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By means of fractional integrodifferentiation the discrete Stirlings’ function of first kind is genera-
lized to continuous one.

Äèñêðåòíà ôóíêöiÿ Ñòiðëiíãà ïåðøîãî ðîäó çà äîïîìîãîþ àïàðàòó äðîáîâîãî iíòåãðî-äèôåðåí-
öþâàííÿ óçàãàëüíþ¹òüñÿ äî íåïåðåðâíî¨ ôóíêöi¨.

Ðàíiøå ìè âæå çâåðòàëèñü äî óçàãàëüíåííÿ ìàòåìàòè÷íèõ ïîíÿòü ìåòîäà-
ìè äðîáîâîãî iíòåãðî-äèôåðåíöiþâàííÿ [1�4]. Çàðàç ïðîïîíó¹òüñÿ óçàãàëüíåííÿ
÷èñåë Ñòiðëiíãà ïåðøîãî ðîäó. Ìåòîþ ðîáîòè ¹ ïîïóëÿðèçàöiÿ îñíîâ òà ìîæëè-
âîñòåé äðîáîâîãî iíòåãðî-äèôåðåíöiþâàííÿ.

×èñëà Ñòiðëiíãà ïåðøîãî ðîäó |S(m)
n | îçíà÷óþòü ÿê ÷èñëî ïåðåñòàíîâîê iç n

ñèìâîëiâ, ÿêi ìàþòü òî÷íîm öèêëiâ [5]. Ãåíåðàòðèñîþ äëÿ íèõ âèñòóïà¹ ln(1+x),
à ñàìå:

(ln(1 + x))m = m!
∞∑
i=0

S
(m)
m+i

xm+i

(m+ i)!
, |x| < 1, n,m ∈ N. (1)

Çíàéäåìî ðåêóðåíòíó ôîðìóëó äëÿ îá÷èñëåííÿ ïîñëiäîâíièõ ÷èñåë íà îñíî-
âi (1). Äëÿ öüîãî ëîãàðèôìó¹ìî âèðàç (1), à ïîòiì áåðåìî âiä íüîãî ïîõiäíó
ïåðøîãî ïîðÿäêó.
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Âèêîíó¹ìî ìíîæåííÿ ó ïðàâié ÷àñòèíi (2), ðîçãîðòàþ÷è ó ðÿä ln(1 + x).
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Ïðèðiâíþþ÷è êîåôiöi¹íòè ïðè îäíàêîâèõ ñòåïåíÿõ x, çíàõîäèìî:
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, m ∈ R, n ∈ N. (3)

Ôîðìóëà (3) äîçâîëÿ¹ ïîñëiäîâíî îá÷èñëþâàòè S(m)
m+n. Íàïðèêëàä, äëÿ n =

= 1, 2, 3, 4 îòðèìó¹ìî.
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.
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Óçàãàëüíþ¹ìî (3) äî âèðàçó, ÿêèé äîçâîëÿ¹ îá÷èñëþâàòè S(m)
m+n çà òàáóëüî-

âàíèìè çíà÷åííÿìè ÷èñåë Ñòiðëiíãà S(i)
n+i.
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, m ∈ R, n ∈ N. (4)

Äî äæåðåë ÷èñåë Ñòiðëiíãà ìîæíà ïiäiéòè òàêîæ ç iíøîãî áîêó.
Íåõàé çàäàíà ôóíêöiÿ y = y(x). Âiçüìåìî âiä íå¨ ïîõiäíó Dr äðîáîâîãî ïî-

ðÿäêó, r ∈ R, çà ïðàâèëîì Ëåéáíiöà.
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Â îñòàííüîìó âèðàçi ïåðåõîäèìî äî íîâî¨ íåçàëåæíî¨ çìiííî¨ z = ln x.
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Îñòàòî÷íî ìà¹ìî:
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Ó öüîìó ïðèêëàäi ïîõiäíà äðîáîâîãî ïîðÿäêó âèñòóïà¹ ãåíåðóþ÷îþ ôóíêöi¹þ
äëÿ ÷èñåë Ñòiðëiíãà ïåðøîãî ðîäó.

Ôîðìóëó (6) ìîæíà ïîäàòè i òàê:
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òîìó ùî S(k)
m = 0 ïðè k > m (k,m ∈ N). Àëå ïðè òàêîìó çàïèñi (8) äà¹ ìîæëè-

âiñòü ïðîäîâæèòè m äî äiéñíîãî ÷èñëà. Ïåðåõîäèìî âiä m äî r ∈ R ó (8).
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Ïîâåðíåìîñÿ çíîâó äî âèðàçó (7). Ãðóïó¹ìî òóò ÷ëåíè ïðè îäíàêîâèõ ïîðÿä-
êàõ ïîõiäíèõ Dky(z).
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Iç ïîðiâíÿííÿ (9) òà (10) âèïëèâà¹
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, n ∈ N. (11)

Íåñêëàäíèé àíàëiç ïîêàçó¹, ùî ôîðìóëà (11) ìîæå áóòè ïîøèðåíà íà äiéñíi
âåðõíi iíäåêñè: n→ p ∈ R, îñêiëüêè ïðè òàêîìó ïåðåõîäi (11) çáåðiãà¹ çàêëàäå-
íèé çìiñò.
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Ðîçêðèâà¹ìî S(p)
p+i çà äîïîìîãîþ (4) i îñòàòî÷íî îòðèìó¹ìî:
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, r ̸= −1,−2,−3, ... (13)

Ãðàôiê ôóíêöi¨ S(r, x) = S
(x)
r ïîêàçàíî íà ðèñ. 1. Ïîáóäîâó çðîáëåíî çà

ôîðìóëîþ (13).

Ðèñ. 1. Ãðàôiê çàëåæíîñòi S(x)
r : r = 3, 0 � ñóöiëüíà æèðíà êðèâà;

r = 3, 25 � ñóöiëüíà òîíêà êðèâà; r = 3, 5 � ïóíêòèðíà êðèâà.

Íà çàâåðøåííÿ âiäçíà÷èìî îñíîâíi âëàñòèâîñòi S(p)
r , ÿêi âèïëèâàþòü iç (13).

1. S(r+1)
r = S

(r+2)
r = . . . = 0.

2. lim
p→∞

S
(p)
r = 0.
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3. Ôóíêöiÿ S(p)
r íà äîäàòíié ïiâîñi çíàêîçìiííà i ìà¹ íåñêií÷åííó êiëüêiñòü

íóëiâ ó òî÷êàõ p = r + n.

4. Äëÿ S(p)
r ñïðàâåäëèâå ãîëîâíå ðåêóðåíòíå ñïiââiäíîøåííÿ:

S
(r)
r+n+1 = S

(r−1)
r+n − (r + n)S

(r)
r+n, r ∈ R;n ∈ N.
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