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ON ONE CONSTRUCTIVE METHOD OF THE
BOUNDARY�VALUE PROBLEM INVESTIGATION FOR THE
DIFFERENTIAL EQUATIONS OF THE HYPERBOLIC TYPE

We investigate one constructive modification of the two–sided method of the approximate integ-
ration of the boundary–value problem (BVP) for a system of second order non–linear differential
equations of the hyperbolic type on the plain, when a bound of the domain of the independent
variables consists of a pair of ”free” curves and characteristics of the given system.

Äîñëiäæó¹òüñÿ îäíà êîíñòðóêòèâíà ìîäèôiêàöiÿ äâîñòîðîííüîãî ìåòîäó íàáëèæåíîãî iíòå-
ãðóâàííÿ êðàéîâî¨ çàäà÷i äëÿ ñèñòåì íåëiíiéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü äðóãîãî ïîðÿäêó
ãiïåðáîëi÷íîãî òèïó íà ïëîùèíi, êîëè êðàé îáëàñòi çìiíè íåçàëåæíèõ çìiííèõ ñêëàäà¹òüñÿ iç
ïàðè "âiëüíèõ"êðèâèõ òà õàðàêòåðèñòèê çàäàíî¨ ñèñòåìè.

The results given below continue our investigations from [1,2].
Let us observe the domain D = D1 ∪D2 ⊂ R2, where

D1 = {(x, y) |x ∈ (x0, x1] , y ∈ (y0, g1(x))} ,

D2 = {(x, y) |x ∈ [x1, x2] , y ∈ (g2(x), y1]} ,
and x0 < x1 < x2, y0 < y1 < y2, y = gr(x) (x = kr(y)), x ∈ [xr−1, xr], r = 1, 2, are
“free” curves [3], g′r(x) > 0, g1(xr−1) = yr, g2(xr) = yr−1.

Let us investigate the problem [4]: to find the solution of the system of differential
equations

L2U(x, y) = f (x, y, U(x, y)) := f [U(x, y)] , (1)

L2U(x, y) := Uxy(x, y) + A1(x, y)Ux(x, y) + A2(x, y)Uy(x, y),

U(x, y) := (ui(x, y)), f [U(x, y)] := (fi[U(x, y)]), i = 1, n — vector–functions,

Ar(x, y) :=
(
δi,ja

(r)
i,j (x, y)

)
, r = 1, 2, j = 1, n, are given matrices, δi,j is the Kronecker

symbol, that satisfies boundary restrictions of the form

U(x0, y) = Ψ(y),Ψ(y) ∈ C1[y0, y1],
U(x, y0) = Φ(x),Φ(x) ∈ C1[x0, x1],

Ψ(y0) = Φ(x0),
(2)

U(x, gr(x)) = Ωr(x), x ∈ [xr−1, xr],Ωr(x) ∈ C1[xr−1, xr], r = 1, 2,
Ω1(x0) = Ψ(y1),Ω2(x1) = Φ(x1),

(3)

where Ψ(y) := (ψi(y)), Φ(x) := (ϕi(x)), Ωr(x) := (ωi,r(x)), i = 1, n, r = 1, 2 —
given functions, in the space of vector–functions

C∗(D̄) := C(1.1)(D) ∩ C(D̄).

Let us devide the domain D1 by characteristic of the system (1) y = y1 on two
subdomains D1,r, r = 1, 2, where

D1,1 = {(x, y)|x ∈ (x0, x1], y ∈ (y0, y1]} ,
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D1,2 = {(x, y)|x ∈ [x0, x1], y ∈ [y1, g1(x))} .
It is clear that the solution of the BVP (1)–(3)

U(x, y) =


U1(x, y), (x, y) ∈ D̄1,1,
U2(x, y), (x, y) ∈ D̄1,2,
U3(x, y), (x, y) ∈ D̄2,

where U1(x, y) is the solution the the Goursat problem (1), (2) for (x, y) ∈ D̄1,1 and
Us(x, y), s = 1, 2 are the solutions of the Darboux problems (1), (3) for (x, y) ∈ D̄1,2

and (x, y) ∈ D̄2; U2(x, y1) = U1(x, y1) and U3(x1, y) = U1(x1, y),
Us(x, y) := (us,i(x, y)) are unknown vector–functions.

Forehead we suppose that A1(x, y) ∈ C(D) ∩ C(1.0)(D1,1 ∪ D2),
A2(x, y) ∈ C(D) ∩ C(0.1)(D1), f [U(x, y)] ∈ C(B̄), f : B̄ → Rn, B̄ ⊂ Rn+2.

Using the notations from [1] let’s write the Goursat problem (1), (2) and the
Darboux problem (1), (3) in the equivalent integral form

Us(x, y) = Γs(x, y) + ϵsT1,sF [U1(ξ, η) + TsF [Us(ξ, η)]], (4)

for (x, y) ∈ D̄1,s, s = 1, 2, and (x, y) ∈ D̄2, s = 3, where

ϵs =

{
0, s = 1,
1, s = 2, 3,

F [U(x, y)] :=

{
F ∗[U(x, y)], (x, y) ∈ D̄1,
F ∗∗[U(x, y)], (x, y) ∈ D̄2,

F ∗[U(x, y)] := f [U(x, y)] + [A2y(x, y) + A1(x, y)A2(x, y)]U(x, y),

F ∗∗[U(x, y)] := F ∗[U(x, y)] + [A1x(x, y)− A2y(x, y)]U(x, y),

T1F [U1(ξ, η)] :=

x∫
x0

y∫
y0

K(x, y; ξ, η)F [U1(ξ, η)]dηdξ, (x, y) ∈ D̄1,1,

T2F [U2(ξ, η)] :=

x∫
k1(y)

y∫
y1

K(x, y; ξ, η)F [U2(ξ, η)]dηdξ, (x, y) ∈ D̄1,2,

T3F [U3(ξ, η)] :=

y∫
g2(x)

x∫
x1

K−1(ξ, η;x, y)F [U3(ξ, η)]dξdη, (x, y) ∈ D̄2,

K(x, y; ξ, η) = (δi,jki,j)(x, y; ξ, η), K
−1(ξ, η; x, y) = (δi,jk

−1
i,j )(ξ, η;x, y) — matrixes,

ki,i(x, y; ξ, η) := exp

 ξ∫
x

a
(2)
i,i (τ, y)dτ +

η∫
y

a
(1)
i,i (ξ, τ)dτ

 ,

Γs(x, y) = (γs,i(x, y)), s = 1, 2, 3 — vector–functions,

γ1,i := ψi(y)exp

 x0∫
x

a
(2)
i,i (ξ, y)dξ

+

+

x∫
x0

ki,i(x, y; ξ, y0)[ϕ
′
i(ξ) + a

(2)
i,i (ξ, y0)ϕi(ξ)]dξ, (x, y) ∈ D̄1,1,
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γ2,i := ωi,1(k1(y))exp

k1(y)∫
x

a
(2)
i,i (ξ, y)dξ

+

+

x∫
k1(y)

ki,i(x, y; ξ, y0)[ϕ
′
i(ξ) + a

(2)
i,i (ξ, y0)ϕi(ξ)]dξ, (x, y) ∈ D̄1,2,

γ3,i := ωi,2(x)exp

g2(x)∫
y

a
(1)
i,i (x, η)dη

+

+

y∫
g2(x)

k−1
i,i (x0, η;x, y)[ψ

′
i(η) + a

(1)
i,i (x0, η)ψi(η)]dη, (x, y) ∈ D̄2,

T1,2F [U1(ξ, η)] :=

x∫
k1(y)

y1∫
y0

K(x, y; ξ, η)F [U1(ξ, η)]dηdξ, (x, y) ∈ D̄1,2,

T1,3F [U1(ξ, η)] :=

y∫
g2(x)

x1∫
x0

K−1(ξ, η;x, y)F [U1(ξ, η)]dξdη, (x, y) ∈ D̄2,

Remark 1. If A1x(x, y) = A2y(x, y), (x, y) ∈ D, then F ∗[U(x, y)] ≡ F ∗∗[U(x, y)]
and K(x, y; ξ, η) ≡ K−1(ξ, η; x, y).

According to the problem setting U1x(x, y1) = U2x(x, y1) and U1y(x1, y) = U3y(x1, y)
for x ∈ [x0, x1] and y ∈ [y0, y1],

u1,iy(x, y1)− u2,iy(x, y1) = ρ1,iexp

(
x0∫
x

a
(2)
i,i (ξ, y1)dξ

)
, x ∈ [x0, x1],

u1,ix(x1, y)− u3,ix(x1, y) = ρ2,iexp

(
y0∫
y

a
(1)
i,i (x1, η)dη

)
, y ∈ [y0, y1],

(5)

where

ρ1,i := ψ′(y1)− k′1(y1)

{
ω′
i,1(x0) + a

(2)
i,i (x0, y1)ωi,1(x0)−

[
ϕ′
i(x0) + a

(2)
i,i (x0, y0)ϕi(x0)

]
×

× exp

 y0∫
y1

a
(1)
i,i (x0, η)dη

−
y1∫
y0

[fi(x0, η, ψ1(η), . . . , ψn(η))+

+
(
a
(2)
i,iη(x0, η) + a

(1)
i,i (x0, η)a

(2)
i,i a

(2)
i,i (x0, η)

)
× ψi(η)

]
exp

 η∫
y1

a
(1)
i,i (x0, τ)dτ

 dη

}
,
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ρ2,i := ϕ′(x1)− ω′
i,2(x1)− g′2(x1)

{
a
(1)
i,i (x1, y0)ωi,2(x1)−

[
ϕ′
i(y0) + a

(1)
i,i (x0, y0)ϕi(y0)

]
×

× exp

 x0∫
x1

a
(2)
i,i (ξ, y0)dξ

−
x1∫
x0

[fi(ξ, y0, ϕ1(ξ), . . . , ϕn(ξ))+

+a
(1)
i,iξ(ξ, y0) + a

(1)
i,i (ξ, y0)a

(2)
i,i (ξ, y0)ϕi(ξ)

]
exp

 ξ∫
x1

a
(2)
i,i (τ, y0)dτ

 dξ

}
.

Lemma 1. Suppose that f [U(x, y)] ∈ C(B̄), Ar(x, y) ∈ C(D), r = 1, 2,
A1(x, y) ∈ C(1.0)(D1 ∪D3), A2(x, y) ∈ C(0.1)(D1 ∪ D2) and the BVP (1)–(3) has a
solution.

The solution of the BVP (1)–(3) is regular (i.e. U(x, y) ∈ C∗(D̄)) if and only if
the equality ρr,i = 0 is true for all r = 1, 2 and i = 1, n.

In the opposite case the equalities (5) take place and the solution of the BVP
(1)–(3) is irregular.

Definition 1. We say that F [U(x, y)] ∈ C∗
1(B̄), if the vector–function F [U(x, y)]

satisfies following conditions [5]:
1) F [U(x, y)] ∈ C(B̄),
2) in the space of vector–functions C(B̄1), B̄1 ⊂ R2(n+1), PrxOyB̄1 = D̄, there exists
vector–function H(x, y, U(x, y);V (x, y)) := H[U(x, y);V (x, y)], such that
a) H[U(x, y);U(x, y)] ≡ F [U(x, y)],
b) for any pair of vector–functions U(x, y), V (x, y) ∈ B̄1, from C(D̄) such that
U(x, y) ≥ V (x, y), (x, y) ∈ D̄, in B̄1 the inequality

H[U(x, y);V (x, y)]−H[V (x, y);U(x, y)] ≤ 0, (6)

holds
3) the vector–function H[U(x, y);V (x, y)] in B̄1 satisfies the Lipschitz condition, i.e.
for all vector–functions Ur(x, y), Vr(x, y) ∈ B̄1, r = 1, 2, from C(D̄) the condition

|H[U1(x, y);U2(x, y)]−H[V1(x, y);V2(x, y)]| ≤ L(|W1(x, y)|+ |W2(x, y)|),

holds, where Wr(x, y) := Ur(x, y)−Vr(x, y), r = 1, 2, L = (δi,jli,j) — is the Lipschitz
matrix, li,j ≥ 0, i, j = 1, n.

It is clear that if the vector–function f [U(x, y)] ∈ C(B̄) and has limited first order
partial derivatives on all its arguments, starting with the third one, then F [U(x, y)]
always belongs to the space C∗

1(B̄). The opposite statement isn’t true.
Let’s give the sufficient conditions of existence and uniqueness of regular or

irregular solution of (1)–(3) for (x, y) ∈ D̄.
Let vector–functions Zs,p(x, y) := (zs,i,p(x, y)), Vs,p(x, y) := (vs,i,p(x, y)) ∈ C(D̄)

belong to the domain B̄1, s = 1, 2, 3, p ∈ N.
We will put:

Ws,p(x, y) := Zs,p(x, y)− Vs,p(x, y),

(x, y) ∈ D̄s, D̄s :=

{
D̄1,s, s = 1, 2,
D̄2, s = 3,

f p
s (x, y) := H[Zs,p(x, y);Vs,p(x, y)],
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fs,p(x, y) := H[Vs,p(x, y);Zs,p(x, y)],

αs,p(x, y) := Zs,p(x, y)− Γs(x, y)− ϵsT1,sf
p
1 (ξ, η)− Tsf

p
s (ξ, η), (7)

βs,p(x, y) := Vs,p(x, y)− Γs(x, y)− ϵsT1,sf1,p(ξ, η)− Tsfs,p(ξ, η),

Rp
s(x, y) := Γs(x, y) + ϵsT1,sf

p
1 (ξ, η) + Tsf

p
s (ξ, η),

Rs,p(x, y) := Γs(x, y) + ϵsT1,sf1,p(ξ, η) + Tsfs,p(ξ, η),

Z̄s,p(x, y) := Zs,p(x, y)−Qs,p(x, y)Ws,p(x, y),

V̄s,p(x, y) := Vs,p(x, y) + Cs,p(x, y)Ws,p(x, y), p ∈ N,

ᾱs,p(x, y) := Z̄s,p − Γs(x, y)− ϵsT1,sF
p
1 (ξ, η)− TsF

p
s (ξ, η),

β̄s,p(x, y) := V̄s,p − Γs(x, y)− ϵsT1,sF1,p(ξ, η)− TsFs,p(ξ, η),

Qs,p(x, y) := (δi,jqs,i,p(x, y)), Cs,p(x, y) := (δi,jcs,i,p(x, y)), i, j = 1, n are some arbit-
rary matrixes with non–negative continuous components for (x, y) ∈ D̄s, s = 1, 2, 3,
satisfying the following conditions

0 ≤ cs,i,p(x, y) ≤ 0, 5, 0 ≤ qs,i,p(x, y) ≤ 0, 5, (8)

for all p ∈ N, i = 1, n (cs,i,0 = qs,i,0 = 0) and (x, y) ∈ D̄s,

F p
s (x, y) := H[Z̄s,p(x, y); V̄s,p(x, y)],

Fs,p(x, y) := H[V̄s,p(x, y); Z̄s,p(x, y)],

Rp
s(x, y) = (rps,i(x, y)), Rs,p(x, y) = (rs,i,p(x, y)) are vector–functions.
Lets built the sequences of functions {Zs,p(x, y)} and {Vs,p(x, y)} according to

[?, 5].
Zs,p+1(x, y) = Γs(x, y) + ϵsT1,sF

p
1 (ξ, η) + TsF

p
s (ξ, η),

Vs,p+1(x, y) = Γs(x, y) + ϵsT1,sF1,p(ξ, η) + TsFs,p(ξ, η)
(x, y) ∈ D̄s,

(9)

where as the zero approximation Zs,0(x, y), Vs,0(x, y) ∈ B̄1 can be taken any functions
from C(D̄s), satisfying (2), (3) and the inequalities

Ws,0(x, y) ≥ 0, αs,0(x, y) ≥ 0, βs,0(x, y) ≥ 0,
(x, y) ∈ D̄s, s = 1, 2, 3.

(10)

Forehead vector–functions Zs,0(x, y), Vs,0(x, y) ∈ C(B̄1), such that satisfy condi-
tions (2), (3), inequalities (10) and belong to the domain B̄1 we will call comparison
functions of the BVP (1)– (3).

The following lemma takes place.

Lemma 2. Let F [U(x, y)] ∈ C∗
1(B̄) and the integral equations (4) in C(D̄r),

r = 1, 2, have solutions such that for (x, y) ∈ C(D̄r) satisfy inequalities

Vs,0(x, y) ≤ Us(x, y) ≤ Zs,0(x, y), (x, y) ∈ D̄s, s = 1, 2, 3. (11)

Then in B̄1 the inequalities (10) are true.
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Lemma 3. If F [U(x, y)] ∈ C∗
1(B̄), then the set of comparison functions of the

BVP (1)– (3) is non-empty.

Proof. Let

u∗(x, y) = Γs(x, y) + ϵsT1,sF [u
∗
1(ξ, η)] + TsF [h(ξ, η)],

where h(x, y) ∈ C(D̄) — is some function from B̄. As us(x, y) ∈ B̄1, lets put

α∗
s(x, y) = u∗s(x, y)− Γs(x, y)− ϵsT1,sF [u

∗
1(ξ, η)]− TsF [u

∗
s(ξ, η)].

Then the vector–functions

Zs,0(x, y) = u∗s(x, y) + |α∗
s(x, y)|,

Vs,0(x, y) = u∗s(x, y)− |α∗
s(x, y)|

if Zs,0(x, y), Vs,0(x, y) ∈ B̄1 are comparison functions of the BVP (1)– (3).
Indeed Ws,0(x, y) ≥ 0, and as K(x, y; ξ, η) > 0, than taking into account condi-

tion (6), we have that

αs,0(x, y) = |α∗
s(x, y)|+ α∗

s(x, y) + ϵsT1,s
{
F [U∗

1 (ξ, η)]− f 0
1 (ξ, η)

}
+

+ Ts
{
F [U∗

s (ξ, η)]− f 0
s (ξ, η)

}
≥ 0,

βs,0(x, y) = −|α∗
s(x, y)|+ α∗

s(x, y) + ϵsT1,s {F [U∗
1 (ξ, η)]− f1,0(ξ, η)}+

+ Ts {F [U∗
s (ξ, η)]− fs,0(ξ, η)} ≤ 0,

s = 1, 2, 3, (x, y) ∈ D̄s.
From (7) and (9) we get

Zs,0(x, y)− Zs,1(x, y) = αs,0(x, y) ≥ 0,

Vs,0(x, y)− Vs,1(x, y) = βs,0(x, y) ≤ 0,

Ws,1(x, y) = ϵsT1,s(f
0
1 (ξ, η)− f1,0(ξ, η)) + Ts(f

0
s (ξ, η)− fs,0(ξ, η)) ≤ 0,

αs,1(x, y) = ϵsT1,s(f
0
1 (ξ, η)− f 1

1 (ξ, η)) + Ts(f
0
s (ξ, η)− f 1

s (ξ, η)) ≤ 0, (x, y) ∈ D̄s,

βs,1(x, y) = ϵsT1,s(f1,0(ξ, η)− f1,1(ξ, η)) + Ts(fs,0(ξ, η)− fs,1(ξ, η)) ≥ 0.

Let the inequalities

Vs,0(x, y) ≤ Zs,1(x, y), Zs,0(x, y) ≥ Vs,1(x, y) (12)

are true for (x, y) ∈ D̄s.
Using the upper inequalities for (x, y) ∈ D̄s we get

Vs,0(x, y) ≤ Zs,1(x, y) ≤ Vs,1(x, y) ≤ Zs,0(x, y), (x, y) ∈ D̄s, s = 1, 2, 3.

It means that if Zs,0(x, y), Vs,0(x, y) ∈ B̄1, then Zs,1(x, y), Vs,1(x, y) ∈ B̄1, s = 1, 2, 3.
Let us put

Ωp
s(x, y) := Γs(x, y) + ϵsT1,sF

p
1 (ξ, η) + TsF

p
s (ξ, η),
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Ωs,p(x, y) := Γs(x, y) + ϵsT1,sF1,p(ξ, η) + TsFs,p(ξ, η),

then the iterations (9) can be written as

Zs,p+1(x, y) = Ωp
s(x, y), Vs,p+1(x, y) = Ωs,p(x, y), (13)

(x, y) ∈ D̄s, s = 1, 2, 3, p ∈ N, Ωp
s(x, y) = (ωp

s,i(x, y)), Ωs,p(x, y) = (ωs,i,p(x, y)) are
vector–functions.

From (7) and (13) we have

Zs,p+1(x, y)− V̄s,p(x, y) = Ωp
s(x, y)− Ωs,p−1(x, y)− Cs,p(x, y)Ws,p(x, y),

Vs,p+1(x, y)− Z̄s,p(x, y) = Ωs,p(x, y)− Ωp−1
s (x, y) +Qs,p(x, y)Ws,p(x, y),

(14)

Ws,p+1(x, y) = Ωp
s(x, y)− Ωs,p(x, y), (x, y) ∈ D̄s, s = 1, 2, 3, (15)

ᾱs,p+1(x, y) = Ωp
s(x, y)− Ωp+1

s (x, y)−Qs,p+1(x, y)Ws,p+1(x, y) =
= Zs,p+1(x, y)− Zs,p+2(x, y)−Qs,p+1(x, y)Ws,p+1(x, y),

β̄s,p+1(x, y) = Ωs,p(x, y)− Ωs,p+1(x, y) + Cs,p+1(x, y)Ws,p+1(x, y) =
= Vs,p+1(x, y)− Vs,p+2(x, y) + Cs,p+1(x, y)Ws,p+1(x, y).

(16)

In [7] was shown that the vector–functions Z̄s,p(x, y), V̄s,p(x, y) ∈ B̄1 will be the
comparison functions of the BVP (1)–(3) if and only if the inequalities

W̄s,p(x, y) ≥ (≤)0, ᾱs,p(x, y) ≥ (≤)0, β̄s,p(x, y) ≤ (≥)0

for even (odd) p, (x, y) ∈ D̄s, s = 1, 2, 3, p ∈ N.
Note that according to (8)

Zs,1(x, y) ≤ Z̄s,1(x, y) ≤ V̄s,1(x, y) ≤ Vs,1(x, y),

i.e., Z̄s,1(x, y), V̄s,1(x, y) ∈ B̄1. But then using (6) from (15) for p = 1 Ws,2(x, y) ≥ 0.
Choosing the components of matrixesQs,1(x, y), Cs,1(x, y) such that for (x, y) ∈ D̄s,

s = 1, 2, 3 the conditions

Ω1
s(x, y)− Ωs,0(x, y)− Cs,1(x, y)Ws,1(x, y) ≤ 0,

Ωs,1(x, y)− Ω0
s(x, y) +Qs,1(x, y)Ws,1(x, y) ≥ 0.

hold.
According to (14) for p = 1

Zs,2(x, y) ≤ V̄s,1(x, y), Vs,2(x, y) ≥ Z̄s,1(x, y),

Zs,2(x, y)− Zs,1(x, y) +Qs,1(x, y)Ws,1(x, y) ≥ 0, (x, y) ∈ D̄s, s = 1, 2, 3,

Vs,2(x, y)− Vs,1(x, y)− Cs,1(x, y)Ws,1(x, y) ≤ 0,

and so from (16) for p = 0 ᾱs,1(x, y) ≤ 0, β̄s,1(x, y) ≥ 0.
It follows that

Vs,0(x, y) ≤ Zs,1(x, y) ≤ Vs,2(x, y) ≤ Zs,2(x, y) ≤ V̄s,1(x, y) ≤
≤ Vs,1(x, y) ≤ Zs,0(x, y), (x, y) ∈ D̄s, s = 1, 2, 3,
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and αs,2(x, y) ≥ 0, βs,2(x, y) ≤ 0.
But in this case, taking the components of Qs,2(x, y), Cs,2(x, y) such that

Ω2
s(x, y)− Ωs,1(x, y)− Cs,2(x, y)Ws,2(x, y) ≥ 0,

Ωs,2(x, y)− Ω1
s(x, y) +Qs,2(x, y)Ws,2(x, y) ≤ 0,

from (14), (15) for p = 2 we get

Zs,3(x, y) ≥ V̄s,2(x, y), Vs,3(x, y) ≤ Z̄s,2(x, y),

Ws,3(x, y) ≤ 0, ᾱs,2(x, y) ≥ 0, β̄s,2(x, y) ≤ 0, (x, y) ∈ D̄s, s = 1, 2, 3,

i.e., the inequalities

Vs,0(x, y) ≤ Z̄s,1(x, y) ≤ V̄s,2(x, y) ≤ Z̄s,3(x, y) ≤ V̄s,1(x, y) ≤
≤ V̄s,3(x, y) ≤ Z̄s,2(x, y) ≤ V̄s,1(x, y) ≤ Zs,0(x, y),

and αs,3(x, y) ≤ 0, βs,3(x, y) ≥ 0, take place.
Repeating upper thoughts and choosing on each step of iterations (13) the com-

ponents of matrixes Qs,p(x, y) and Cs,p(x, y) in such way that conditions

Ωp
s(x, y)− Ωs,p−1(x, y)− Cs,p(x, y)Ws,p(x, y) ≥ (≤)0,

Ωs,p(x, y)− Ωp−1
s (x, y) +Qs,p(x, y)Ws,p(x, y) ≤ (≥)0,
(x, y) ∈ D̄s, s = 1, 2, 3,

(17)

are true, for even (odd) p with the help of the method of mathematical induction
we improve that functions of the sequences {Zs,p(x, y)}, {Vs,p(x, y)} built according
to (9), (10), (8), (17) satisfy the inequalities

Vs,2p(x, y) ≤ Zs,2p+1(x, y) ≤ Vs,2p+2(x, y) ≤ Zs,2p+3(x, y) ≤
≤ Vs,2p+3(x, y) ≤ Zs,2p+2(x, y) ≤ Vs,2p+1(x, y) ≤ Zs,2p(x, y),

(18)

and αs,2p(x, y) ≥ 0, αs,2p+1(x, y) ≤ 0, βs,2p(x, y) ≤ 0, βs,2p+1(x, y) ≥ 0, (x, y) ∈ D̄s,
s = 1, 2, 3, p = 0, 1, 2, . . ..

Let us put τs,p(x, y) := αs,p(x, y)− βs,p(x, y) +Ws,p(x, y).

Lemma 4. If F [U(x, y)] ∈ C∗
1(B̄) then a set of functional matrixes Qs,p(x, y),

Cs,p(x, y), which elements satisfy conditions (8), such that inequalities (17) hold, is
non–empty.

Proof. Really, let us put

qs,i,p(x, y) =

{
ws,i,p(x,y)+βs,i,p(x,y)

τs,i,p(x,y)
, ws,i,p(x, y) ̸= 0,

0, ws,i,p(x, y) = 0,

cs,i,p(x, y) =

{
ws,i,p(x,y)−αs,i,p(x,y)

τs,i,p(x,y)
, ws,i,p(x, y) ̸= 0,

0, ws,i,p(x, y) = 0,

(x, y) ∈ D̄s, p ∈ N,

(19)

τs,p(x, y) = (τs,i,p(x, y)), Ws,p(x, y) = (ws,i,p(x, y)), i = 1, n are vector–functions.
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As
ws,i,p(x, y) + βs,i,p(x, y) = ωp−1

s,i (x, y)− rs,i,p(x, y),

ws,i,p(x, y)− αs,i,p(x, y) = rps,i(x, y)− ωs,i,p−1(x, y),

then components of the matrixes Qs,p(x, y) and Cs,p(x, y) given by (19) satisfy con-
ditions (8) for all (x, y) ∈ D̄s, s = 1, 2, 3, i = 1, n, p ∈ N and the substitution of the
last ones into (17) gives that

ωp
s,i(x, y)− ωs,i,p−1(x, y)− cs,i,p(x, y)ws,i,p(x, y) =

= ωp
s,i(x, y)− rps,i(x, y) + (rps,i(x, y)− ωs,i,p−1(x, y))

(
1− ws,i,p(x,y)

τs,i,p(x,y)

)
≥ (≤)0,

ωp
s,i(x, y)− ωp−1

s,i (x, y) + qs,i,p(x, y)ws,i,p(x, y) =

= ωs,i,p(x, y)− rs,i,p(x, y) + (rs,i,p(x, y)− ωp−1
s,i (x, y))

(
1− ws,i,p(x,y)

τs,i,p(x,y)

)
≤ (≥)0,

for all even (odd) p, (x, y) ∈ D̄s, s = 1, 2, 3, i = 1, n, p ∈ N.
Theorem 1. Let the vector–function

F [U(x, y)] ∈ C∗
1(B̄), A1(x, y) ∈ C(D) ∩ C(1.0)(D1,1 ∪D2),

A2(x, y) ∈ C(D) ∩ C(0.1)(D1).

Then the vector–functions Zs,p(x, y), Vs,p(x, y) build according to (9), (10), (8),
(17), satisfy inequalities (17) in the domain B̄1.

Let us show that the sequences of functions {Zs,p(x, y)}, {Vs,p(x, y)} converge
uniformly in direct domains D̄s, s = 1, 2, 3 to the unique solution of the system of
integral equations (4). On behalf of the inequalities (18) in B̄1 it is sufficient to show
that

lim
p→∞

Ws,p(x, y) = 0, (x, y) ∈ D̄s, s = 1, 2, 3.

We put
max
s,i

sup
D̄s

|ws,i,p(x, y)| = d, ||L|| = l,

max
s,i,p

sup
D̄s

(1− cs,i,p(x, y)− qs,i,p(x, y)) ≤ q,

max
s,i

sup
D̄1∪D̄s

{ki,i(x, y; ξ, η), k−1
i,i (xi, η;x, y)} ≤ 0, 5k, s = 2, 3,

max{1, sup
D̄

(y − y0 + x− x0)} = γ.

Then from (15) on the basis of the method of mathematical induction we insure
that the inequalities

max
s,i

sup
D̄s

|ws,i,p(x, y)| := ||Ws,p(x, y)|| ≤
1

p!
(lqkγn|y − y0 + x− x0|)p · d, (20)

i.e., lim
p→∞

Ws,p(x, y) = 0, so

lim
p→∞

Zs,p(x, y) = lim
p→∞

Vs,p(x, y) = Us(x, y), (x, y) ∈ D̄s, s = 1, 2, 3.

are true.
Passing in (9) to limit for p → ∞ we get that the limit function Us(x, y) is the

solution of the system of integral equations (4) for (x, y) ∈ D̄s, s = 1, 2, 3.
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Theorem 2. Let the conditions of Theorem 1 hold.
Then the sequences of vector–functions {Zs,p(x, y)}, {Vs,p(x, y)}, built according

to (9), (10), (8), (17), where as Zs,0(x, y), Vs,0(x, y) ∈ B̄1 are chosen the comparison
functions of the BVP (1)–(3):
1) are uniform convergent to the unique solution of the system of integral equations
(4) for (x, y) ∈ D̄s, s = 1, 2, 3,
2) the estimations (21) are true,
3) the inequalities

Vs,2p(x, y) ≤ Zs,2p+1(x, y) ≤ Vs,2p+2(x, y) ≤ Zs,2p+3(x, y) ≤
≤ Us(x, y) ≤ Vs,2p+3(x, y) ≤ Zs,2p+2(x, y) ≤ Vs,2p+1(x, y) ≤ Zs,2p(x, y),

(x, y) ∈ D̄s, s = 1, 2, 3, p ∈ N
(21)

are true in the domain B̄1;
4) the convergence of the iteration method (9), (10), (8), (17) isn’t slower than the
convergence of the two–sided method when Qs,p(x, y) = Cs,p = 0.

To prove this theorem it is sufficient to repeat steps given in [1, 7].
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