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ÀÑÈÌÏÒÎÒÈ×ÍÅ ÐÎÇÂ'ßÇÀÍÍß ÇÀÄÀ×I ÎÏÒÈÌÀËÜÍÎÃÎ
ÊÅÐÓÂÀÍÍß ÄËß ËIÍIÉÍÎ� ÑÈÍÃÓËßÐÍÎ ÇÁÓÐÅÍÎ�
ÑÈÑÒÅÌÈ ÄÈÔÅÐÅÍÖIÀËÜÍÈÕ ÐIÂÍßÍÜ Ç
ÂÈÐÎÄÆÅÍÍßÌ ÏÐÈ ÏÎÕIÄÍÈÕ

It is investigated the possibility of construction of the asymptotic solution of the optimal con-
trol problem by process which is describing by linear singularly perturbed system of differential
equations with degenerate matrix of derivatives in the case of simple elementary divisors. It was
obtained the conditions of the existence and uniqueness of the solution of this problem and its
asymptotic is constructed in form of power series with degrees of small parameter. For this pur-
pose it was used the results of asymptotic analyses of the general solution for the degenerated
singular perturbed linear systems of differential equations.

Äîñëiäæó¹òüñÿ ìîæëèâiñòü ïîáóäîâè àñèìïòîòè÷íîãî ðîçâ'ÿçêó çàäà÷i îïòèìàëüíîãî êåðó-
âàííÿ ïðîöåñîì, ÿêèé îïèñó¹òüñÿ ëiíiéíîþ ñèíãóëÿðíî çáóðåíîþ ñèñòåìîþ äèôåðåíöiàëüíèõ
ðiâíÿíü ç âèðîäæóâàíîþ ìàòðèöåþ ïðè ïîõiäíèõ, ó âèïàäêó ïðîñòèõ ñêií÷åííîãî òà íåñêií-
÷åííîãî åëåìåíòàðíèõ äiëüíèêiâ. Çíàõîäÿòüñÿ óìîâè iñíóâàííÿ ¹äèíîãî ðîçâ'ÿçêó öi¹¨ çàäà÷i
i ïîáóäîâàíà éîãî àñèìïòîòèêà ó âèãëÿäi ðîçâèíåíü çà ñòåïåíÿìè ìàëîãî ïàðàìåòðà. Ó õî-
äi äîñëiäæåííÿ âèêîðèñòîâóþòüñÿ ðåçóëüòàòè àñèìïòîòè÷íîãî àíàëiçó çàãàëüíîãî ðîçâ'ÿçêó
ëiíiéíèõ ñèíãóëÿðíî çáóðåíèõ ñèñòåì äèôåðåíöiàëüíèõ ðiâíÿíü ç âèðîäæåííÿìè.

1. Ïîñòàíîâêà çàäà÷i.
Ðîçãëÿíåìî îïòèìàëüíèé ïðîöåñ

εhB(t, ε)
dx

dt
= A(t, ε)x+ C(t, ε)u, (1)

J =
1

2εh

T∫
0

(D(t, ε)u, u) dt→ min
u
, (2)

ÿêèé ïåðåâîäèòü ñèñòåìó iç ñòàíó

x(0, ε) = x1(ε) (3)

â ñòàí
x(T, ε) = x2(ε) (4)

çà ôiêñîâàíèé ïðîìiæîê ÷àñó T , äå A(t, ε) � äiéñíà êâàäðàòíà ìàòðèöÿ n-ãî
ïîðÿäêó, C(t, ε), D(t, ε) � (n ×m) òà (m ×m)-ìàòðèöi âiäïîâiäíî, x(t, ε) � n-
âèìiðíèé âåêòîð ñòàíó, u(t, ε) � m-âèìiðíèé âåêòîð êåðóâàííÿ, ε ∈ (0, ε0] �
ìàëèé ïàðàìåòð: ε0 ≪ 1; h ∈ N , t ∈ [0;T ].

Áóäåìî ïðèïóñêàòè, ùî âèêîíóþòüñÿ òàêi óìîâè:
1◦ Ìàòðèöi A(t, ε), B(t, ε), C(t, ε) i D(t, ε) äîïóñêàþòü íà âiäðiçêó [0;T ] ðiâ-

íîìiðíi àñèìïòîòè÷íi ðîçâèíåííÿ çà ñòåïåíÿìè ìàëîãî ïàðàìåòðà:

A(t, ε) ∼
∑
k≥0

εkAk(t), B(t, ε) ∼
∑
k≥0

εkBk(t),

C(t, ε) ∼
∑
k≥0

εkCk(t), D(t, ε) ∼
∑
k≥0

εkDk(t).
(5)
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2◦ Êîåôiöi¹íòè Ak(t), Bk(t), Ck(t), Dk(t), k = 0, 1, . . ., ðîçâèíåíü (5) íåñêií-
÷åííî äèôåðåíöiéîâíi íà [0;T ].

3◦ Âåêòîðè ïî÷àòêîâîãî i êiíöåâîãî ñòàíiâ çîáðàæóþòüñÿ ó âèãëÿäi ðîçâè-
íåíü

x1(ε) ∼
∑
k≥0

εkx
(1)
k , x2(ε) ∼

∑
k≥0

εkx
(2)
k . (6)

4◦ detB0(t) ≡ 0, ∀t ∈ [0;T ].
5◦ Ãðàíè÷íà â'ÿçêà ìàòðèöü

A0(t)− λB0(t) (7)

íà âiäðiçêó [0;T ] ìà¹ n−1 ïðîñòèõ ñêií÷åííèõ åëåìåíòàðíèõ äiëüíèêiâ λ−λi(t),
i = 1, n, i îäèí � íåñêií÷åííèé.

6◦ Reλi(t) < 0, ∀t ∈ [0;T ].
7◦ λi(t) + λ̄j(t) ̸= 0, ∀t ∈ [0;T ], i, j = 1, n− 1.

8◦
(
(B1(t)G(t)B1(t)−B2(t))φ̃(t), ψ̃(t)

)
< 0,

(
B1(t)φ̃(t), ψ̃(t)

)
≡ 0, ∀t ∈ [0;T ],

äå φ̃(t) � âëàñíèé âåêòîð ìàòðèöi B0(t), ùî âiäïîâiäà¹ ¨¨ íóëüîâîìó âëàñíîìó
çíà÷åííþ, ψ̃(t) � âiäïîâiäíèé âëàñíèé âåêòîð ñïðÿæåíî¨ ìàòðèöi B∗

0(t), G(t) �
íàïiâîáåðíåíà ìàòðèöÿ äî ìàòðèöi B0(t).

9◦ Ìàòðèöÿ D0(t) � íåîñîáëèâà íà çàäàíîìó ïðîìiæêó [0;T ].
10◦ Îáëàñòü äîïóñòèìèõ çíà÷åíü äëÿ êåðóâàííÿ u(t, ε) çáiãà¹òüñÿ ç óñiì çà-

äàíèì m�âèìiðíèì ïðîñòîðîì.
Ó ðîáîòàõ [1] òà [2] ðîçãëÿäàëèñÿ àíàëîãi÷íi çàäà÷i îïòèìàëüíîãî êåðóâàííÿ

çà óìîâè âèðîäæóâàíîñòi ìàòðèöi ïðè ïîõiäíèõ òà âèêîíàííi óìîâè(
B1(t)φ̃(t), ψ̃(t)

)
< 0, ∀t ∈ [0;T ]. (8)

Òàê, ó [1] ïîáóäîâàíî ðîçâ'ÿçîê çàäà÷i çà óìîâè âèðîäæóâàíîñòi ìàòðèöi ó êðè-
òåði¨ ÿêîñòi ó âèïàäêó ïðîñòîãî ñïåêòðó, à â [2] ðîçãëÿíóòî âèïàäîê êðàòíîãî
ñêií÷åííîãî òà ïðîñòîãî íåñêií÷åííîãî åëåìåíòàðíèõ äiëüíèêiâ.

Ðîçãëÿíåìî ïîñòàâëåíó çàäà÷ó îïòèìàëüíîãî êåðóâàííÿ ó âèïàäêó, êîëè
óìîâà (8) íå âèêîíó¹òüñÿ, àëå ìà¹ ìiñöå ñïiââiäíîøåííÿ 8◦. Äîñëiäæåííÿ âäà-
ëîñÿ ïðîâåñòè çà äîïîìîãîþ âèêîðèñòàííÿ ðåçóëüòàòiâ àñèìïòîòè÷íîãî àíàëiçó
çàãàëüíîãî ðîçâ'ÿçêó ñèíãóëÿðíî çáóðåíèõ ñèñòåì ç âèðîäæåííÿìè äàíîãî òèïó,
çäiéñíåíîãî â ðîáîòàõ [3], [4].

Çà äàíèõ óìîâ áóäåìî øóêàòè êåðóâàííÿ u(t, ε) òà âiäïîâiäíó òðà¹êòîðiþ
x(t, ε) ó âèãëÿäi ðîçâèíåíü çà ñòåïåíÿìè ìàëîãî ïàðàìåòðà.

Íåçâàæàþ÷è íà âèðîäæåíiñòü ìàòðèöi B(t, 0) = B0(t), ÿê ïîêàçàíî â [3] çà
âèêîíàííÿ óìîâè 8◦ ìàòðèöÿ B(t, ε) íåîñîáëèâà ïðè äîñèòü ìàëèõ ε > 0. Òîìó
äî çàäà÷i (1), (2) ìîæíà çàñòîñóâàòè ïðèíöèï ìàêñèìóìó Ë.Ñ. Ïîíòðÿãiíà [5].

Ïîáóäó¹ìî ôóíêöiþ ÃàìiëüòîíàH(t, x, p, u)=ε−h(A(t, ε)x, p)+ε−h((t, ε)u, p)−
− 1

2εh
(D(t, ε)u, u), äå p � n-âèìiðíèé âåêòîð ñïðÿæåíèõ çìiííèõ. Äëÿ ìiíiìi-

çàöi¨ êðèòåðiÿ (2) íåîáõiäíî, ùîá graduH = ε−hC∗(t, ε)p − ε−hD(t, ε)u = 0,
d
dt
(B∗(t, ε)p) = −gradxH = −ε−hA∗(t, ε)p.
Îäåðæèìî ñèñòåìó ðiâíÿíü

εhB(t, ε)
dx

dt
= A(t, ε)x+ C(t, ε)u,

εhB∗(t, ε)
dp

dt
= −

(
A∗(t, ε) + εh (B∗(t, ε))′

)
p, 0 = C∗(t, ε)p−D(t, ε)u.

(9)
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Óâiâøè (2n +m)-âèìiðíèé âåêòîð y(t, ε) = col(x(t, ε), p(t, ε), u(t, ε)), ñïiââiä-
íîøåííÿ (9) çàïèøåìî ó âèãëÿäi

εhB̃(t, ε)ẏ = Ã(t, ε)y, (10)

äå ìàòðèöi Ã(t, ε), B̃(t, ε) çîáðàæóþòüñÿ ó âèãëÿäi àñèìïòîòè÷íèõ ðîçâèíåíü

Ã(t, ε) ∼
∞∑
k=0

εkÃk(t), B̃(t, ε) ∼
∞∑
k=0

εkB̃k(t), (11)

â ÿêèõ

Ãk(t) =

 Ak(t) 0 Ck(t)
0 −A∗

k(t)− (B∗
k−h(t))

′ 0
0 C∗

k(t) −Dk(t)

 , B̃k(t) =

 Bk(t) 0 0
0 B∗

k(t) 0
0 0 0

 ,

(k = 0, 1, 2, . . .), � áëî÷íi ìàòðèöi, äå ñèìâîëîì 0 ïîçíà÷åíî íóëüîâi áëîêè
âiäïîâiäíèõ ðîçìiðiâ. Êðàéîâi óìîâè (3), (4) ïîäàìî ó âèãëÿäi:

My(0, ε) +Ny(T, ε) =

(
x1(ε)
x2(ε)

)
= y0(ε), (12)

M =

(
E 0 0
0 0 0

)
, N =

(
0 0 0
E 0 0

)
.

Òàêèì ÷èíîì, çàäà÷à îïòèìàëüíîãî êåðóâàííÿ (1)�(2) çâîäèòüñÿ äî äâîòî÷-
êîâî¨ êðàéîâî¨ çàäà÷i (10), (12).

2. Ôîðìàëüíèé ðîçâ'ÿçîê òà éîãî ïîáóäîâà.
Îñêiëüêè ç óìîâè 8◦ âèïëèâà¹, ùî ìàòðèöÿ B(t, ε) íåîñîáëèâà ïðè âñiõ ∀t ∈

[0;T ] i äîñèòü ìàëèõ ε, âiäìiííèõ âiä íóëÿ, òî

det
(
Ã(t, ε)− λB̃(t, ε)

)
= det(A(t, ε)− λB(t, ε))det(−A∗(t, ε)−

−εh(B∗(t, ε))′ − λB∗(t, ε))det(−D(t, ε)) = (−1)m
[
detB(t, ε)detB∗(t, ε)λ2n+

. . .+ (−1)ndetA(t, ε)det(A∗(t, ε) + εh (B∗(t, ε))′)
]
detD(t, ε),

òîäi degdet
(
Ã(t, ε)− λB̃(t, ε)

)
= 2n = rankB̃(t, ε), ∀t ∈ [0;T ] i äîñèòü ìàëèõ

ε > 0. Îòæå, ñèñòåìà (10) ç òîòîæíî âèðîäæåíîþ ìàòðèöåþ B̃(t, ε) ïðè ïî-
õiäíèõ çàäîâîëüíÿ¹ êðèòåðié "ðàíã-ñòåïiíü òîìó ¨¨ çàãàëüíèé ðîçâ'ÿçîê ÿâëÿ¹
ñîáîþ ëiíiéíó êîìáiíàöiþ 2n ëiíiéíî íåçàëåæíèõ ÷àñòèííèõ ðîçâ'ÿçêiâ.

Iç ñòðóêòóðè ãðàíè÷íî¨ â'ÿçêè ìàòðèöü Ã0(t)−λB̃0(t) òà óìîâ 5◦, 6◦ âèïëèâà¹,
ùî öÿ â'ÿçêà ðåãóëÿðíà, à ¨¨ ñïåêòð ìiñòèòü äâi ãðóïè ñêií÷åííèõ åëåìåíòàðíèõ
äiëüíèêiâ: λ−λi(t), i = 1, n− 1; λ+λj(t), j = 1, n− 1 i m+2 ïðîñòèõ íåñêií÷åí-
íèõ åëåìåíòàðíèõ äiëüíèêiâ. Ïî îäíîìó íåñêií÷åííîìó åëåìåíòàðíîìó äiëüíèêó
âiäïîâiäà¹ äâîì ïåðøèì äiàãîíàëüíèì áëîêàì ìàòðè÷íî¨ â'ÿçêè Ã0(t)− λB̃0(t),
à m iíøèõ � òðåòüîìó ¨¨ äiàãîíàëüíîìó áëîêó.

ßê âèïëèâà¹ ç òåîði¨ àñèìïòîòè÷íîãî iíòåãðóâàííÿ ëiíiéíèõ ñèíãóëÿðíî çáó-
ðåíèõ ñèñòåì ç âèðîäæåííÿìè [3], äëÿ êîæíîãî iç 2n − 2 ñêií÷åííèõ åëåìåí-
òàðíèõ äiëüíèêiâ ìîæíà ïîáóäóâàòè ïî îäíîìó ðîçâ'ÿçêó ñèñòåìè (10). Äâà æ
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iíøèõ iç íåîáõiäíèõ 2n ðîçâ'ÿçêiâ âiäïîâiäàòèìóòü íåñêií÷åííèì åëåìåíòàðíèì
äiëüíèêàì ãðàíè÷íî¨ â'ÿçêè ìàòðèöü.

Ðîçâ'ÿçêè, ùî âiäïîâiäàþòü ñêií÷åííèì åëåìåíòàðíèì äiëüíèêàì λ − λj(t),
j = 1, n− 1, áóäóþòüñÿ ó âèãëÿäi

y(t, ε) = vi(t, ε) exp

ε−h t∫
0

λi(τ, ε)dτ

 , i = 1, n− 1, (13)

vi(t, ε) = col
(
v
(1)
i (t, ε); 0; 0

)
, (14)

äå vi(t, ε) � 2n +m�âèìiðíi âåêòîðè, λi(t, ε) � ñêàëÿðíi ôóíêöi¨, ÿêi çîáðàæó-
þòüñÿ ôîðìàëüíèìè ðîçâèíåííÿìè çà ñòåïåíÿìè ε:

vi(t, ε) =
∞∑
k=0

εkvki(t), λi(t, ε) = λi(t) +
∞∑
k=1

εkλ
(i)
k (t), (15)

v(1)(t, ε) � n-âèìiðíèé âåêòîð, ÿêèé çãiäíî ç (15) çîáðàæó¹òüñÿ ó âèãëÿäi ôîð-
ìàëüíîãî ðÿäó

v(1)(t, ε) =
∞∑
k=0

εkv
(1)
k (t). (16)

Äëÿ êîåôiöi¹íòiâ âiäïîâiäíèõ ðîçâèíåíü (15), (42) çàëèøàþòüñÿ â ñèëi ðåêó-
ðåíòíi ôîðìóëè, äîâåäåííÿ ÿêèõ äåòàëüíî ðîçãëÿíóòî â [1]:

λ
(i)
k (t) = −

(
g
(1)
ki (t), ψi(t)

)
, k = 1, 2, . . . ; (17)

v
(1)
0i (t) = φi(t), v

(1)
ki (t) = Hi(t)b

(1)
ki (t), k = 1, 2, . . . ; (18)

b
(1)
ki (t) = λ

(i)
k (t)B0(t)φi(t) + g

(1)
ki (t), k = 1, 2, . . . ; (19)

g
(1)
ki (t) =

k−1∑
j=1

k−j∑
s=0

λ
(i)
j (t)Bsv

(1)
k−s−j,i + λi

k∑
s=1

Bsv
(1)
k−s,i −

k∑
s=1

As(t)v
(1)
k−s,i+

+
k−h∑
s=0

Bs

(
v
(1)
k−h−s,i

)′
, k = 1, 2, . . . , (20)

äå φi(t), i = 1, n− 1, � âëàñíi âåêòîðè â'ÿçêè A0(t)−λB0(t), ùî âiäïîâiäàþòü ¨¨
âëàñíèì çíà÷åííÿì λi(t), ψi(t), i = 1, n− 1, � âëàñíi âåêòîðè ñïðÿæåíî¨ â'ÿçêè
A∗

0(t)− λB∗
0(t), Hi(t) = (A0(t)− λi(t)B0(t))

−.
Ðîçâ'ÿçêè ñèñòåìè (10), ÿêi âiäïîâiäàþòü äðóãié ãðóïi ñêií÷åííèõ åëåìåíòàð-

íèõ äiëüíèêiâ λ+ λ̄i(t), i = 1, n− 1, ïîáóäó¹ìî ó âèãëÿäi

y(t, ε) = ṽi(t, ε) exp

−ε−h
T∫
t

λ̃i(τ, ε)dτ

 , i = 1, n− 1, (21)

äå

ṽi(t, ε) =
∞∑
k=0

εkṽki(t), λ̃i(t, ε) = −λ̄i(t) +
∞∑
k=1

εkλ̃
(i)
k (t). (22)

Íàóê. âiñíèê Óæãîðîä óí-òó, 2015, âèï. �1 (26)



ÀÑÈÌÏÒÎÒÈ×ÍÅ ÐÎÇÂ'ßÇÀÍÍß ÇÀÄÀ×I ÎÏÒÈÌÀËÜÍÎÃÎ ÊÅÐÓÂÀÍÍß . . . 131

Ïîçíà÷èâøè
ṽi(t, ε) = col

(
ṽ
(1)
i (t, ε); ṽ

(2)
i (t, ε); ṽ

(3)
i (t, ε)

)
, (23)

ṽ
(j)
i (t, ε) =

∞∑
k=0

εkṽ
(j)
ki (t), j = 1, 3, (24)

ïiäñòàâèìî (21) â ñèñòåìó (10). Âðàõîâóþ÷è ñòðóêòóðó ìàòðèöü Ã(t, ε), B̃(t, ε),
îòðèìà¹ìî òàêó ñèñòåìó ðiâíÿíü äëÿ âåêòîðiâ ṽ(j)i (t, ε), j = 1, 3:

A(t, ε)ṽ
(1)
i (t, ε) + C(t, ε)ṽ

(3)
i (t, ε) = λ̃i(t, ε)B(t, ε)ṽ

(1)
i (t, ε)+

+εhB(t, ε)
(
ṽ
(1)
i (t, ε)

)′
;

(25)

−A∗(t, ε)ṽ
(2)
i (t, ε) = λ̃i(t, ε)B

∗(t, ε)ṽ
(2)
i (t, ε)+

+εhB∗(t, ε)
(
ṽ
(2)
i (t, ε)

)′
+ εh (B∗(t, ε))′ ṽ

(2)
i (t, ε);

(26)

C∗(t, ε)ṽ
(2)
i (t, ε)−D(t, ε)ṽ

(3)
i (t, ε) = 0. (27)

Ðiâíÿííÿ (26) çà ôîðìîþ çáiãà¹òüñÿ ç ðiâíÿííÿì, ç ÿêîãî âèçíà÷àþòüñÿ êîå-
ôiöi¹íòè ôîðìàëüíèõ ðîçâèíåíü äëÿ ëiíiéíî íåçàëåæíèõ ðîçâ'ÿçêiâ ñïðÿæåíî¨
ñèñòåìè

εh
d

dt
(B∗(t, ε)y) = −A∗(t, ε)y. (28)

Òîìó, ïðîâiâøè ìiðêóâàííÿ àíàëîãi÷íi äî âèêëàäåíèõ ó [2, c. 93], âåêòîðè ṽ(2)ki ,
k = 0, 1, . . ., i ôóíêöi¨ λ̃(i)k , k = 1, 2, . . ., âèçíà÷èìî çà ðåêóðåíòíèìè ôîðìóëàìè:

λ̃
(i)
k (t) = −λ̄(i)k (t), k = 1, 2, . . . ; (29)

ṽ
(2)
0i (t) = ψi(t), ṽ

(2)
ki (t) = H∗

i (t)b̃
(2)
ki (t), k = 1, 2, . . . ; (30)

b̃
(2)
ki (t) = λ̃

(i)
k (t)B∗

0ψi +
k−1∑
j=1

k−j∑
j=0

λ̃
(i)
j B

∗
s ṽ

(2)
k−j−s,i + λ̃i

k∑
s=1

B∗
s ṽ

(2)
k−s,i−

−
k∑
s=1

A∗
s(t)ṽ

(2)
k−s,i −

k−h∑
s=0

B∗
s

(
ṽ
(2)
k−s−h,i

)′
−

k−h∑
s=0

(B∗
s )

′ ṽ
(2)
k−s−h,i.

(31)

Ïiäñòàâèâøè ðîçâèíåííÿ (24) ó ðiâíÿííÿ (27) i ïðèðiâíÿâøè â îäåðæàíié òî-
òîæíîñòi êîåôiöi¹íòè ïðè îäíàêîâèõ ñòåïåíÿõ ε, äiñòàíåìî ðåêóðåíòíi ôîðìóëè
äëÿ âèçíà÷åííÿ âåêòîðiâ ṽ(3)ki (t):

ṽ
(3)
0i (t) = D−1

0 (t)C∗
0ψi; (32)

ṽ
(3)
ki (t) = D−1

0 (t)

[
k∑
s=0

C∗
s ṽ

(2)
k−s,i −

k∑
s=1

Dsṽ
(3)
k−s,i

]
, k = 1, 2, . . . . (33)

Àíàëîãi÷íî ç ðiâíÿííÿ (25) çíàéäåìî

ṽ
(1)
0i (t) = −R−1

i C0ṽ
(3)
0i = −R−1

i C0D
−1
0 C∗

0ψi, i = 1, n− 1; (34)
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ṽ
(1)
ki (t) = R−1

i b̃
(1)
ki , k = 1, 2, . . . ; (35)

b̃
(1)
ki (t) = −λ̄i

k∑
s=1

Bsṽ
(1)
k−s,i −

k∑
j=1

k−j∑
s=0

λ̄
(i)
j Bsṽ

(1)
k−j−s,i −

k∑
s=1

Asṽ
(1)
k−s,i−

−
k∑
s=0

Csṽ
(3)
k−s,i +

k−h∑
s=0

Bs

(
ṽ
(1)
k−h−s,i

)′
, k = 1, 2, . . . ,

(36)

äå Ri(t) = A0(t) + λi(t)B0(t), i = 1, n− 1.
Ðîçâ'ÿçêè, ùî âiäïîâiäàþòü äâîì íåñêií÷åííèì åëåìåíòàðíèì äiëüíèêàì ãðà-

íè÷íî¨ â'ÿçêè ìàòðèöü, ïðî ÿêi éøëà ìîâà âèùå, âðàõîâóþ÷è 8◦, øóêàòèìåìî ó
âèãëÿäi

y1(t, ε) = w(t, ε) exp

ε−h−1

t∫
0

ξ−1(τ, ε)dτ

 , (37)

y2(t, ε) = w̃(t, ε) exp

−ε−h−1

T∫
t

ξ̃−1(τ, ε)dτ

 , (38)

äå w(t, ε), w̃(t, ε) � (2n+m)-âèìiðíi âåêòîðè, ξ(t, ε), ξ̃(t, ε) � ñêàëÿðíi ôóíêöi¨,
ÿêi çîáðàæóþòüñÿ ôîðìàëüíèìè ðîçâèíåííÿìè

w(t, ε) =
∞∑
k=0

εkwk(t), ξ(t, ε) =
∞∑
k=1

εkξk(t); (39)

w̃(t, ε) =
∞∑
k=0

εkw̃k(t), ξ̃(t, ε) =
∞∑
k=1

εkξ̃k(t). (40)

Ïåðøèé ðîçâ'ÿçîê ïîáóäó¹ìî, ïîêëàâøè

w(t, ε) = col
(
w(1)(t, ε); 0; 0

)
, (41)

äå w(1)(t, ε) � n-âèìiðíèé âåêòîð, ÿêèé çãiäíî ç (39) çîáðàæó¹òüñÿ ó âèãëÿäi
ôîðìàëüíîãî ðÿäó

w(1)(t, ε) =
∞∑
k=0

εkw
(1)
k (t). (42)

Ïiäñòàâèâøè (37), (41) ó ñèñòåìó (10), îòðèìà¹ìî ðiâíÿííÿ, äîñëiäæåíå â [3], äî
ÿêîãî çâîäèòüñÿ ïîáóäîâà âiäïîâiäíîãî ðîçâ'ÿçêó îäíîðiäíî¨ ñèñòåìè ðiâíÿíü,
ùî âiäïîâiäà¹ (1). Òîìó êîåôiöi¹íòè ðîçâèíåíü (39), (42) âèçíà÷àþòüñÿ çà ðåêó-
ðåíòíèìè ôîðìóëàìè

w
(1)
0 (t) = φ̃(t); w

(1)
1 (t) = −G(t)B1(t)φ̃(t); (43)

ξ1(t) =
(
(B1(t)G(t)B1(t)−B2(t))φ̃(t), ψ̃(t)

)
; (44)

ξk(t) = −
(
d
(1)
k (t), ψ̃(t)

)
, k = 2, 3, . . . ; (45)

w
(1)
k (t) = G(t)a

(1)
k (t), k = 2, 3, . . . ; (46)
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äå

d
(1)
k (t) =

k−2∑
s=1

k−s−1∑
j=0

ξsAjw
(1)
k−s−j−1 −

k∑
s=1

Bsw
(1)
k−s −

k−h−1∑
s=1

k−h−s−1∑
j=0

ξsBj

(
w

(1)
k−h−s−j−1

)′
;

(47)
a
(1)
k (t) = ξkA0φ̃+ d

(1)
k (t), k = 1, 2, . . . , (48)

äå G(t) = B−
0 (t).

Ïðè çíàõîäæåííi äðóãîãî ðîçâ'ÿçêó ïîêëàäåìî

w̃(t, ε) = col
(
w̃(1)(t, ε); w̃(2)(t, ε); w̃(3)(t, ε)

)
, (49)

w̃(j)(t, ε) =
∞∑
k=0

εkw̃
(j)
k (t), j = 1, 3. (50)

Ïiäñòàâèâøè (38), (49) ó (10), äiñòàíåìî

B(t, ε)w̃(1)(t, ε) = εξ̃(t, ε)A(t, ε)w̃(1)(t, ε) + εξ̃(t, ε)C(t, ε)w̃(3)(t, ε)−

−εh+1ξ̃(t, ε)B(t, ε)
(
w̃(1)(t, ε)

)′
;

(51)

B∗(t, ε)w̃(2)(t, ε) = −εξ̃(t, ε)A∗(t, ε)w̃(2)(t, ε)− εh+1ξ̃(t, ε) (B∗(t, ε))′ w̃(2)(t, ε)−

−εh+1ξ̃(t, ε)B∗(t, ε)
(
w̃(2)(t, ε)

)′
;

(52)
C∗(t, ε)w̃(2)(t, ε)−D(t, ε)w̃(3)(t, ε) = 0. (53)

Ðiâíÿííÿ (52) âèçíà÷à¹ ðîçâ'ÿçîê n-âèìiðíî¨ ñïðÿæåíî¨ ñèñòåìè ðiâíÿíü (28),
ÿêèé âiäïîâiäà¹ ïðîñòîìó íåñêií÷åííîìó åëåìåíòàðíîìó äiëüíèêó ¨¨ ãðàíè÷íî¨
â'ÿçêè ìàòðèöü. Òîìó àíàëîãi÷íî äî ïîïåðåäíiõ ìiðêóâàíü êîåôiöi¹íòè ðîçâè-
íåíü (40) äëÿ ôóíêöi¨ ξ̃(t, ε) i (50) � äëÿ âåêòîðà w̃(2)(t, ε) âèçíà÷àþòüñÿ çà
ôîðìóëàìè

ξ̃k(t) = −ξ̄k(t), k = 1, 2, . . . ; (54)

w̃
(2)
0 (t) = ψ̃(t), w̃

(2)
1 (t) = −G∗(t)B∗

1(t)ψ̃(t), w̃
(2)
k (t) = G∗(t)ã

(2)
k (t), k = 2, 3, . . . ;

(55)

ã
(2)
k (t) = ξ̃kA

∗
0ψ̃ +

k−2∑
s=1

k−s−1∑
j=0

ξ̃sA
∗
j w̃

(2)
k−s−j−1 +

k−h−1∑
s=1

k−h−s−1∑
j=0

ξ̃s
(
B∗
j

)′
w̃

(2)
k−s−j−h−1+

+
k−h−1∑
s=1

k−h−s−1∑
j=0

ξsB
∗
j

(
w̃

(2)
k−h−s−j−1

)′
−

k∑
j=1

B∗
j w̃

(2)
k−j, k = 2, 3, . . . . (56)

Ïiäñòàâèâøè âiäïîâiäíi ðîçâèíåííÿ â ðiâíÿííÿ (53) i ïðèðiâíÿâøè âèðàçè
ïðè îäíàêîâèõ ñòåïåíÿõ ε, îòðèìà¹ìî ðåêóðåíòíi ôîðìóëè, ÿêèìè âèçíà÷àþòüñÿ
âåêòîðè w̃(3)

k (t):

w̃
(3)
0 (t) = D−1

0 (t)C∗
0(t)ψ̃(t); (57)

w̃
(3)
k (t) = D−1

0

[
k∑
s=0

C∗
s w̃

(2)
k−s −

k∑
s=1

Dsw̃
(3)
k−s

]
, k = 1, 2, . . . . (58)
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Íàðåøòi, ïiäñòàâèâøè ðîçâèíåííÿ (50), (40) ó ðiâíÿííÿ (51) i ïðèðiâíÿâøè
âèðàçè ïðè îäíàêîâèõ ñòåïåíÿõ ïàðàìåòðà òà âçÿâøè äî óâàãè (54), ìàòèìåìî
òàêó ñèñòåìó ðiâíÿíü äëÿ âèçíà÷åííÿ êîåôiöi¹íòiâ âiäïîâiäíîãî ðîçâèíåííÿ äëÿ
âåêòîðà w̃(1)(t, ε):

B0w̃
(1)
0 = 0; (59)

B0w̃
(1)
k = ã

(1)
k , k = 1, 2, . . . ; (60)

ã
(1)
k (t) = −

k−1∑
s=1

k−s−1∑
j=0

ξ̃sAjw̃
(1)
k−s−j−1 −

k∑
s=1

k−s−1∑
j=0

ξ̃sCjw̃
(3)
k−s−j+

+
k−h−1∑
s=1

k−h−s−1∑
j=0

ξ̃sBj

(
w̃

(1)
k−s−j−h−1

)′
−

k∑
s=1

Bsw̃
(1)
k−s, k = 1, 2, . . . .

(61)

Öÿ ñèñòåìà áóäå ðîçâ'ÿçíîþ òîäi i òiëüêè òîäi, êîëè âåêòîðè ã(1)k (t) áóäóòü
îðòîãîíàëüíèìè äî âåêòîðà ψ̃(t):(

ã
(1)
k (t), ψ̃(t)

)
= 0, k = 1, 2, . . . . (62)

Çà âèêîíàííÿ öi¹¨ óìîâè âåêòîðè w̃(1)
k (t) âèçíà÷àòèìåìî çà ôîðìóëàìè

w̃
(1)
0 (t) = c0(t)φ̃(t); (63)

w̃
(1)
k (t) = G(t)ã

(1)
k (t) + ck(t)φ̃(t), k = 1, 2, . . . , (64)

äå cs(t), s = 0, 1, . . ., � ñêàëÿðíi ìíîæíèêè, çà ðàõóíîê ÿêèõ i çàäîâîëüíÿ¹òüñÿ
óìîâà (62). Çãiäíî ç (61), (63), (57) ïðè k = 1 óìîâà (62) çàïèøåòüñÿ ó âèãëÿäi

c0

[
ξ1(A0φ̃, ψ̃) +

(
(B1GB1 −B2)φ̃, ψ̃

)]
+ ξ1

(
C0D

−1
0 C∗

0 ψ̃, ψ̃
)
= 0. (65)

Âðàõîâóþ÷è (44) òà óìîâó 8◦, çíàéäåìî

c0(t) = −1

2

(
C0D

−1
0 C∗

0 ψ̃, ψ̃
)
. (66)

ßêùî âñi cs(t) âæå âiäîìi ïðè s < k, òî äëÿ çíàõîäæåííÿ ck(t) âèêîðèñòà¹ìî
óìîâó (62) íà (k+ 1)-ó êðîöi. Ïîêëàâøè â (62), (61) k+ 1 çàìiñòü k, îòðèìà¹ìî

ck(t) = −

(
d̃
(1)
k , ψ̃

)
2ξ1

, (67)

äå

d̃
(1)
k (t) =

k∑
s=2

k−s∑
j=0

ξ̃sAjw̃
(1)
k+1−s−j + ξ̄1

k−1∑
j=1

Ajw̃
(1)
k−j−1 +

k∑
s=1

k−s∑
j=0

ξ̃sCjw̃
(3)
k−s−j−

−
k−h∑
s=1

k−h−s∑
j=0

ξ̃sBj

(
w̃

(1)
k−s−j−h

)′
+

k+1∑
s=2

Bsw̃
(1)
k+1−s + ξ̄1A0Gã

(1)
k +B1Gã

(1)
k

(68)

� âæå âiäîìèé âåêòîð çãiäíî ç ïðèïóùåííÿì iíäóêöi¨.
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3. Ðîçâ'ÿçîê êðàéîâî¨ çàäà÷i òà éîãî àñèìïòîòèêà.
Ïîáóäóâàâøè 2n ôîðìàëüíèõ ðîçâ'ÿçêiâ ñèñòåìè (10), ðîçâ'ÿçîê êðàéîâî¨

çàäà÷i (10), (12) áóäåìî øóêàòè ó âèãëÿäi ¨õ ëiíiéíî¨ êîìáiíàöi¨

y(t, ε) =
n−1∑
i=1

vi(t, ε)c
(i)(ε) exp

ε−h t∫
0

λi(τ, ε)dτ

+

+w(t, ε)c(n)(ε) exp

ε−h−1

t∫
0

ξ−1(τ, ε)dτ

+

+
n−1∑
i=1

ṽi(t, ε)c̃
(i)(ε) exp

ε−h T∫
t

λi(τ, ε)dτ

+

+w̃(t, ε)c̃(n)(ε) exp

ε−h−1

T∫
t

ξ−1(τ, ε)dτ

 ,

(69)

äå c(i)(ε), c(j)(ε), i, j = 1, n, � ñêàëÿðíi ìíîæíèêè, ÿêi çîáðàæàþòüñÿ ðîçâèíåí-
íÿìè

c(i)(t, ε) =
∞∑
k=0

εkc
(i)
k (t), c̃(i)(t, ε) =

∞∑
k=0

εkc̃
(i)
k (t),

êîåôiöi¹íòè ÿêèõ çíàéäåìî ç êðàéîâî¨ óìîâè (12).
Ïiäñòàâèâøè (69) ó (12) i çíåõòóâàâøè åêñïîíåíöiàëüíî ìàëèìè äîäàíêàìè,

îäåðæèìî ñèñòåìó ðiâíÿíü ó âåêòîðíî-ìàòðè÷íié ôîðìi

V (1)(0, ε)c(ε) = x1(ε), (70)

Ṽ (1)(T, ε)c̃(ε) = x2(ε), (71)

äå

V (1)(t, ε) =
[
v
(1)
1 (t, ε), . . . , v

(1)
n−1(t, ε);w

(1)(t, ε)
]
=

∞∑
k=0

V
(1)
k (t)εk,

Ṽ (1)(t, ε) =
[
ṽ
(1)
1 (t, ε), . . . , ṽ

(1)
n−1(t, ε); w̃

(1)(t, ε)
]
=

∞∑
k=0

Ṽ
(1)
k (t)εk,

c(ε) = col
(
c(1)(ε), . . . , c(n)(ε)

)
=

∞∑
k=0

ckε
k, c̃(ε) = col

(
c̃(1)(ε), . . . , c̃(n)(ε)

)
=

∞∑
k=0

c̃kε
k.

Îñêiëüêè ìàòðèöÿ

V
(1)
0 (t) = [φ1(t), φ2(t), . . . , φn−1(t); φ̃(t)]

íåîñîáëèâà ïðè âñiõ t ∈ [0;T ], òî âåêòîðè ck = col
(
c
(1)
k , . . . , c

(n)
k

)
ç ðiâíÿííÿ (70)

îäíîçíà÷íî âèçíà÷àþòüñÿ çà ôîðìóëàìè

c0 =
(
V

(1)
0 (0)

)−1

x
(1)
0 ; (72)
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ck =
(
V

(1)
0 (0)

)−1
(
x
(1)
k −

k∑
s=1

V (1)
s (0)ck−s

)
, k = 1, 2, . . . . (73)

Çãiäíî (34), (63), (66) Ṽ (1)
0 (t) = −

[
R−1

1 K0ψ1, . . . , R
−1
n−1K0ψn−1,

1
2

(
K0ψ̃, ψ̃

)
φ̃
]
,

äå K0(t) = C0(t)D
−1
0 (t)C∗

0(t).
Ïðèïóñòèìî, ùî âèêîíóþòüñÿ óìîâè(

K0(t)ψ̃(t), ψ̃(t)
)
̸= 0, ∀t ∈ [0;T ]; (74)

det
[
R−1

1 (T )K0(T )ψ1(T ), . . . , R
−1
n−1(T )K0(T )ψn−1(T ), φ̃(T )

]
̸= 0. (75)

Òîäi detṼ (1)
0 (T ) ̸= 0, i, îòæå, ðiâíÿííÿ (71) òàêîæ áóäå îäíîçíà÷íî ðîçâ'ÿçíå.

Âåêòîðè c̃k, k = 0, 1, . . ., ç íüîãî âèçíà÷èìî çà ðåêóðåíòíèìè ôîðìóëàìè

c̃0 =
(
Ṽ

(1)
0 (T )

)−1

x
(2)
0 ; (76)

c̃k =
(
Ṽ

(1)
0 (T )

)−1
(
x
(2)
k −

k∑
s=1

Ṽ (1)
s (T )c̃k−s

)
, k = 1, 2, . . . . (77)

Àñèìïòîòè÷íèé õàðàêòåð ïîáóäîâàíîãî ðîçâ'ÿçêó äîâîäèòüñÿ çà òi¹þ æ ñõå-
ìîþ, ùî é ó âèïàäêó íîðìàëüíî¨ ñèñòåìè, ðîçãëÿíóòîìó â [6]. Òîìó, íå ïðîâîäÿ-
÷è äåòàëüíèõ âèêëàäîê, çóïèíèìîñü íà îñîáëèâîñòÿõ ñèñòåìè (1) òà ïîáóäîâàíî-
ãî ôîðìàëüíîãî ðîçâ'ÿçêó âiäïîâiäíî¨ êðàéîâî¨ çàäà÷i (10), (12), ÿêi âïëèâàþòü
íà àñèìïòîòè÷íó îöiíêó.

l-íàáëèæåííÿ yl(t, ε), óòâîðåíå ç (69) øëÿõîì îáðèâàííÿ âiäïîâiäíèõ ðîçâè-
íåíü íà l-ìó ÷ëåíi, çàäîâîëüíÿ¹ ñèñòåìó (10) ç òî÷íiñòþ äî O

(
εl
)
, à íå O

(
εl+1

)
ó

çâ'ÿçêó ç ïðèñóòíiñòþ ìíîæíèêiâ
(∑l

k=1 ξkε
k
)−1

ó âèðàçi Ã(t, ε)yl(t, ε)−

εhB̃(t, ε)dyl(t,ε)
dt

. Êðiì òîãî, ÿê ïîêàçàíî â [4], detB(t, ε) = ε2
(
(B1GB1 −B2)φ̃, ψ̃

)
+

O (ε3), çâiäêè âèïëèâà¹, ùî ìàòðèöÿ B−1(t, ε) ìà¹ ïîëþñ äðóãîãî ïîðÿäêó ïî ε ó
òî÷öi ε = 0. Âðàõîâóþ÷è öi îáñòàâèíè, ïðèõîäèìî äî òàêèõ îöiíîê äëÿ øóêàíèõ
âåêòîðà ñòàíó x(t, ε) òà êåðóâàííÿ u(t, ε):

∥x(t, ε)− xl(t, ε)∥≤c1εl−2−h, ∥u(t, ε)− ul(t, ε)∥≤c2εl−2−h,

äå

xl(t, ε) =
n−1∑
i=1

l∑
k=0

εk
k∑
s=0

v
(1)
si c

(i)
k−s exp

ε−h t∫
0

(
λi(τ) +

l∑
k=0

εkλ
(i)
k (τ)

)
dτ

+

+
l∑

k=0

εk
k∑
s=0

w(1)
s c

(n)
k−s exp

ε−h−1

t∫
0

(
l∑

k=1

εkξk(τ)

)−1

dτ

+

+
n−1∑
i=1

l∑
k=0

εk
k∑
s=0

ṽ
(1)
si c̃

(i)
k−s exp

ε−h T∫
t

(
λi(τ) +

l∑
k=0

εkλ
(i)
k (τ)

)
dτ

+

+
l∑

k=0

εk
k∑
s=0

w̃(1)
s c̃

(n)
k−s exp

ε−h−1

T∫
t

(
l∑

k=1

εkξk(τ)

)−1

dτ

 , (78)
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ul(t, ε) =
n−1∑
i=1

l∑
k=0

εk
k∑
s=0

ṽ
(3)
si c̃

(i)
k−s exp

ε−h T∫
t

(
λi(τ) +

l∑
k=0

εkλ
(i)
k (τ)

)
dτ

+

+
l∑

k=0

εk
k∑
s=0

w̃(3)
s c̃

(n)
k−s exp

ε−h−1

T∫
t

(
l∑

k=1

εkξk(τ)

)−1

dτ

 . (79)

Îòæå, ñïðàâäæó¹òüñÿ òàêà òåîðåìà.
Òåîðåìà 1. ßêùî âèêîíóþòüñÿ óìîâè 1◦�10◦, (74), (75), òî iñíó¹ ¹äèíèé

âåêòîð êåðóâàííÿ u(t, ε), ÿêèé âèðàæà¹òüñÿ àñèìïòîòè÷íîþ ôîðìóëîþ

u(t, ε) = ul(t, ε) +O
(
εl−2−h) ,

ùî ïåðåâîäèòü ñèñòåìó (1) iç ñòàíó x1(ε) â ñòàí x2(ε), ìiíiìiçóþ÷è ôóí-
êöiîíàë (2), äå ul(t, ε) çîáðàæó¹òüñÿ ó âèãëÿäi ðîçâèíåííÿ (79), êîåôiöi¹íòè
ÿêîãî çíàõîäÿòüñÿ çà ôîðìóëàìè (32), (33), (57), (58), (76), (77). Âiäïîâiäíà
òðà¹êòîðiÿ, çà ÿêîþ çäiéñíþ¹òüñÿ öåé ïåðåõiä, âèðàæà¹òüñÿ àñèìïòîòè÷íîþ
ôîðìóëîþ

x(t, ε) = xl(t, ε) +O
(
εl−2−h) ,

äå âåêòîð xl(t, ε) çîáðàæó¹òüñÿ ðîçâèíåííÿì (78), êîåôiöi¹íòè ÿêîãî çíàõîäÿ-
òüñÿ çà ôîðìóëàìè (17)�(20), (30)�(36), (55)�(58), (63), (64), (66)�(68), (72),
(73), (76), (77).
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