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ÌIØÀÍÀ ÇÀÄÀ×À ÄËß ÂÈÐÎÄÆÅÍÎ� ÃIÏÅÐÁÎËI×ÍÎ�
ÇËI×ÅÍÍÎ� ÑÈÑÒÅÌÈ ÍÀÏIÂËIÍIÉÍÈÕ ÐIÂÍßÍÜ

In this paper we proved theorem about a global solvability of the initial-boundary value problem
for degenerate countable system of first order hyperbolic equations.

Â äàíié ñòàòòi äëÿ âèðîäæåíî¨ çëi÷åííî¨ ñèñòåìè ãiïåðáîëi÷íèõ ðiâíÿíü ïåðøîãî ïîðÿäêó
äîâåäåíî òåîðåìó ïðî ãëîáàëüíó ðîçâ'ÿçíiñòü ìiøàíî¨ çàäà÷i.

1. Âñòóï. Ãiïåðáîëi÷íi ðiâíÿííÿ i ñèñòåìè, çàçâè÷àé, âèêîðèñòîâóþòü ïðè ìî-
äåëþâàíííi ïðîöåñiâ, ùî ìàþòü ñêií÷åííó øâèäêiñòü ïîøèðåííÿ çáóðåíü. Ç ìà-
òåìàòè÷íî¨ òî÷êè çîðó öå îçíà÷à¹, ùî õàðàêòåðèñòèêè âiäïîâiäíèõ ðiâíÿíü i
ñèñòåì ¹ îðòîãîíàëüíèìè äî îñåé êîîðäèíàò [1].

Ïðîòå, â áàãàòüîõ çàäà÷àõ ôiçèêè òâåðäîãî òiëà, â ïðîìiæíèõ ðiâíÿííÿõ,
ïðè àíàëiçi áàãàòîâèìiðíèõ çàäà÷, çóñòði÷àþòüñÿ ìàòåìàòè÷íi ìîäåëi ó âèãëÿäi
ãiïåðáîëi÷íèõ ðiâíÿíü, ÷àñòèíà ñiìåéñòâà õàðàêòåðèñòèê ÿêèõ ïåðïåíäèêóëÿð-
íà, íàïðèêëàä, äî îñi ÷àñó [2, 3]. Íàÿâíiñòü òàêèõ õàðàêòåðèñòèê âêàçó¹ íà òå,
ùî øâèäêiñòü ïîøèðåííÿ êîëèâàíü ó îäíîâèìiðíèõ ñóöiëüíèõ ñåðåäîâèùàõ ¹
íåñêií÷åííîþ [4].

Ïðåäñòàâëåííÿ ðîçâ'ÿçêó íåëiíiéíîãî ðiâíÿííÿ ÷åðåç íåñêií÷åííèé ðÿä Ôóð'¹
ïðèâîäèòü äî çëi÷åííèõ ñèñòåì ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè ïåðøîãî ïî-
ðÿäêó [5�7].

Ó öié ïðàöi ðîçãëÿíóòî çëi÷åííó ñèñòåìó íàïiâëiíiéíèõ ðiâíÿíü ç ÷àñòèí-
íèìè ïîõiäíèìè ïåðøîãî ïîðÿäêó ç "íàõèëåíèìè" òà ãîðèçîíòàëüíèìè (âèðî-
äæåíèìè) õàðàêòåðèñòèêàìè. Çà äîïîìîãîþ ìåòîäó õàðàêòåðèñòèê òà òåîðåìè
Áàíàõà ïðî ñòèñêóþ÷i âiäîáðàæåííÿ, âèêîðèñòîâóþ÷è ìåòîäèêó À.Ì.Ñàìîé-
ëåíêà òà Þ.Â.Òåïëiíñüêîãî äëÿ çëi÷åííèõ ñèñòåì çâè÷àéíèõ äèôåðåíöiàëüíèõ
ðiâíÿíü [8], òîáòî äèôåðåíöiàëüíèõ ðiâíÿíü â ïðîñòîði M îáìåæåíèõ ÷èñëîâèõ
ïîñëiäîâíîñòåé, äîâåäåíî òåîðåìó ïðî ãëîáàëüíó êîðåêòíó ðîçâ'ÿçíiñòü ìiøàíî¨
çàäà÷i äëÿ âèðîäæåíî¨ ãiïåðáîëi÷íî¨ çëi÷åííî¨ ñèñòåìè íàïiâëiíiéíèõ ðiâíÿíü.

2. Ôîðìóëþâàííÿ çàäà÷i.
Ó ïðÿìîêóòíèêó Π = {(x, t) : 0 < t < T, 0 < x < l} ðîçãëÿíåìî âèðîäæåíó

ãiïåðáîëi÷íó çëi÷åííó ñèñòåìó íàïiâëiíiéíèõ ðiâíÿíü

∂ui
∂t

+ λi(x, t)
∂ui
∂x

= fi(x, t, u1, u2, . . . , v1, v2, . . .), i ∈ {1, . . .}

∂vj
∂x

= gj(x, t, u1, u2, . . . , v1, v2, . . .), j ∈ {1, . . .}.
(1)

Äëÿ ñèñòåìè (1) çàäàìî ïî÷àòêîâi

ui(x, 0) = qi(x), 0 ≤ x ≤ l, i ∈ {1, . . .}, (2)
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òà êðàéîâi óìîâè ïðè 0 ≤ t ≤ T

ui(0, t) = γ0i

(
t,
(
us(0, t)

)
s∈Il

)
, i ∈ I0,

ui(l, t) = γli

(
t,
(
us(l, t)

)
s∈I0

)
, i ∈ Il,

vj(0, t) = ψj

(
t,
(
us(0, t)

)
s∈Il

)
, j ∈ {1, . . .},

(3)

äå I0 òà Il � ìíîæèíè iíäåêñiâ, ùî âèçíà÷åíi òàêèì ÷èíîì

I0 =
{
i ∈ {1, . . .} : λi(0, t) > 0

}
, Il =

{
i ∈ {1, . . .} : λi(l, t) < 0

}
.

Ìíîæèíè I0 òà Il ìîæóòü áóòè ïîðîæíiìè, ñêëàäàòèñÿ ç ñêií÷åííî¨ àáî çëi-
÷åííî¨ êiëüêîñòi åëåìåíòiâ. Íåõàé âîíè ìiñòÿòü r0 òà rl åëåìåíòiâ, âiäïîâiäíî.
Áåç îáìåæåííÿ çàãàëüíîñòi, ìîæíà ââàæàòè, ùî r0 òà rl äîðiâíþòü ℵ0.

Íàäàëi áóäåìî âèêîðèñòîâóâàòè ïîçíà÷åííÿ u = (u1, u2, . . .), v = (v1, v2, . . .)
λ = (λ1, λ2, . . .), f = (f1, f2, . . .), g = (g1, g2, . . .), q = (q1, q2, . . .), ψ = (ψ1, ψ2, . . .),
w = (u, v). À òàêîæ γ0 = (γ01 , γ

0
2 , . . .), γ

l = (γl1, γ
l
2, . . .), äå γ

0
i = 0 äëÿ i /∈ I0 òà

γlj = 0, äëÿ j /∈ Il.
×åðåç C∞ ïîçíà÷èìî ïðîñòið, åëåìåíòîì ÿêîãî ¹ ç÷èñëåííà ïîñëiäîâíiñòü

íåïåðåðâíèõ ôóíêöié, îáìåæåíèõ äåÿêîþ ñòàëîþ.
Çàäà÷ó (1) - (3) áóäåìî ðîçãëÿäàòè â ïðîñòîði C2 = C∞(Π) × C∞(Π). Íåõàé

{w1, w2} ⊂ C2, òîäi ìåòðèêó íà åëåìåíòàõ ïðîñòîðó C2 âèçíà÷èìî òàê

ρ(w1, w2) = max{sup
i

max
x,t

|u1i (x, t)− u2i (x, t)|ai(x)e−ct,

sup
i

max
x,t

|v1i (x, t)− v2i (x, t)|bi(x)e−ct},
(4)

äå ñòàëó c > 0 i íåïåðåðâíi äîäàòíi ôóíêöi¨ ai, bi ïiäáåðåìî ïiçíiøå.
Äîñëiäèìî äîñòàòíi óìîâè ðîçâ'ÿçíîñòi çàäà÷i (1) - (3).

3. Äîïîìiæíà ëåìà.
Iñíóâàííÿ òà ¹äèíiñòü ðîçâ'ÿçêó çàäà÷i (1) - (3) áóäåìî äîâîäèòè çà äîïîìî-

ãîþ òåîðåìè Áàíàõà ïðî íåðóõîìó òî÷êó. Äëÿ öüîãî, íàñàìïåðåä, ïåðåêîíà¹ìîñÿ
ó ïîâíîòi ïðîñòîðó C2 âiäíîñíî íîðìè, ïîðîäæåíî¨ çàäàíîþ ìåòðèêîþ (4).

Ëåìà 1. Ïðîñòið C2 ïîâíèé âiäíîñíî íîðìè ∥ · ∥C2 .

Äîâåäåííÿ. Íåõàé ïîñëiäîâíiñòü
(
un, vn

)∞
n=1

ôóíäàìåíòàëüíà â ïðîñòîði C2.
Òîäi äëÿ äîâiëüíîãî ε > 0 çíàéäåòüñÿ N ∈ N òàêå, ùî äëÿ âñiõ íàòóðàëüíèõ
n,m ≥ N i äëÿ âñiõ i ∈ N òà (x, t) ∈ Π ìà¹ìî

|uni (x, t)− umi (x, t)| < ε, (5)

|vni (x, t)− vmi (x, t)| < ε. (6)

Ç (5) âèïëèâà¹, ùî äëÿ áóäü-ÿêèõ ôiêñîâàíèõ (x, t) ∈ Π òà i ∈ N ÷èñëîâà ïî-
ñëiäîâíiñòü (uni (x, t)), n ∈ N, ¹ ôóíäàìåíòàëüíîþ. Ïîçíà÷èìî ÷åðåç ui(x, t) ¨¨
ãðàíèöþ. Ïîêàæåìî, ùî ôóíêöiÿ ui(x, t), (x, t) ∈ Π, ¹ íåïåðåðâíîþ i îáìåæå-
íîþ. Ñïðàâäi, íåõàé N ∈ N òàêå, ùî äëÿ âñiõ íàòóðàëüíèõ n,m ≥ N , i ∈ N òà
(x, t) ∈ Π ìà¹ìî

|uni (x, t)− umi (x, t)| < 1/2.
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Òîäi

|ui(x, t)− uNi (x, t)| = | lim
n→∞

uni (x, t)− uNi (x, t)| = lim
n→∞

|uni (x, t)− uNi (x, t)| ≤ 1/2.

Îòæå, äëÿ êîæíî¨ (x, t) ∈ Π ìà¹ìî

|ui(x, t)| ≤ |ui(x, t)− uNi (x, t)|+ |uNi (x, t)| ≤ 1/2 +KN ,

äå
KN := sup

i∈N
sup

(x,t)∈Π
|uNi (x, t)| <∞,

îñêiëüêè uN ∈ C∞(Π). Òàêèì ÷èíîì îòðèìó¹ìî, ùî âñi ôóíêöi¨ ui, i ∈ N, ðiâíî-
ìiðíî îáìåæåíi îäíîþ i òîþ æ ñòàëîþ.

Äîâåäåìî íåïåðåðâíiñòü ôóíêöi¨ ui. Ïîêàæåìî, ùî ôóíêöiÿ ui ¹ íåïåðåðâíîþ
â òî÷öi (x, t) ∈ Π. Íåõàé äàíî ε > 0. Äëÿ äîâiëüíèõ (x1, t1) ∈ Π òà n ∈ N ìà¹ìî

|ui(x, t)−ui(x1, t1)| ≤ |ui(x, t)−uni (x, t)|+|uni (x, t)−uni (x1, t1)|+|uni (x1, t1)−ui(x1, t1)|.

Îñêiëüêè äëÿ êîæíî¨ (x, t) ∈ Π ìà¹ìî, ùî uni (x, t) → ui(x, t) ïðè n → ∞, òî
çíàéäåòüñÿ N ∈ N òàêå, ùî äëÿ âñiõ íàòóðàëüíèõ n ≥ N ìà¹ìî

|ui(x, t)− uni (x, t)| < ε/3, |ui(x1, t1)− uni (x1, t1)| < ε/3.

Êðiì òîãî, îñêiëüêè ôóíêöiÿ uni ¹ íåïåðåðâíîþ, òî çíàéäåòüñÿ δ = δ(i, n) > 0
òàêå, ùî ïðè |x− x1| < δ òà |t− t1| < δ ìà¹ìî |uni (x, t)− uni (x1, t1)| < ε/3.

Îòæå, ïðè |x− x1| < δ òà |t− t1| < δ ìà¹ìî, ùî |ui(x, t)− ui(x1, t1)| < ε, ùî i
äîâîäèòü íåïåðåðâíiñòü ôóíêöi¨ ui.

Î÷åâèäíî, ùî òi ñàìi ìiðêóâàííÿ ìîæíà ïîâòîðèòè i äëÿ vn ∈ C∞(Π), n ∈ N.
Ïîçíà÷èìî u := (u1, u2, . . .) òà v := (v1, v2, . . .). Îñêiëüêè äîâåäåíî, ùî (u, v) ∈
C2, òî çàëèøà¹òüñÿ ëèøå ïîêàçàòè, ùî ∥(u, v) − (un, vn)∥C2 → 0 ïðè n → ∞.
Âðàõîâóþ÷è íàâåäåíi âèùå âèêëàäêè, öåé ôàêò ïåðåâiðÿ¹òüñÿ áåçïîñåðåäíüî.

4. Òåîðåìà ïðî ãëîáàëüíó ðîçâ'ÿçíiñòü.
Íåõàé φi(τ ;x, t), i ∈ {1, . . . } ðîçâ'ÿçîê çàäà÷i Êîøi

dξ

dτ
= λi(ξ, τ), ξ(t) = x,

ÿêèé ¹ õàðàêòåðèñòèêàìè ñèñòåìè (1). Çàóâàæèìî, ùî âèõiäíà ñèñòåìà ìà¹ òà-
êîæ ãîðèçîíòàëüíi õàðàêòåðèñòèêè âèãëÿäó τ = t. Äëÿ óíèêíåííÿ ãðîìiçäêèõ
çàïèñiâ áóäåìî âèêîðèñòîâóâàòè ñêîðî÷åíå ïîçíà÷åííÿ φi(τ).

×åðåç χi(x, t) (0 ≤ χi(x, t) ≤ T ), ïîçíà÷èìî íàéìåíøå çíà÷åííÿ τ òàêå, ùî
(φi(τ ;x, t), τ) ∈ Π, τ ∈ [χi(x, t), t]. Òîäi, ÿêùî χi(x, t) > 0, òî φi(χi(x, t);x, t)
äîðiâíþ¹ 0 àáî l.

Óâåäåìî îáëàñòi:

Πi
q = {(x, t) ∈ Π : χi(x, t) = 0}, i ∈ {1, . . . };

Πi
0 = {(x, t) ∈ Π : χi(x, t) > 0, φi(χi(x, t); x, t) = 0}, i ∈ I0;

Πi
l = {(x, t) ∈ Π : χi(x, t) > 0, φi(χi(x, t); x, t) = l}, i ∈ Il.
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Ïðîiíòåãðóâàâøè ðiâíÿííÿ ñèñòåìè (1) âçäîâæ âiäïîâiäíèõ õàðàêòåðèñòèê,
îäåðæèìî ñèñòåìè iíòåãðî-îïåðàòîðíèõ ðiâíÿíü

ui(x, t) = Fi[u](x, t)+

+

t∫
χi(x,t)

fi

(
φi(τ), τ, u1(φi(τ), τ), u1(φi(τ), τ), . . . , v1(φi(τ), τ), v2(φi(τ), τ), . . .

)
dτ,

i ∈ {1, . . . },
(7)

vj(x, t) = ψj

(
t,
(
us(0, t)

)
s∈Il

)
+

+

x∫
0

gj
(
y, t, u1(y, t), u2(y, t), . . . , v1(y, t), v2(y, t), . . .

)
dy, j ∈ {1, . . . },

(8)

äå

Fi[u](x, t) =


qi(φi(0;x, t)), (x, t) ∈ Πi

q,

γ0i

(
χi(x, t),

(
us(0, χi(x, t))

)
s∈Il

)
, (x, t) ∈ Πi

0,

γli

(
χi(x, t),

(
us(l, χi(x, t))

)
s∈I0

)
, (x, t) ∈ Πi

l.

Îçíà÷åííÿ 1. Óçàãàëüíåíèì ðîçâ'ÿçêîì çàäà÷i (1)-(3), áóäåìî íàçèâàòè
íàáið ôóíêöié (u, v) ∈ C2, ÿêi çàäîâîëüíÿþòü ñèñòåìè (7)-(8).

Îçíà÷åííÿ 2. Ôóíêöiÿ f : R2×M2 → M çàäîâîëüíÿ¹ óìîâó Êîøi-Ëiïøèöÿ
çà çìiííèìè u òà v ç äåÿêîþ íåïåðåðâíîþ ôóíêöi¹þ α : R2 → R+, ÿêùî âèêî-
íó¹òüñÿ íåðiâíiñòü

|fi(x, t, u′1, u′2, . . . , v′1, v′2, . . .)− fi(x, t, u
′′
1, u

′′
2, . . . , v

′′
1 , v

′′
2 , . . .)| ≤ α(x, t) ·∆,

äå ∆ = max{sup
k∈N

{|u′k − u′′k|}, sup
k∈N

{|v′k − v′′k |}}, äëÿ âñiõ i ∈ {1, . . .}.

Áóäåìî ââàæàòè, ùî ôóíêöiÿ f : R2 → M çàäîâîëüíÿ¹ óìîâó Ëiïøèöÿ çà
çìiííîþ x â Π, ÿêùî fi ∈ Lipx(Π) äëÿ âñiõ i ∈ {1, . . .}.

Òåîðåìà 1. Íåõàé âèõiäíi ôóíêöi¨ çàäà÷i (1)�(3) çàäîâîëüíÿþòü óìîâè:
1) λ ∈ C∞(Π) ∩ Lipx(Π);
2) f, g, q, γ0, γl, ψ ∈ C∞(Π) ïðè äîâiëüíèõ ôiêñîâàíèõ íàáîðàõ u, v ∈ C∞;
3) f, g çàäîâîëüíÿþòü óìîâó Êîøi-Ëiïøèöÿ çà çìiííèìè u òà v ç äåÿêèìè

íåïåðåðâíèìè ôóíêöiÿìè α(x, t) òà β(x, t), âiäïîâiäíî;
4) γ0, γl, ψ çàäîâîëüíÿþòü óìîâó Êîøi-Ëiïøèöÿ çà çìiííîþ u ç äåÿêèìè

íåïåðåðâíèìè ôóíêöiÿìè h0(t), hl(t) òà s(t), âiäïîâiäíî;
5)

qi(0) = γ0i (0, (qs(0))s∈Il), i ∈ I0,

qi(l) = γli(0, (qs(l))s∈I0), i ∈ Il,

vj(0, 0) = ψj(0, (qs(0))s∈Il), j ∈ {1, . . . },

(óìîâà ïîãîäæåííÿ íóëüîâîãî ïîðÿäêó).
Òîäi iñíó¹ ¹äèíèé óçàãàëüíåíèé ðîçâ'ÿçîê çàäà÷i (1)-(3).
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Äîâåäåííÿ. Íåõàé A = max
x,t

α(x, t), B = max
x,t

β(x, t), S = max
t
s(t) òà H =

= max
{
max

t
h0(t), max

t
hl(t)

}
.

Íà åëåìåíòàõ ïðîñòîðó C2 ââåäåìî îïåðàòîð A = (A1,A2), äå îïåðàòîðè A1

òà A2 âèçíà÷åíi, âiäïîâiäíî, ïðàâèìè ÷àñòèíàìè ñïiââiäíîøåíü (7)-(8), à ñàìå

A1
i [w](x, t) = Fi[u](x, t)+

+

t∫
χi(x,t)

fi

(
φi(τ), τ, u1(φi(τ), τ), u1(φi(τ), τ), . . . , v1(φi(τ), τ), v2(φi(τ), τ), . . .

)
dτ,

i ∈ {1, . . . },

A2
j [w](x, t) = ψj

(
t,
(
us(0, t)

)
s∈Il

)
+

+

x∫
0

gj
(
y, t, u1(y, t), u2(y, t), . . . , v1(y, t), v2(y, t), . . .

)
dy, j ∈ {1, . . . }.

Îòæå, âiäøóêàííÿ óçàãàëüíåíîãî ðîçâ'ÿçêó çàäà÷i (1)-(3) çâîäèòüñÿ äî çíà-
õîäæåííÿ íåðóõîìî¨ òî÷êè îïåðàòîðà A â ïðîñòîði C2. Çàóâàæèìî, ùî A[z] ∈ C2,
ÿêùî z ∈ C2, ùî âèïëèâà¹ ç íåïåðåðâíîñòi ôóíêöié φi çà âñiìà êîìïîíåíòàìè,
ç âðàõóâàííÿì ïðèïóùåííÿ 2) òåîðåìè.

Çàçíà÷èìî, ùî ç îçíà÷åííÿ ìåòðèêè äëÿ âñiõ äîïóñòèìèõ i, x, t, òà w ∈ C2

âèïëèâà¹ ñïiââiäíîøåííÿ

|u1i (x, t)− u2i (x, t)| ≤
ρ(w1, w2)

ai(x)
ect, |v1i (x, t)− v2i (x, t)| ≤

ρ(w1, w2)

bi(x)
ect.

Ïîêàæåìî, ùî îïåðàòîð A ¹ ñòèñêóþ÷èì, äëÿ öüîãî ïðîâåäåìî íèçêó îöiíîê.
Íåõàé w1, w2 ∈ C2 òà (x, t) ∈ Πi

0. Òîäi

|Fi[w
1](x, t)− Fi[w

2](x, t)| ≤

≤
∣∣∣γ0i (χi(x, t),

(
u1s(0, χi(x, t))

)
s∈Il

)
− γ0i

(
χi(x, t),

(
u2s(0, χi(x, t))

)
s∈Il

)∣∣∣ ≤
≤ H sup

j /∈I0
{|u1j(0, χi(x, t))− u2j(0, χi(x, t))|} ≤ H sup

j /∈I0

ecχi(x,t)

aj(0)
ρ(w1, w2). (9)

Àíàëîãi÷íó îöiíêó ìîæíà îäåðæàòè äëÿ (x, t) ∈ Πi
l.

Òàêèì ÷èíîì, ñïðàâåäëèâå ñïiââiäíîøåííÿ

|Fi[w
1](x, t)− Fi[w

2](x, t)| ≤


H sup

j /∈I0

ecχi(x,t)

aj(0)
ρ(w1, w2), (x, t) ∈ Πi

0,

H sup
j /∈Il

ecχi(x,t)

aj(l)
ρ(w1, w2), (x, t) ∈ Πi

l.

(10)

Ïîçíà÷èìî ÷åðåç µ = sup
i

max
x,t

(|λi(x, t)|)−1. ßêùî âèêîíó¹òüñÿ ïåðøà íåðiâíiñòü

îöiíêè (10), òî i ∈ I0 i χi(x, t) ≤ t − µx. Àíàëîãi÷íî, ÿêùî äðóãà íåðiâíiñòü, òî
i ∈ Il i χi(x, t) ≤ t− µ(l − x).
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Íà ïiäñòàâi îòðèìàíèõ ñïiââiäíîøåíü îäåðæó¹ìî îöiíêó äëÿ îïåðàòîðà A1

∣∣(A1
i [w

1])(x, t)− (A1
i [w

2])(x, t)
∣∣ ai(x)e−ct ≤

≤ Hmax

{
sup
i∈I0,
j /∈I0

ai(x)e
−cµx

aj(0)
, sup
i∈Il,
j /∈Il

ai(x)e
−cµ(l−x)

aj(l)

}
ρ(w1, w2)+

+Amax

{
sup
i,j,y

ai(x)

aj(y)
, sup
i,j,y

ai(x)

bj(y)

}
ρ(w1, w2)

t∫
0

ec(σ−t)dσ ≤

≤ Hmax

{
sup
i∈I0,
j /∈I0

ai(x)e
−cµx

aj(0)
, sup
i∈Il,
j /∈Il

ai(x)e
−cµ(l−x)

aj(l)

}
ρ(w1, w2)+

+
A

c
max

{
sup
i,j,y

ai(x)

aj(y)
, sup
i,j,y

ai(x)

bj(y)

}
ρ(w1, w2),

à òàêîæ îöiíêó äëÿ îïåðàòîðà A2

∣∣A2
i [w

1](x, t)−A2
i [w

2](x, t)
∣∣ bi(x)e−ct ≤

(
S sup

i∈N,
j /∈Il

bi(x)

aj(0)
+

+

x∫
0

Bmax
{
sup
i,j∈N

bi(x)

aj(y)
, sup
i,j∈N

bi(x)

bj(y)

}
dy

)
ρ(w1, w2).

Âèêîðèñòàâøè îòðèìàíi îöiíêè, âñòàíîâëþ¹ìî, ùî

ρ(A[w1], A[w2]) ≤ max
x

{
Hmax

{
sup
i∈I0,
j /∈I0

ai(x)e
−cµx

aj(0)
, sup
i∈Il,
j /∈Il

ai(x)e
−cµ(l−x)

aj(l)

}
+

+
A

c
max

{
sup
i,j,y

ai(x)

aj(y)
, sup
i,j,y

ai(x)

bj(y)

}
+ S sup

i∈N,
j /∈Il

bi(x)

aj(0)
+

+

x∫
0

Bmax
{
sup
i,j∈N

bi(x)

aj(y)
, sup
i,j∈N

bi(x)

bj(y)

}
dy

}
ρ(w1, w2).

Íåõàé

ai(x) =


epx(l−x), i ∈ I0, i ∈ Il
epx, i ∈ I0, i /∈ Il
ep(l−x), i /∈ I0, i ∈ Il
epl, i /∈ I0, i /∈ Il

, bi(x) = εe−px, i ∈ {1, . . .},

à òàêîæ âèêîíóþòüñÿ ïðèïóùåííÿ

p ≤ cµ, pl ≤ cµ, (11)
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òîäi ñïðàâäæóþòüñÿ îöiíêè:

max
x

{
sup
i∈I0,
j /∈I0

ai(x)e
−cµx

aj(0)

}
= max

x

{
sup
i∈I0

ai(x)e
−cµx

epl

}
=

= max
x

{
epx(l−x)e−cµx−pl, epxe−cµx−pl

}
= e−pl;

max
x

{
sup
i∈Il,
j /∈Il

ai(x)e
−cµ(l−x)

aj(l)

}
= max

x

{
sup
i∈Il

ai(x)e
−cµ(l−x)

epl

}
=

= max
x

{
epx(l−x)e−cµ(l−x)−pl, ep(l−x)e−cµ(l−x)−pl

}
= e−pl.

Òàêîæ ìàþòü ìiñöå òàêi ñïiââiäíîøåííÿ:

max
x

{sup
i∈N,
j /∈Il

bi(x)

aj(0)
} = max

x

εe−px

epl
= max

x
εe−px−pl = ε;

max
x

x∫
0

sup
i,j∈N

bi(x)

aj(y)
dy ≤ max

x

x∫
0

εe−pxdy ≤ max
x

{
εe−pxx

}
≤ εl;

max
x

x∫
0

sup
i,j∈N

bi(x)

bj(y)
dy = max

x

x∫
0

εe−px

εe−py
dy =

= max
x

x∫
0

ep(y−x)dy = max
x

1− e−px

p
≤ 1

p
.

Ó ïiäñóìêó îäåðæèìî íåðiâíiñòü

ρ(A[w1], A[w2]) ≤

(
He−pl +

A

c
max

x

{
max

{
sup
i,j,y

ai(x)

aj(y)
, sup
i,j,y

ai(x)

bj(y)

}}
+

+Sε+B

(
εl +

1

p

))
ρ(w1, w2).

Ôiêñó¹ìî çíà÷åííÿ ïàðàìåòðà ε äîñòàòíüî ìàëèì, à ïàðàìåòð p äîñòàòíüî
âåëèêèì, ùîá çàäîâîëüíèòè óìîâó

He−pl + Sε+B

(
εl +

1

p

)
<

1

2
,

òîäi ôóíêöi¨ ai, bi ¹ âèçíà÷åíèìè, à

max
x

{
max

{
sup
i,j,y

ai(x)

aj(y)
, sup
i,j,y

ai(x)

bj(y)

}}
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ìåíøèé çà äåÿêó ñòàëó M . Íàñàìêiíåöü ôiêñó¹ìî çíà÷åííÿ ïàðàìåòðó c äîñòà-
òíüî âåëèêèì, ùîá çàäîâîëüíèòè óìîâè (11) òà íåðiâíiñòü

AM

c
<

1

2
.

Òîäi îïåðàòîð A ¹ ñòèñêóþ÷èì íà åëåìåíòàõ ïðîñòîðó C2 ç âèáðàíèìè ôóíêöi-
ÿìè ai, bi òà ïàðàìåòðîì c.

Òàêèì ÷èíîì, íà îñíîâi òåîðåìè Áàíàõà ïðî ñòèñêóþ÷å âiäîáðàæåííÿ iñíó¹
¹äèíà íåðóõîìà òî÷êà îïåðàòîðà A â ïðîñòîði C2. Öÿ íåðóõîìà òî÷êà ¹ óçàãàëü-
íåíèì ðîçâ'ÿçêîì çàäà÷i (1)-(3).
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