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ÏÐÎ ÐÎÇÏÎÄIË ÍÎÐÌ ÂÈÏÀÄÊÎÂÈÕ ÏÐÎÖÅÑIÂ Ó
ÏÐÎÑÒÎÐÀÕ ÃÅËÜÄÅÐÀ

In this article we obtain estimations for distributions of norms of random processes from Banach
spaces Fψ(Ω) of random variables and investigate Hölder continuity of such processes on a compact
metric space.

Ó ðîáîòi çíàéäåíi îöiíêè ðîçïîäiëiâ íîðì âèïàäêîâèõ ïðîöåñiâ ç áàíàõîâèõ ïðîñòîðiâ Fψ(Ω)
âèïàäêîâèõ âåëè÷èí òà äîñëiäæåíà ãåëüäåðîâà íåïåðåðâíiñòü òàêèõ ïðîöåñiâ íà ìåòðè÷íîìó
êîìïàêòíîìó ïðîñòîði.

Âñòóï. Ðîçãëÿíåìî ìåòðè÷íèé ïðîñòið (T, ρ) i âèïàäêîâèé ïðîöåñ X =
(X(t), t ∈ T). Äëÿ ïðîöåñó X ìîäóëÿìè íåïåðåðâíîñòi ¹ òàêi ôóíêöi¨ f , ùî
ç éìîâiðíiñòþ 1 âèêîíó¹òüñÿ íåðiâíiñòü:

lim sup
ε↓0

sup
0<ρ(t,s)≤ε

|X(t)−X(s)|

f(ε)
≤ 1.

Ïèòàííÿ ïðî çíàõîäæåííÿ ìîäóëiâ íåïåðåðâíîñòi òà óìîâ Ãåëüäåðà äëÿ ãàó-
ñîâèõ ïðîöåñiâ äåòàëüíî ðîçãëÿíóòî ó ðîáîòi [1]. Öi ðåçóëüòàòè áóëè óçàãàëüíåíi
äëÿ äåÿêèõ êëàñiâ ïðîöåñiâ ç ïðîñòîðiâ Îðëi÷à ó [2, 3], à òàêîæ ó [4, 5]. Äîñëi-
äæåíà ëiïøèöåâà íåïåðåðâíiñòü äëÿ φ-ñóáãàóñîâèõ ïðîöåñiâ òà çíàéäåíi îöiíêè
ðîçïîäiëó ëiïøèöåâèõ íîðì òàêèõ ïðîöåñiâ ó ðîáîòi [6]. Îöiíêè ðîçïîäiëiâ íîðì
âèïàäêîâèõ ïðîöåñiâ ç ïðîñòîðiâ Lp(Ω), 1 ≤ p <∞ çíàéäåíi ó ðîáîòi [7].

Ïðîñòîðè âèïàäêîâèõ âåëè÷èí Fψ(Ω) � öå áàíàõîâi ïðîñòîðè ç íîðìîþ

∥ξ∥ψ = sup
u≥1

(E|ξ|u)1/u

ψ(u)
,

äå ψ(u) > 0 � äåÿêà ìîíîòîííî çðîñòàþ÷à ôóíêöiÿ. Òàêi ïðîñòîðè áóëè ââåäåíi
ó ðîáîòi [8], à âëàñòèâîñòi âèïàäêîâèõ âåëè÷èí òà ïðîöåñiâ ç ïðîñòîðiâ Fψ(Ω)
ðîçãëÿíóòî ó [9]. Ó çàãàëüíîìó âèïàäêó ìîäóëi íåïåðåðâíîñòi òà, âiäïîâiäíî,
îöiíêè ðîçïîäiëiâ íîðì âèïàäêîâèõ ïðîöåñiâ ç ïðîñòîðiâ Fψ(Ω) çíàéäåíî ó [10].

Ó äàíié ðîáîòi çíàéäåíî ìîäóëi íåïåðåðâíîñòi äëÿ âèïàäêîâèõ ïðîöåñiâ ç
ïðîñòîðiâ Fψ(Ω) ç åêïîíåíöiéíîþ ôóíêöi¹þ ψ, âèçíà÷åíèõ íà êîìïàêòíîìó ïðî-
ñòîði (T, ρ). Çîêðåìà, îöiíåíî éìîâiðíîñòi

P

{
sup

0<ρ(t,s)≤v

|X(t)−X(s)|
f(ρ(t, s))

> x

}
òà íàâåäåíî óìîâè, çà ÿêèõ òðàåêòîði¨ òàêèõ âèïàäêîâèõ ïðîöåñiâ ç ïðîñòîðiâ
Fψ(Ω) çàäîâîëüíÿþòü óìîâó Ãåëüäåðà.

Ãåëüäåðîâà íåïåðåðâíiñòü âèïàäêîâèõ ïðîöåñiâ ìîæå áóòè çàñòîñîâàíà, íà-
ïðèêëàä, ó âèâ÷åííi øâèäêîñòi íàáëèæåííÿ ôóíêöié òðèãîíîìåòðè÷íèìè ïîëi-
íîìàìè.

Îçíà÷åííÿ òà óìîâà À ïðîñòîðó Fψ(Ω). Ó öüîìó ðîçäiëi íàâåäåìî êiëüêà
îçíà÷åíü, òåõíi÷íèõ ðåçóëüòàòiâ òà íåîáõiäíó óìîâó, ÿêi áóäóòü âèêîðèñòàíi ïðè
äîâåäåííi îñíîâíèõ ðåçóëüòàòiâ.
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Îçíà÷åííÿ 1 (äèâ. [9]). Íåõàé ψ(u) > 0, u ≥ 1 � äåÿêà ìîíîòîííî çðîñòà-
þ÷à ôóíêöiÿ òàêà, ùî ψ(u) → ∞ ïðè u→ ∞. Âèïàäêîâà âåëè÷èíà ξ íàëåæèòü
ïðîñòîðó Fψ(Ω), ÿêùî âèêîíó¹òüñÿ íàñòóïíà óìîâà:

sup
u≥1

(E|ξ|u)1/u

ψ(u)
≤ ∞.

Ó ðîáîòi [8] (äèâ. òàêîæ [9]) äîâåäåíî, ùî Fψ(Ω) ¹ ïðîñòîðîì ç íîðìîþ

∥ξ∥ψ = sup
u≥1

(E|ξ|u)1/u

ψ(u)
.

Òåîðåìà 1 (äèâ. [9]). ßêùî âèïàäêîâà âåëè÷èíà ξ íàëåæèòü ïðîñòîðó
Fψ(Ω), òî ∀x > 0 âèêîíó¹òüñÿ íàñòóïíà íåðiâíiñòü:

P{|ξ| > x} ≤ inf
u≥1

∥ξ∥uψ · (ψ(u))u

xu
. (1)

Íàäàëi áóäåìî ðîçãëÿäàòè ïðîñòîðè Fψ(Ω), ÿêi çàäîâîëüíÿþòü íàñòóïíié
óìîâi. Íåõàé ξ1, ..., ξn � âèïàäêîâi âåëè÷èíè ç ïðîñòîðó Fψ(Ω). Ïîçíà÷èìî
η = max

1≤k≤n
|ξk|, a = max

1≤k≤n
∥ξk∥ψ.

Óìîâà À (äèâ. [10]). Iñíóþòü ôóíêöiÿ z(x) > 0, ìîíîòîííî çðîñòàþ÷à
ôóíêöiÿ U(n) òà äiéñíå ÷èñëî x0 > 0, ùî ∀x > x0 âèêîíó¹òüñÿ íàñòóïíà
íåðiâíiñòü:

P{η > x · a · U(n)} ≤ 1

n
exp{−z(x)}.

Äëÿ åêñïîíåíöiéíî¨ ôóíêöi¨ ψ(u) óìîâà À íàáóâà¹ íàñòóïíîãî âèãëÿäó.

Òåîðåìà 2. Íåõàé ψ(u) = eαu
β
, α > 0, β > 0. Òîäi íàñòóïíà íåðiâíiñòü

âèêîíó¹òüñÿ ïðè ∀x ≥ exp

{(
ln 3

c β
√
2(ln 3−1)

) 2β
β+1

}
, c = β

α1/β · (β + 1)−
β+1
β :

P
{
η > x · a · exp

{
(ln(n+ 2))

2β
β+1

}}
≤ 1

n
exp

{
− β

α1/β
·
(

2

β + 1

)β+1
β

(lnx)
β+1
2β

}
.

Äîâåäåííÿ. Ó öüîìó âèïàäêó íåðiâíiñòü (1) íàáóâà¹ íàñòóïíîãî âèãëÿäó
(äèâ. [9]):

P{|ξ| > x} ≤ exp

{
− β

α1/β
· 1

(β + 1)
β+1
β

·
(
ln

x

∥ξ∥ψ

)β+1
β

}

ïðè x > ∥ξ∥ψ. Ïîçíà÷èìî c := β
α1/β · (β + 1)−

β+1
β . Òîäi ∀x >

(
exp

{
(ln 3)

2β
β+1

})−1

:
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P{η > x · a · U(n)} = E1{ω : η > x · a · U(n)} ≤

≤
n∑
k=1

E1{η = |ξk|} · 1{ω : |ξk| > x · a · U(n)} ≤

≤ n · max
1≤k≤n

P{|ξk| > x · a · U(n)} ≤

≤ n · max
1≤k≤n

exp

{
−c ·

(
ln
x · a · U(n)

∥ξk∥ψ

)β+1
β

}
≤

≤ n · max
1≤k≤n

exp

{
−c ·

(
ln
x · a · U(n)

a

)β+1
β

}
=

=
1

n
· n2 · exp

{
−c · (ln(x · U(n)))

β+1
β

}
.

Âiçüìåìî U(n) = exp
{
(ln(n+ 2))

2β
β+1

}
, ïîçíà÷èìî dn = c (ln(x · U(n)))

β+1
β .

Âèêîíó¹òüñÿ íàñòóïíà ðiâíiñòü:

n2 · exp{−dn} = exp{2 lnn− dn}.

Ëåãêî áà÷èòè, ùî ÿêùî ñïðàâäæó¹òüñÿ íåðiâíiñòü

2 lnn

1− 1
ln 3

≤ dn,

òîáòî ïðè x ≥ exp

{(
ln 3

c β
√
2(ln 3−1)

) 2β
β+1

}
, òî ìà¹ ìiñöå íàñòóïíà íåðiâíiñòü:

2 lnn− dn ≤ −dn ·
1

ln(n+ 2)
.

Äiéñíî, ∀n ≥ 1:

x ≥ exp

{(
ln 3

c β
√
2(ln 3− 1)

) 2β
β+1

}
⇔ 2

1− 1
ln 3

≤ c · 2
β+1
β (lnx)

β+1
2β ⇒

⇒ 2

1− 1
ln(n+2)

≤ c · 2
β+1
β (lnx)

β+1
2β ⇔ 2 lnn

1− 1
ln(n+2)

≤ c · 2
β+1
β (lnx)

β+1
2β lnn ⇒

⇒ 2 lnn

1− 1
ln(n+2)

≤ c · 2
β+1
β (lnx)

β+1
2β ln(n+ 2) ⇒

⇒

∣∣∣∣∣ ßêùî a > 0, b > 0, òî 2
√
ab ≤ a+ b ⇒ 2

√
lnx · (ln(n+ 2))

β
β+1 ≤

≤ lnx+ (ln(n+ 2))
2β
β+1 = ln

(
x · exp

{
(ln(n+ 2))

2β
β+1

}) ∣∣∣∣∣ ⇒

⇒ 2 lnn

1− 1
ln(n+2)

≤ c ·
(
ln
(
x · exp

{
(ln(n+ 2))

2β
β+1

}))β+1
β
.
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Òîäi ∀x ≥ exp

{(
ln 3

c β
√
2(ln 3−1)

) 2β
β+1

}
ìà¹ìî íàñòóïíå:

P
{
η > x · a · exp

{
(ln(n+ 2))

2β
β+1

}}
≤ 1

n
· exp

{
−dn ·

1

ln(n+ 2)

}
=

=
1

n
· exp

{
−c ·

(
ln
(
x · exp

{
(ln(n+ 2))

2β
β+1

}))β+1
β · 1

ln(n+ 2)

}
=

≤

∣∣∣∣∣ ßêùî a > 0, b > 0, òî a+b
2

≥
√
ab ⇒ ln

(
x · exp

{
(ln(n+ 2))

2β
β+1

})
=

= ln x+ (ln(n+ 2))
2β
β+1 ≥ 2

√
lnx · (ln(n+ 2))

β
β+1

∣∣∣∣∣ ≤
≤ 1

n
· exp

{
− β

α1/β
·
(

2

β + 1

)β+1
β

(lnx)
β+1
2β · ln(n+ 2) · 1

ln(n+ 2)

}
=

=
1

n
exp

{
− β

α1/β
·
(

2

β + 1

)β+1
β

(lnx)
β+1
2β

}
.

Îçíà÷åííÿ 2 (äèâ. [4]). Íåõàé (T, ρ) � ìåòðè÷íèé ïðîñòið. Ìåòðè÷íîþ
ìàñèâíiñòþ N(T, ρ)(u) := N(u), u > 0 íàçèâà¹òüñÿ ìiíiìàëüíà êiëüêiñòü òî÷îê
â u-ñiòöi ïðîñòîðó T âiäíîñíî ìåòðèêè ρ.

Îçíà÷åííÿ 3 (äèâ. [9]). Âèïàäêîâèé ïðîöåñ X = (X(t), t ∈ T) íàëåæèòü
ïðîñòîðó Fψ(Ω), ÿêùî äëÿ âñiõ t ∈ T âèïàäêîâà âåëè÷èíà X(t) ∈ Fψ(Ω).

Îçíà÷åííÿ 4 (äèâ. [4, 6]). Ôóíêöiÿ q = {q(t), t ∈ R} íàçèâà¹òüñÿ ìîäóëåì
íåïåðåðâíîñòi, ÿêùî q(t) ≥ 0, q(0) = 0 òà q(t+ s) ≤ q(t)+ q(s) ïðè t > 0, s > 0.

Îçíà÷åííÿ 5 (äèâ. [4, 6]). Íåõàé (T, ρ) � ìåòðè÷íèé ïðîñòið, q � ìîäóëü
íåïåðåðâíîñòi. Òîäi ñiì'ÿ ôóíêöié {x(t), t ∈ T}, äëÿ ÿêèõ

sup
t,s∈T
t ̸=s

|x(t)− x(s)|
q(ρ(t, s))

<∞

(àáî æ sup
ρ(t,s)≤h

|x(t) − x(s)| = o(q(h)) ïðè h → 0), íàçèâà¹òüñÿ ïðîñòîðîì Ëi-

ïøèöÿ Λq(T, ρ) (àáî æ Λ0
q(T, ρ)).

Òåîðåìà ïðî ìîäóëi íåïåðåðâíîñòi âèïàäêîâèõ ïðîöåñiâ ç ïðîñòîðiâ
Fψ(Ω) âèïàäêîâèõ âåëè÷èí. Ñôîðìóëþ¹ìî òåîðåìó ïðî ìîäóëi íåïåðåðâíî-
ñòi âèïàäêîâèõ ïðîöåñiâ ç ïðîñòîðiâ Fψ(Ω) âèïàäêîâèõ âåëè÷èí ó çàãàëüíîìó
âèïàäêó òà äëÿ åêñïîíåíöiéíî¨ ôóíêöi¨ ψ(u).

Òåîðåìà 3 (äèâ. [10]). Íåõàé (T, ρ) � äåÿêèé êîìïàêòíèé ìåòðè÷íèé ïðî-
ñòið. Ðîçãëÿíåìî ñåïàðàáåëüíèé âèïàäêîâèé ïðîöåñ X = (X(t), t ∈ T) ç áà-
íàõîâîãî ïðîñòîðó Fψ(Ω), ùî çàäîâîëüíÿ¹ óìîâi À ç ôóíêöiÿìè U(n), z(x)
òà x0 > 0. Ïðèïóñòèìî, ùî iñíó¹ ìîíîòîííî çðîñòàþ÷à íåïåðåðâíà ôóíêöiÿ
σ = {σ(h), h ≥ 0} òàêà, ùî σ(0) = 0 òà âèêîíó¹òüñÿ íàñòóïíà íåðiâíiñòü:

sup
ρ(t,s)≤h

∥X(t)−X(s)∥ψ ≤ σ(h). (2)
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Íåõàé N(ε) = Nρ(T, ε) � ìåòðè÷íà ìàñèâíiñòü ïðîñòîðó (T, ρ). Òàêîæ

íåõàé ε0 = σ(−1)

(
sup
t,s∈T

ρ(t, s)

)
;
σ(ε)∫
0

U(B2N2(σ(−1)(t)))dt <∞, ε > 0.

Òîäi äëÿ x > x0, ε ∈ (0, ε0) âèêîíó¹òüñÿ íàñòóïíà íåðiâíiñòü:

P

{
sup

0<ρ(t,s)≤ε

|X(t)−X(s)|
fB(ρ(t, s))

> x

}
≤ 2B2 +B

(B2 − 1)N(ε)
· exp{−z(x)},

äå B > 1 � äåÿêå ÷èñëî,

fB(ε) = (6 + 4
√
2)

σ(ε)∫
0

U(BN(σ(−1)(t)))dt +

+ (5 + 2
√
6)

σ(ε)∫
0

U(B2N2(σ(−1)(t)))dt, ε > 0.

Çàóâàæåííÿ 1. ßêùî ψ(u) = eαu
β
, α > 0, β > 0, òî, çãiäíî iç òåîðåìîþ 2,

ïðîñòið Fψ(Ω) çàäîâîëüíÿ¹ óìîâi À ç ôóíêöiÿìè U(n) = exp
{
(ln(n+ 2))

2β
β+1

}
,

z(x) = β
α1/β

(
2

β+1

)β+1
β

(lnx)
β+1
2β i x0 = exp

{(
ln 3

b β
√
2(ln 3−1)

) 2β
β+1

}
, b = β

α1/β ·(β+1)−
β+1
β .

Òîäi ôóíêöiÿ fB(ε) íàáóâà¹ âèãëÿäó:

fB(ε) = (6 + 4
√
2)

σ(ε)∫
0

exp

{(
ln
(
BN

(
σ(−1)(t)

)
+ 2
)) 2β

β+1

}
dt +

+ (5 + 2
√
6)

σ(ε)∫
0

exp

{(
ln
(
B2N2

(
σ(−1)(t)

)
+ 2
)) 2β

β+1

}
dt.

Íàñëiäîê 1. Íåõàé (T, ρ) � äåÿêèé êîìïàêòíèé ìåòðè÷íèé ïðîñòið òà
X = (X(t), t ∈ T) � ñåïàðàáåëüíèé âèïàäêîâèé ïðîöåñ ç áàíàõîâîãî ïðîñòîðó
Fψ(Ω), äå ψ(u) = eαu

β
, α > 0, β > 0. Ïðèïóñòèìî, ùî iñíó¹ ìîíîòîííî çðîñòà-

þ÷à íåïåðåðâíà ôóíêöiÿ σ = {σ(h), h ≥ 0} òàêà, ùî σ(0) = 0 òà âèêîíó¹òüñÿ
íåðiâíiñòü (2). Òàêîæ íåõàé N(ε) � ìåòðè÷íà ìàñèâíiñòü ïðîñòîðó (T, ρ),

ε0 = σ(−1)

(
sup
t,s∈T

ρ(t, s)

)
;
σ(ε)∫
0

exp

{(
ln
(
B2N2

(
σ(−1)(t)

)
+ 2
)) 2β

β+1

}
dt <∞, ε > 0.

Òîäi äëÿ x > exp

{(
ln 3

b β
√
2(ln 3−1)

) 2β
β+1

}
, b = β

α1/β · (β + 1)−
β+1
β òà ε ∈ (0, ε0)

âèêîíó¹òüñÿ íàñòóïíà íåðiâíiñòü:

P

{
sup

0<ρ(t,s)≤ε

|X(t)−X(s)|
fB(ρ(t, s))

> x

}
≤

≤ 2B2 +B

(B2 − 1)N(ε)
· exp

{
− β

α1/β
·
(

2

β + 1

)β+1
β

(lnx)
β+1
2β

}
,
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äå B > 1 � äåÿêå ÷èñëî,

fB(ε) = (6 + 4
√
2)

σ(ε)∫
0

exp

{(
ln
(
BN

(
σ(−1)(t)

)
+ 2
)) 2β

β+1

}
dt +

+ (5 + 2
√
6)

σ(ε)∫
0

exp

{(
ln
(
B2N2

(
σ(−1)(t)

)
+ 2
)) 2β

β+1

}
dt.

Óìîâà Ãåëüäåðà äëÿ âèïàäêîâèõ ïðîöåñiâ ç ïðîñòîðiâ Fψ(Ω) âèïàä-
êîâèõ âåëè÷èí ç åêñïîíåíöiéíîþ ôóíêöi¹þ ψ(u).

Òåîðåìà 4 (äèâ. [10]). Íåõàé âèêîíóþòüñÿ óñi ïðèïóùåííÿ òåîðåìè 3. Òîäi
ç éìîâiðíiñòþ 1:

lim sup
ε↓0

sup
0<ρ(t,s)≤ε

|X(t)−X(s)|

fB(ε)
≤ 1,

äå

fB(ε) = (6 + 4
√
2)

σ(ε)∫
0

U(BN(σ(−1)(t)))dt +

+ (5 + 2
√
6)

σ(ε)∫
0

U(B2N2(σ(−1)(t)))dt, ε > 0.

Àíàëîãi÷íî ìà¹ ìiñöå òåîðåìà ó âèïàäêó åêñïîíåíöiéíî¨ ôóíêöi¨ ψ(u).

Òåîðåìà 5. Íåõàé âèêîíóþòüñÿ óñi ïðèïóùåííÿ íàñëiäêó 1. Òîäi ç éìîâið-
íiñòþ 1:

lim sup
ε↓0

sup
0<ρ(t,s)≤ε

|X(t)−X(s)|

fB(ε)
≤ 1,

äå

fB(ε) = (6 + 4
√
2)

σ(ε)∫
0

exp

{(
ln
(
BN

(
σ(−1)(t)

)
+ 2
)) 2β

β+1

}
dt +

+ (5 + 2
√
6)

σ(ε)∫
0

exp

{(
ln
(
B2N2

(
σ(−1)(t)

)
+ 2
)) 2β

β+1

}
dt, ε > 0.

Íàñëiäîê 2. Çà âèêîíàííÿ óìîâ òåîðåìè 5 äëÿ äîñòàòíüî ìàëèõ v:

sup
ρ(t,s)≤v

|X(t)−X(s)| ≤ (6 + 4
√
2)

σ(v)∫
0

exp

{(
ln
(
BN

(
σ(−1)(t)

)
+ 2
)) 2β

β+1

}
dt +

+ (5 + 2
√
6)

σ(v)∫
0

exp

{(
ln
(
B2N2

(
σ(−1)(t)

)
+ 2
)) 2β

β+1

}
dt
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ç éìîâiðíiñòþ 1.

Òåîðåìà 6. Íåõàé âèêîíóþòüñÿ óñi ïðèïóùåííÿ íàñëiäêó 1 çà óìîâè, ùî

σ(h) = dhc, h, c, d > 0 òà ïðîñòið T = [0, T ]. Òîäi äëÿ ε ∈
(
0, c

√
T
d

)
, B > 1,

∀x > exp

{(
ln 3

b β
√
2(ln 3−1)

) 2β
β+1

}
, b = β

α1/β · (β + 1)−
β+1
β òà çà óìîâè, ùî β ∈ (0, 1),

âèêîíó¹òüñÿ íàñòóïíà íåðiâíiñòü:

P

{
sup

0<ρ(t,s)≤ε

|X(t)−X(s)|
gB(ρ(t, s))

> x

}
≤

≤ 2B2 +B

(B2 − 1)N(ε)
· exp

{
− β

α1/β

(
2

β + 1

)β+1
β

(lnx)
β+1
2β

}
,

äå

gB(ε) = (5 + 2
√
6) ·

exp


(
ln

(
B2T

c
√
d

(
T c
√
d

4
+ 1

)
+B2 + 2

)) 2β
β+1

−

− exp


(
ln

(
B2T

c
√
d

(
T c
√
d

4
+ 1

)
+ ε

c
√
d(B2 + 2)

)) 2β
β+1


 +

+ dεc

(
(6 + 4

√
2) · exp

{(
ln

(
c
√
d

(
BT

2
+ ε(B + 2)

))) 2β
β+1

}
+

+ (5 + 2
√
6) · exp


(
ln

(
B2T

c
√
d

(
T c
√
d

4
+ 1

)
+ ε

c
√
d(B2 + 2)

)) 2β
β+1


 .

Áiëüøå òîãî, ó ìåòðèöi ρ(t, s) = |t − s|, t, s ∈ [0, T ], ñïðàâäæó¹òüñÿ óìîâà
Ãåëüäåðà äëÿ âèïàäêîâîãî ïðîöåñó X:

|X(t)−X(s)| = O(|t− s|c), c ∈ (0, 1).

Äîâåäåííÿ. Îáåðíåíîþ ôóíêöi¹þ äî ôóíêöi¨ σ(h) ¹ σ(−1)(h) = c

√
h
d
. Òîäi

ôóíêöiÿ fB(ε) iç íàñëiäêó 1 íàáóâà¹ âèãëÿäó:

fB(ε) = (6 + 4
√
2)

dεc∫
0

exp


(
ln

(
BN

(
c

√
t

d

)
+ 2

)) 2β
β+1

 dt +

+ (5 + 2
√
6)

dεc∫
0

exp


(
ln

(
B2N2

(
c

√
t

d

)
+ 2

)) 2β
β+1

 dt.

Îñêiëüêè ïðîñòið T = [0, T ], òî ñïðàâäæó¹òüñÿ íåðiâíiñòü äëÿ ìåòðè÷íî¨
ìàñèâíîñòi:

N

(
c

√
u

d

)
= N

(
σ(−1)(u)

)
≤ T

2σ(−1)(u)
+ 1 =

T

2 c
√

u
d

+ 1 =
T

2
c

√
d

u
+ 1.
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Òîìó ìè ìîæåìî îáìåæèòè çâåðõó iíòåãðàëè ôóíêöi¨ fB(ε):

dεc∫
0

exp


(
ln

(
BN

(
c

√
t

d

)
+ 2

)) 2β
β+1

 dt ≤

≤
dεc∫
0

exp


(
ln

(
B ·

(
T

2
c

√
d

t
+ 1

)
+ 2

)) 2β
β+1

 dt =: I1;

dεc∫
0

exp


(
ln

(
B2N2

(
c

√
t

d

)
+ 2

)) 2β
β+1

 dt ≤

≤
dεc∫
0

exp


ln

B2 ·

(
T

2
c

√
d

t
+ 1

)2

+ 2


2β
β+1

 dt =: I2.

Óìîâîþ ñêií÷åííîñòi öèõ iíòåãðàëiâ ¹ 2β
β+1

< 1 ⇔ β ∈ (0, 1). Ó òàêîìó ðàçi
ìîæåìî îöiíèòè òà îá÷èñëèòè iíòåãðàëè I1 òà I2:

I1 ≤ dεc · exp

{(
ln

(
c
√
d

(
BT

2
+ ε(B + 2)

))) 2β
β+1

}
;

I2 ≤ exp


(
ln

(
B2T

c
√
d

(
T c
√
d

4
+ 1

)
+B2 + 2

)) 2β
β+1

 +

+ (dεc − 1) · exp


(
ln

(
B2T

c
√
d

(
T c
√
d

4
+ 1

)
+ ε

c
√
d(B2 + 2)

)) 2β
β+1

 .

Îñêiëüêè

ε0 = σ(−1)

(
sup
t,s∈T

ρ(t, s)

)
=

c

√√√√ sup
t,s∈[0,T ]

ρ(t, s)

d
=

c

√
T

d
,

òî, çãiäíî iç íàñëiäêîì 1, äëÿ ε ∈
(
0, c

√
T
d

)
, B > 1, ∀x > exp

{(
ln 3

b β
√
2(ln 3−1)

) 2β
β+1

}
,

b = β
α1/β ·(β+1)−

β+1
β òà çà óìîâè, ùî β ∈ (0, 1), âèêîíó¹òüñÿ íàñòóïíà íåðiâíiñòü:

P

{
sup

0<ρ(t,s)≤ε

|X(t)−X(s)|
gB,1(ρ(t, s)) + gB,2(ρ(t, s)) · (ρ(t, s))c

> x

}
≤

≤ 2B2 +B

(B2 − 1)N(ε)
· exp

{
− β

α1/β

(
2

β + 1

)β+1
β

(lnx)
β+1
2β

}
,
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äå

gB,1(ε) = (5 + 2
√
6) ·

exp


(
ln

(
B2T

c
√
d

(
T c
√
d

4
+ 1

)
+B2 + 2

)) 2β
β+1

−

− exp


(
ln

(
B2T

c
√
d

(
T c
√
d

4
+ 1

)
+ ε

c
√
d(B2 + 2)

)) 2β
β+1


 ,

gB,2(ε) = d

(
(6 + 4

√
2) · exp

{(
ln

(
c
√
d

(
BT

2
+ ε(B + 2)

))) 2β
β+1

}
+

+(5 + 2
√
6) · exp


(
ln

(
B2T

c
√
d

(
T c
√
d

4
+ 1

)
+ ε

c
√
d(B2 + 2)

)) 2β
β+1


 .

Òàêîæ, âiäïîâiäíî äî íàñëiäêó 2, ìà¹ ìiñöå íåðiâíiñòü:

sup
0<ρ(t,s)≤ε

|X(t)−X(s)| ≤ gB,1(ε) + gB,2(ε) · εc.

Áiëüøå òîãî, îñêiëüêè gB,1(ε) ≤ gB,1(0) òà gB,2(ε) ≤ gB,2(ε0), òî ñïðàâäæó¹-
òüñÿ íàñòóïíà íåðiâíiñòü:

sup
0<ρ(t,s)≤ε

|X(t)−X(s)| ≤ gB,1(0) + gB,2(ε0) · εc.

Îòæå, ÿêùî îáðàòè ìåòðèêó ρ(t, s) = |t− s|, t, s ∈ [0, T ], òî ìàòèìåìî:

|X(t)−X(s)| = O(|t− s|c), c ∈ (0, 1).

Íàñòóïíà òåîðåìà âèïëèâà¹ ç íàñëiäêó 1.

Òåîðåìà 7. Íåõàé X = (X(t), t ∈ T) � âèïàäêîâèé ïðîöåñ, äëÿ ÿêîãî âè-
êîíóþòüñÿ ïðèïóùåííÿ íàñëiäêó 1. ßêùî fB(ε) ≤ qB(ε) â îêîëi íóëÿ, äå qB �
äåÿêèé ìîäóëü íåïåðåðâíîñòi, òî ç éìîâiðíiñòþ 1 ïðîöåñ X íàëåæèòü ïðî-
ñòîðó Λq(T, ρ) i âèêîíó¹òüñÿ íàñòóïíà íåðiâíiñòü:

P

{
sup

0<ρ(t,s)≤ε

|X(t)−X(s)|
qB(ρ(t, s))

> x

}
≤

≤ 2B2 +B

(B2 − 1)N(ε)
· exp

{
− β

α1/β
·
(

2

β + 1

)β+1
β

(lnx)
β+1
2β

}
. (3)

ßêùî æ fB(ε) = o(qB(ε)), òî ç éìîâiðíiñòþ 1 ïðîöåñ X íàëåæèòü ïðî-
ñòîðó Λ0

q(T, ρ) òà äëÿ äîñòàòíüî ìàëèõ ε ìà¹ ìiñöå íåðiâíiñòü (3).

Íàñëiäîê 3. Íåõàé ôóíêöiÿ σ(h) = dhc, c, d, h > 0. Ðîçãëÿíåìî âèïàäêîâèé
ïðîöåñ X = (X(t), t ∈ T), äëÿ ÿêîãî âèêîíóþòüñÿ ïðèïóùåííÿ íàñëiäêó 1, òà
äåÿêèé ìîäóëü íåïåðåðâíîñòi qB. ßêùî
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dεc0∫
0

exp

{(
ln
(
B2N2

(
c

√
t
d

)
+ 2
)) 2β

β+1

}
qB(t)

dt <∞,

òî ç éìîâiðíiñòþ 1 ïðîöåñ X íàëåæèòü ïðîñòîðó Λ0
q(T, ρ).

Äîâåäåííÿ. Ôóíêöiþ fB(ε) iç íàñëiäêó 1 ìîæíà îáìåæèòè íàñòóïíèì ÷è-
íîì:

fB(ε) = (6 + 4
√
2)

dεc∫
0

exp


(
ln

(
BN

(
c

√
t

d

)
+ 2

)) 2β
β+1

 dt +

+ (5 + 2
√
6)

dεc∫
0

exp


(
ln

(
B2N2

(
c

√
t

d

)
+ 2

)) 2β
β+1

 dt =

= (6 + 4
√
2)

dεc∫
0

qB(t) ·
exp

{(
ln
(
BN

(
c

√
t
d

)
+ 2
)) 2β

β+1

}
qB(t)

dt +

+ (5 + 2
√
6)

dεc∫
0

qB(t) ·
exp

{(
ln
(
B2N2

(
c

√
t
d

)
+ 2
)) 2β

β+1

}
qB(t)

dt ≤

≤ (6 + 4
√
2)qB(ε)

dεc∫
0

exp

{(
ln
(
BN

(
c

√
t
d

)
+ 2
)) 2β

β+1

}
qB(t)

dt +

+ (5 + 2
√
6)qB(ε)

dεc∫
0

exp

{(
ln
(
B2N2

(
c

√
t
d

)
+ 2
)) 2β

β+1

}
qB(t)

dt =

= o(qB(ε)), ε→ 0.

Îñòàòî÷íî òâåðäæåííÿ öüîãî íàñëiäêó âèïëèâà¹ ç òåîðåìè 7.
Âèñíîâîê. Ó öié ðîáîòi çíàéäåíî óìîâè, çà ÿêèõ òðàåêòîði¨ âèïàäêîâîãî

ïðîöåñó X ç ïðîñòîðó Fψ(Ω) âèïàäêîâèõ âåëè÷èí ç åêñïîíåíöiéíîþ ôóíêöi¹þ ψ
çàäîâîëüíÿþòü óìîâi Ãåëüäåðà, òà îòðèìàíî îöiíêè ðîçïîäiëiâ íîðì òðàåêòîðié
âèïàäêîâèõ ïðîöåñiâ ó ïðîñòîði Ãåëüäåðà. Ó ïîäàëüøîìó ïëàíó¹òüñÿ ðîçãëÿíóòè
ìîäóëi íåïåðåðâíîñòi âèïàäêîâèõ ïðîöåñiâ ç ïðîñòîðiâ Fψ(Ω) íà íåñêií÷åííèõ
iíòåðâàëàõ.
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