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Î ÏÐÅÄÑÒÀÂËÅÍÈßÕ ÐÀÇÌÅÐÍÎÑÒÈ m < 4 ÃÐÓÏÏÛ
(2, 2, . . . 2), ÈÌÅÞÙÈÕ ÏÎÑÒÎßÍÍÛÉ ÐÀÍÃ

In 2008 J. F. Carlson, E. M. Friedlander and J. Pevtsova introduced, for finite groups and fields
of positive characteristic, the concept of the modules of constant rank, constant Jordan type, etc.,
which can be naturally reformulated in term of matrix representations. The case of elementary
abelian groups is one of the main in this new theory and a number of works are devoted to him. In
particular, in previous works the authors described the matrix representation of the group (2, 2) of
constant Jordan type and proved that the problem of the description of such representations for
an elementary abelian 2-group of order more than four is wild. In this article, for all such abelian
groups, we study matrix representation of small orders that have constant Jordan type or constant
rank (these two conditions are equivalent in this case).

Ó 2008 ðîöi Ä.Ô. Êàðëñîí, Å.Ì. Ôðiäëåíäåð i Þ. Ï¹âöîâà ââåëè, äëÿ ñêií÷åííèõ ãðóï i
ïîëiâ äîäàòíî¨ õàðàêòåðèñòèêè, ïîíÿòòÿ ìîäóëiâ ïîñòiéíîãî ðàíãó, ïîñòiéíîãî æîðäàíîâîãî
òèïó, òîùî, ÿêi ïðèðîäíiì ÷èííîì ìîæíà ïåðåôîðìóëþâàòè íà ìîâi ìàòðè÷íèõ çîáðàæåíü.
Âèïàäîê åëåìåíòàðíèõ àáåëåâèõ ãðóï ¹ îäíèì iç îñíîâíèõ ó öié íîâié òåîði¨ i éîìó ïðèñâÿ÷åãî
íèçêà ðîáiò. Çîêðåìà, ó ïîïåðåäíiõ ðîáîòàõ àâòîðè îïèñàëè ìàòðè÷íi çîáðàæåííÿ ãðóïè (2, 2)
ïîñòiéíîãî æîðäàíîãî òèïó òà äîâåëè, ùî çàäà÷à ïðî îïèñ òàêèõ çîáðàæåíü äëÿ åëåìåíòàðíî¨
àáåëåâî¨ 2-ãðóïè ïîðÿäêó áiëüøîãî íiæ ÷îòèðè ¹ äèêîþ. Ó öié ñòàòòi äëÿ âñiõ òàêèõ àáåëåâèõ
ãðóï âèâ÷àþòüñÿ ìàòðè÷íi çîáðàæåííÿ ìàëèõ ïîðÿäêiâ, ùî ìàþòü ïîñòiéíèé æîðäàíîâèé òèï
àáî ïîñòiéíèé ðàíã (öi äâi óìîâè åêâiâàëåíòíi ó öüîìó âèïàäêó).

Ââåäåíèå. Â ýòîé ðàáîòå èçó÷àþòñÿ ìîäóëè ïîñòîÿííîãî æîðäàíîâîãî òèïà
ýëåìåíòàðíûõ àáåëåâûõ ãðóïï.

Ìû áóäåì ïîëüçîâàòüñÿ îïðåäåëåíèÿìè è ðåçóëüòàòàìè ðàáîòû [1], íàïèñàí-
íîé ïîä âëèÿíèåì ðàáîòû Ä.Ô. Êàðëñîíà, Å.Ì. Ôðèäëåíäåðà è Þ. Ïåâöîâîé [2],
â êîòîðîé äëÿ êîíå÷íîé ãðóïïû è ïîëÿ ïîëîæèòåëüíîé õàðàêòåðèñòèêè ââîäÿ-
òñÿ è èçó÷àþòñÿ ìîäóëè ïîñòîÿííîãî æîðäàíîâîãî òèïà. Â [1] (â îòëè÷èè îò [2])
ðàññìàòðèâàþòñÿ íå òîëüêî ïðåäñòàâëåíèÿ ãðóïï, à è äðóãèå ìàòðè÷íûå çàäà÷è
(áåç îãðàíè÷åíèÿ íà õàðàêòåðèñòèêó ïîëÿ). Îäíàêî â ýòîé ñòàòüå ìû îãðàíè-
÷èìñÿ ñòàíäàðòíûì â ñìûñëå ðàáîòû [2] ñëó÷àåì, ðàññìàòðèâàÿ ïðè ýòîì ïðîè-
çâîëüíóþ ýëåìåíòàðíóþ àáåëåâó ãðóïïó

Gn = (2, 2, . . . , 2) (n ïðÿìûõ ìíîæèòåëåé)

è àëãåáðàè÷åñêè çàìêíóòîå ïîëå k õàðàêòåðèñòèêè 2, ïðè÷åì âìåñòî ìîäóëåé
ðàññìàòðèâàþòñÿ ñîîòâåòñòâóþùèå èì ìàòðè÷íûå ïðåäñòàâëåíèÿ (êîòîðûå ÷à-
ñòî áóäóò íàçûâàòüñÿ ïðîñòî ïðåäñòàâëåíèÿìè).

Ìàòðè÷íîå ïðåäñòàâëåíèå ýòîé ãðóïïû áóäåì îòîæäåñòâëÿòü ñ íàáîðîì ìà-
òðèö

A = (A1, A2, . . . , An),

ñîîòâåòñòâóþùèõ ñòàíäàðòíûì îáðàçóþùèì g1, g2, . . . , gn ãðóïïû Gn; òîãäà
A2

1 = A2
2 = . . . = A2

n = E è AiAj = AjAi äëÿ ëþáûõ i, j ∈ {1, 2, . . . , n}, ãäå E
îáîçíà÷àåò åäèíè÷íóþ ìàòðèöó. Ìàòðè÷íîå ïðåäñòàâëåíèå A íàçûâàåòñÿ ïðåä-
ñòàâëåíèåì ïîñòîÿííîãî ðàíãà, åñëè ðàíã ìàòðèöû

α1(E + A1) + α2(E + A2) + . . .+ αs(E + An)
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íå çàâèñèò îò âûáîðà ýëåìåíòîâ α1, α2, . . . , αn ïîëÿ k, ñðåäè êîòîðûõ åñòü õîòÿ
áû îäèí íåíóëåâîé. Î÷åâèäíî, ÷òî â ýòîì ñëó÷àå æîðäàíîâà ôîðìà ýòîé ìàòðè-
öû òàêæå íå çàâèñèò îò âûáîðà ýëåìåíòîâ ïîëÿ.

Õîðîøî èçâåñòíî (è ýòî ëåãêî äîêàçàòü), ÷òî ñâîéñòâî ìàòðè÷íîãî ïðåäñòàâ-
ëåíèÿ ãðóïïû Gn áûòü ïðåäñòàâëåíèåì êîíå÷íîãî ðàíãà íå çàâèñèò îò âûáîðà
îáðàçóþùèõ ãðóïïû.

Öåëüþ íàñòîÿùåé ñòàòüè ÿâëÿåòñÿ äîêàçàòåëüñòâî ñëåäóþùåé òåîðåìû.

Òåîðåìà 1. Ìàòðè÷íûå ïðåäñòàâëåíèÿ A = (A1, A2, . . . , An) ðàçìåðíîñòè
m < 4 ãðóïïû Gn, n > 1, íàä ïîëåì k õàðàêòåðèñòèêè 2, èìåþùèå ïîñòîÿííûé
ðàíã, èñ÷åðïûâàþòñÿ (ñ òî÷íîñòüþ äî ýêâèâàëåíòíîñòè) ñëåäóþùèìè ïðåä-
ñòàâëåíèÿìè:

1) n ≥ 2, m = 1, 2, 3 è A1 = Em, A2 = Em, . . . , An = Em, ãäå Em � åäèíè÷íàÿ
ìàòðèöà ðàçìåðà m×m;

2) n = 2 m = 3 è

A1 =

 1 1 0
0 1 0
0 0 1

 , A2 =

 1 0 1
0 1 0
0 0 1

 ;

3) n = 2 m = 3 è

A1 =

 1 0 1
0 1 0
0 0 1

 , A2 =

 1 0 0
0 1 1
0 0 1

 .

Ïðè ýòîì íåðàçëîæèìûìè ÿâëÿþòñÿ âñå ïðåäñòàâëåíèÿ, êðîìå ïðåäñòàâ-
ëåíèé âèäà 1) ïðè m > 1.

Çàìåòèì, ÷òî ìû íå ðàññìàòðèâàåì ñëó÷àé n = 1, òàê êàê âñå ïðåäñòàâëåíèÿ
(öèêëè÷åñêîé) ãðóïïû G1 ÿâëÿþòñÿ ïðåäñòàâëåíèÿìè ïîñòîÿííîãî ðàíãà.

1. Ïðåäâàðèòåëüíûå ñâåäåíèÿ. ×åðåç Ei áóäåì îáîçíà÷àòü, êàê îáû÷íî,
åäèíè÷íóþ ìàòðèöó ðàçìåðà i× i;

Â ðàáîòå [3] àâòîðàìè äîêàçàíî, ÷òî çàäà÷à îá îïèñàíèè ïðåäñòàâëåíèé ïîñ-
òîÿííîãî ðàíãà ãðóïïû Gn (íàä ïîëåì k õàðàêòåðèñòèêè 2) íå ÿâëÿåòñÿ äèêîé
òîãäà è òîëüêî òîãäà, êîãäà n < 3. Ñëó÷àé n = 1 òðèâèàëüíûé (ñì. âûøå), à â
ñëó÷àå n = 2 íåðàçëîæèìûå ïðåäñòàâëåíèÿ îïèñûâàþòñÿ ñëåäóþùåé òåîðåìîé
(òåîðåìà 5 [1]).

Òåîðåìà 2. Ïðåäñòàâëåíèÿ ãðóïïû G2 (íàä àëãåáðàè÷åñêè çàìêíóòûì ïî-
ëåì k õàðàêòåðèñòèêè 2) âèäà

a) a→ (1), b→ (1),

b) a→


1 0 1 0
0 1 0 1
0 0 1 0
0 0 0 1

 , b→


1 1 0 0
0 1 0 0
0 0 1 1
0 0 0 1

 ,
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c) a→


Es Es 0

0 Es+1

 , b→


Es 0 Es

0 Es+1

 ,

d) a→


Es+1

Es

0̃

0 Es

 , b→


Es+1

0̃
Es

0 Es

 ,

ãäå s ≥ 1, îáðàçóþò ïîëíóþ ñèñòåìó íåðàçëîæèìûõ ïîïàðíî íåýêâèâàëåíòíûõ
ïðåäñòàâëåíèé ïîñòîÿííîãî ðàíãà.

Ñëåäñòâèå 1. Ìàòðè÷íûå ïðåäñòàâëåíèÿ ðàçìåðíîñòè m < 4 ãðóïïû G2

íàä ïîëåì k (õàðàêòåðèñòèêè 2), èìåþùèå ïîñòîÿííûé ðàíã, èñ÷åðïûâàþ-
òñÿ, ñ òî÷íîñòüþ äî ýêâèâàëåíòíîñòè, ñëåäóþùèìè ïðåäñòàâëåíèÿìè A =
(A1, A2):

a′) m = 1, 2, 3 è A1 = Em, A2 = Em;

b′) m = 3 è

A1 =

 1 1 0
0 1 0
0 0 1

 , A2 =

 1 0 1
0 1 0
0 0 1

 ;

c′) m = 3 è

A1 =

 1 0 1
0 1 0
0 0 1

 , A2 =

 1 0 0
0 1 1
0 0 1

 .

2. Äîêàçàòåëüñòâî òåîðåìû 1. Íàì ïîíàäîáèòñÿ ñëåäóþùàÿ ëåììà (äëÿ
ìàòðèö íàä ïðîèçâîëüíûì ïîëåì).

Ëåììà 1. Ïóñòü

B =

 0 0 1
0 0 0
0 0 0

 è C =

 c11 c12 c13
c21 c22 c23
c31 c32 c33


êîììóòèðóþùèå ìåæäó ñîáîé ìàòðèöû, ïðè÷åì C � íèëüïîòåíòíà ìàòðèöà
ðàíãà 1. Òîãäà

C =

 0 c12 c13
0 0 c23
0 0 0

 ,

ãäå c12c23 = 0.

Äîêàçàòåëüñòâî. Îáîçíà÷èì ÷åðåç (i.j) ñêàëÿðíîå ðàâåíñòâî, êîòîðîå ïî-
ëó÷àåòñÿ èç ìàòðè÷íîãî ðàâåíñòâà BC = CB ïðèðàâíèâàíèåì ýëåìåíòîâ ìà-
òðèö BC è CB, ñòîÿùèõ íà ïåðåñå÷åíèè i-îé ñòðîêè è j-ãî ñòîëáöà.
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Ëåãêî âèäåòü, ÷òî ýòè ðàâåíñòâà èìåþò ñëåäóþùèé âèä:

c31 = 0 (1.1); c32 = 0 (1.2); c33 = c11 (1.3);
0 = 0 (2.1); 0 = 0 (2.2); 0 = c21 (2.3);
0 = 0 (3.1); 0 = 0 (3.2); 0 = c31 (3.3).

Îòñþäà èìååì, ÷òî

C =

 c11 c12 c13
0 c22 c23
0 0 c11

 .

Ïîñêîëüêó C � íèëüïîòåíòíàÿ ìàòðèöà, òî c11 = c22 = 0, à ïîñêîëüêó ðàíã C
ðàâåí 1, òî c12c23 = 0.

Ïåðåõîäèì òåïåðü íåïîñðåäñòâåííî ê äîêàçàòåëüñòâó òåîðåìû 1.
×åðåç M , ãäå M � ìàòðèöà ðàçìåðà m × m, áóäåì îáîçíà÷àòü ìàòðèöó

M + Em.
Î÷åâèäíî, ÷òî åñëè ìàòðè÷íîå ïðåäñòàâëåíèå ãðóïïû Gn èìååò ïîñòîÿííûé

ðàíã, òî åãî îãðàíè÷åíèå íà ëþáóþ íååäèíè÷íóþ ïîäãðóïïó H ⊂ Gn, ïîðîæäåí-
íóþ íåêîòîðûìè gi, òàêæå èìååò ïîñòîÿííûé ðàíã. Òîãäà â ñèëó ñëåäñòâèÿ 1 äëÿ
ïðåäñòàâëåíèé ãðóïïû Gn èìååì:

1) åñëè A = (A1, A2, . . . , An)� ïðåäñòàâëåíèå ïîñòîÿííîãî ðàíãà ðàçìåðíîñòè
m < 4, òî m = 1 èëè m = 3;

2) åñëè A = (A1, A2, . . . , An)� ïðåäñòàâëåíèå ïîñòîÿííîãî ðàíãà ðàçìåðíîñòè
m < 4 è ïðè ýòîì Ai = Em äëÿ íåêîòîðîãî i, òî Ai = Em äëÿ âñåõ i ∈ {1, . . . , n};

3) åñëè n > 2 è A = (A1, A2, . . . , An) � ïðåäñòàâëåíèå ïîñòîÿííîãî ðàíãà
ðàçìåðíîñòè 3 òàêîå, ÷òî åãî îãðàíè÷åíèå íà ïîäãðóïïó G12 = {g1, g2} ýêâèâà-
ëåíòíî ïðåäñòàâëåíèþ âèäà b′) (ñîîòâåòñòâåííî c′)), òî îãðàíè÷åíèå A íà ëþáóþ
ïîäãðóïïó Gij = {gi, gj}, i ̸= j, òàêæå ýêâèâàëåíòíî ïðåäñòàâëåíèþ âèäà b′)
(ñîîòâåòñòâåííî c′)).

Òàêèì îáðàçîì, äëÿ äîêàçàòåëüñòâà òåîðåìû 1 äîñòàòî÷íî ïîêàçàòü, ÷òî
ãðóïïà G3 íå èìååò ìàòðè÷íîãî ïðåäñòàâëåíèÿ ïîñòîÿííîãî ðàíãà, îãðàíè÷å-
íèå êîòîðîãî íà ïîäãðóïïó G12 = {g1, g2} èìååò âèä b′) èëè c′)).

Ïðåäïîëîæèì ïðîòèâíîå è ðàññìîòðèì ñíà÷àëà ñëó÷àé, êîãäà ñóùåñòâóåò
ïðåäñòàâëåíèå A = (A1, A2, A3) ãðóïïû G3 òàêîå, ÷òî åãî îãðàíè÷åíèå (A1, A2)
íà ïîäãðóïïó G12 ðàâíî b′). Òîãäà

A1 =

 0 1 0
0 0 0
0 0 0

 , A2 =

 0 0 1
0 0 0
0 0 0

 , A3 =

 a11 a12 a13
a21 a22 a23
a31 a32 a33

 .

Èç ëåììû 1 ïðè B = A2, C = A3 èìååì, ÷òî

A3 =

 0 a12 a13
0 0 a23
0 0 0

 ,

ãäå a12a23 = 0.
Äàëåå, èç ðàâåíñòâà A1 A3 = A3 A1 èìååì (ó÷èòûâàÿ íîâûé âèä ìàòðèöû

A3)  0 0 a23
0 0 0
0 0 0

 =

 0 0 0
0 0 0
0 0 0

 ,
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îòêóäà a23 = 0. Çíà÷èò

A3 =

 0 a12 a13
0 0 0
0 0 0

 ,

à òîãäà ìàòðèöà a12A1 + a13A2 + A3 ÿâëÿåòñÿ íóëåâîé, ÷òî ïðîòèâîðå÷èò òîìó,
÷òî ïðåäñòàâëåíèå A èìååò ïîñòîÿííûé ðàíã.

Ïðåäïîëîæèì òåïåðü, ÷òî ñóùåñòâóåò ïðåäñòàâëåíèå A = (A1, A2, A3) ãðóï-
ïû G3 òàêîå, ÷òî åãî îãðàíè÷åíèå (A1, A2) ïîäãðóïïó G12 ðàâíî c′). Òîãäà

A1 =

 0 0 1
0 0 0
0 0 0

 , A2 =

 0 0 0
0 0 1
0 0 0

 , A3 =

 a11 a12 a13
a21 a22 a23
a31 a32 a33

 .

Èç ëåììû 1 ïðè B = A1, C = A3 èìååì, ÷òî

A3 =

 0 a12 a13
0 0 a23
0 0 0

 ,

ãäå a12a23 = 0.
Äàëåå, èç ðàâåíñòâà A2 A3 = A3 A2 èìååì 0 0 0

0 0 0
0 0 0

 =

 0 0 a12
0 0 0
0 0 0

 ,

îòêóäà a12 = 0. Çíà÷èò

A3 =

 0 0 a13
0 0 a23
0 0 0

 ,

à òîãäà ìàòðèöà a13A1 + a23A2 + A3 ÿâëÿåòñÿ íóëåâîé, ÷òî ïðîòèâîðå÷èò òîìó,
÷òî ïðåäñòàâëåíèå A èìååò ïîñòîÿííûé ðàíã.
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