k)k̃T

∣∣∣ = ∣∣∣ e−λj(k)k̃t
(
1 + e2λj(k)k̃t

)
e−λj(k)k̃T

(
1− e2λj(k)k̃T

)∣∣∣ ≤
≤ eReλj(k)k̃(T−t)

∣∣∣ 1 + e2λj(k)k̃t

1− e2λj(k)k̃T

∣∣∣ ≤ ∣∣∣ 1 + e2λj(k)k̃t

1− e2λj(k)k̃T

∣∣∣ ≤ 4.

Âðàõîâóþ÷è âèùå íàâåäåíi îöiíêè, ïðè k̃ ≥ M1

|R0|
=

(
√
2)

3
2
n2−1(1 + 2A)n

2−1

T |R0|
ln 2

i |k| ≥ R̃0

|R0|
äëÿ âèðàçiâ

ek̃λj(k)(t−T )−(−1)re−k̃λj(k)(t−T )

e−k̃λj(k)T − ek̃λj(k)T
,
(−1)re−k̃λj(k)t − ek̃λj(k)t

e−k̃λj(k)T − ek̃λj(k)T

ñïðàâåäëèâèìè áóäóòü òàêi îöiíêè:

ek̃λj(k)(t−T )−(−1)re−k̃λj(k)(t−T )

e−k̃λj(k)T − ek̃λj(k)T
≤ 4,

(−1)re−k̃λj(k)t − ek̃λj(k)t

e−k̃λj(k)T − ek̃λj(k)T
≤ 4. (19)

Ç íåðiâíîñòåé (14), (15), (17) i (19) äëÿ âñiõ t ∈ [0, T ] âèïëèâà¹ îöiíêà ðîçâ'ÿç-
êó çàäà÷i (5), (6) òà éîãî ïîõiäíèõ äî ïîðÿäêó 2n

|u(r)k (t)|2≤ C̃00

|D0|

(n−1∑
l=0

|k̃|2r−4l|φlk|2+
n−1∑
l=0

|k̃|2r−4l|φn+l,k|2
)
, k∈N\K00, r=0, 1, . . . , n, (20)

äå C̃00 = C̃00(A, n) > 0, K00 �ìíîæèíà öiëèõ ÷èñåë k, äëÿ ÿêèõ ñïðàâåäëèâà

íåðiâíiñòü |k| ≤ max
( D̃0

|D0|
,
R̃0

|R0|

)
àáî íåðiâíiñòü k̃ ≤ max

M1

|R0|
.

Òåîðåìà 2. Íåõàé âèêîíóþòüñÿ óìîâè:
(I) D0 ̸= 0;
(II) R0 ̸= 0;
(III) äëÿ âñiõ k ∈ K00 ðiâíÿííÿ (13) íå ìà¹ ðîçâ'ÿçêiâ ó öiëèõ ÷èñëàõ l;
à òàêîæ φ0 ∈ Hq(X), φ1 ∈ Hq−1(X),. . . , φ2n−1 ∈ Hq−2n+1(X). Òîäi iñíó¹ ëèøå
îäèí ðîçâ'ÿçîê çàäà÷i (1)�(3), ÿêèé íàëåæèòü äî ïðîñòîðó H2n

q (Q). Öåé ðîçâ'ÿ-
çîê íåïåðåðâíî çàëåæèòü âiä ïðàâèõ ÷àñòèí φ0, φ1, . . . , φ2n−1 óìîâ (2).
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Äîâåäåííÿ. Çà óìîâ (I) i (II) ñïðàâäæó¹òüñÿ îöiíêà (21) ðîçâ'ÿçêó uk çàäà÷i
(5), (6) äëÿ k ∈ N \K00. ßêùî æ k ∈ K00, òî ðîçâ'ÿçîê uk iñíó¹ òà íàëåæèòü äî
ïðîñòîðó C2n[0, T ] çà óìîâîþ (III).

Ç ôîðìóëè (12), íåðiâíîñòi (20) òà çi ñêií÷åííîñòi ìíîæèíè K00 âèïëèâà¹
îöiíêà çâåðõó êâàäðàòà íîðìè ðîçâ'ÿçêó çàäà÷i (1)�(3):

∥u∥2H2n
q (Q) ≤

n∑
r=0

max
[0,T ]

∑
k∈K00

∣∣u(r)k (t)
∣∣2k̃2(q−r)+

+
C̃00

|D0|
n∑

r=0

∑
k∈N\K00

k̃2(q−r)
( n−1∑

l=0

|k̃|2r−4l|φlk|2 +
n−1∑
l=0

|k̃|2r−4l|φn+l,k|2
)
≤

≤ C0

|D0|

( n−1∑
l=0

∥φl∥2Hq−2l(X)
+

n−1∑
l=0

∥φn+l∥2Hq−2(n+l)(X)

)
,

(21)

äå äîäàòíà âåëè÷èíà C0 çàëåæèòü ëèøå âiä êîåôiöi¹íòiâ as0,s1 ðiâíÿííÿ (1), à
òàêîæ âiä ÷èñåë A òà n. Òåîðåìó äîâåäåíî.

Âèñíîâêè. Ó ðîáîòi ðîçãëÿíóòî êðàéîâó çàäà÷ó òèïó Äiðiõëå çà ÷àñîâîþ
çìiííîþ t äëÿ äèôåðåíöiàëüíîãî ðiâíÿííÿ ç ÷àñòèííèìè ïîõiäíèìè çi ñòàëèìè
êîìïëåêñíèìè êîåôiöi¹íòàìè ó äâîâèìiðíié îáëàñòi. Ââåäåíî øêàëè ïðîñòîðiâ
{Hq(X)}q∈R i {Hn

q (Q)}q∈R. Ïîáóäîâàíî ÿâíó ôîðìóëó äëÿ ðîçâ'ÿçêó çàäà÷i ó âè-
ãëÿäi ðÿäó. Âñòàíîâëåíî óìîâè îäíîçíà÷íî¨ ðîçâ'ÿçíîñòi çàäà÷i ó øêàëi ïðîñòî-
ðiâ {Hn

q (Q)} ïðè íàëåæíîñòi ïðàâèõ ÷àñòèí óìîâ (2) ôóíêöié φ0, φ1, . . . , φ2n−1
øêàëi ïðîñòîðiâ {Hq(X)}. Ïðîâåäåíî àíàëiç îöiíîê çíèçó ìàëèõ çíàìåííèêiâ òà
ïîêàçàíî, ùî íà âiäìiíó âiä íåêîðåêòíî¨ çà Àäàìàðîì çàäà÷i ç áàãàòüìà ïðîñòî-
ðîâèìè çìiííèìè (x1, x2, . . . , xn), çàäà÷à ç îäíi¹þ çìiííîþ ¹ êîðåêòíîþ.
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