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JTOCSI?KHICTD HEUITKIX AJIBTEPHATUBHUX 3AJIEXKHIX
IIIJIENT ¥V 3AZIAHIVI CYBOPIMHAIIII CTPOTOTO
PAH>KYBAHHSI

The decision-making problem with fuzzy goals are considered. Such problems, for example, are in
the case of decision-making based on the opinions of several experts who formulate the estimation
not clearly. Goals are ranking by importance, i.e. the strict subordination ranking on set of
corresponding membership functions are defined. The set of allowed solutions (alternatives) is a
subset of the integer numbers. For each of the membership functions defined the minimum value at
which criterion is acceptable. It is required to find an optimal solution of the problem considering
only acceptable criteria.

Based on the properties of the considered problem is proposed to reduce this decision-making
problem which is the lexicographic optimization problem with alternative criteria to the one crite-
rion optimization problem with objective function, which is a positive linear convolution of partial
criteria. This method allows to reduce the optimization problem with vector criterion function to
an optimization problem with scalar objective function, which allows to apply known methods for
its solve. The proved theorem, justifying that ability. The cases with different kinds of member-
ship functions are considered, and for each of them the corresponding rules for calculating of the
coeflicients of positive linear convolution are described. Also the modification of scalar scheme for
solving lexicographic problem with alternative criteria is proposed.

Posrnssnaerbea 3agaqa NpUAHATTA PIllleHb 13 HETITKO BU3HAYECHUMH ILJIAMH, 9K YIIOPATKOBAHO 33
BaXKJIMBICTIO 1 JIjId HUX BU3HAYEHO YMOBH JIOIIYCTHMOCTI Ta 3aJ€XKHOCTI BiJI JOIyCTHMOCTI Iijiei
BUIOro panry. st po3s’sa3anns maHol 3a1a4i 3AMpOIOHOBAHO MOTUMIKAIIID CXEMU CKAJISIPUBAIIT

dyHKIis y 9Kiil € CKaagpHO 3rOPTKOI KPUTEPIiB 4aCTKOBUX KPUTEPIiB.

Bcryn. [lepesarkna 6i/ibiinicTb 3a/ia4 HPUIHATTS pillleHb € 3a/la4aMy 3 HEYITKO 3a-
JIAHUMH KPUTEPISIMU Ha MIMHOXKWHI YHIBEPCAJIbHOI MHOXKUHH AJIbTEPHATHB, SKa Y
3araJibHOMY BHIAJKY TakKoxK HediTKa. Ha manuit MoMeHT po3pobiieHo GaraTo 1miaxo-
JUB J10 PO3B’si3aHHs OaraToKpuTepiaIbHUX 3334 NpuidHaTTs pimens [1]. Tak y [2]
3aIPOIMOHOBAHO IIXI 0 pO3B SI3aHHS 33249l IPUUHATTS PIIlleHb 13 HeUITKUMU ITi-
jsmu (nigxig Bejvana-3aje) st BUIlaIKy PIBHOBAXK/JIMBUX HEUYITKUX i€l Ta BU-
a/IKy, KOJIM BiJloMi KOeili€HTH BiJIHOCHOI BarKJIMBOCTI CTYIIEHIO HAJIEXKHOCT1 /10
MHOKHHH aJIbTePHATHB 1 BIIHOCHOI BarkKauBOCTI 1iteii. Y [3| sampomnonoBano mis-
Xi/1 po3B’sI3aHHs 33124 JeKCUKOrpadidHOol OnTUMI3AI] 3 HEUITKO 3aJaHUMH ILIsIMI
IILISIXOM 3BeJIeHHd 11 10 3a/a4i OJHOKPHUTepiaabHOI ONTUMIZAII] 3 MTHOBOIO (DYHKITI-
€10, dKa € JIOJJATHOIO 3TOPTKOI0 KPHUTEPIiB.

Y janiit crarTi po3rVisJa€ThCs 3ajlada NPUAHATTS pillleHb, Y dKill eKcieprTis
VIIOPSAKOBAHO 3a BAXKJIMWBICTIO 1 JJIST KOYKHOI'O €KCIepTa BU3HAYAETHCST MiHIMaJIbHE
JIONTYCTUMe 3Ha4YeHHsT (DYHKII OI[IHOK, IPH SKOMY JyMKa €KCIIepTa BPaXOBYEThHCS.
TakoxK 1715 JeIKUX eKCIepTiB MOzKe OYTH HAKJIaJIeHO JI0/IATKOBY YMOBY 3aJ1€2KHOCTI,
BiJI iHIITUX €KCIePTiB BUMIOTO paHry. JImg po3B’sa3aHHga JaHOI 33724l 3alPOIMIOHOBAHO
3 BUKOPUCTAHHAM (DYHKIIIOHAJLY, 1[0 HABOJAUTDH JIEKCUKOTrpa(idHUil MOPSI0K Bijiaqdi
nepeBaru Ha MHOYKWHI aJbTePHATHUB.
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42 A, 1O. BPIJIA, II. II. AHTOCHAK

ITocranoBka 3amaui. Hexait X (X C Z) — yHiBepcaibHa MHOKIHA aJIbTePHA-
tuB (po3B’a3KiB). HewiTkuMu IiisiMu MOXKYTh GyTH HEUITKI M MHOKUHE X THUILY:

1) «eesununa x nosurna bymu npubiusno 6 mexncax 6id b do c»;

2) «eeaununa T nosunna bymu 6au3vK010 00 bs;

3) «eesununa T He nosunHa 6ymu biavworo 3a by ;

4) «seaununa T He nosunHa Oymu menwoto 3a by.

Koxkua HewiTKa IiJIb MOJAETHCs BiAmoBiaHow dyukmico naxexuocti ( [4])

pi(x), i=1,2..,¢me0<p(x) <1, i=12 .4q

Hewirki 1mijii ynopsi/IkoBaHO 3a BayKJIMBICTIO, TOOTO Ha MHOXKHHI BIIIOBIJTHUX
dbyHuKuiil HasIeKHOCTEH 3a1aH0 CyOOPAMHAILIO cTPOroro pauxkysauust Rg (1,2, ..., q).
ITosnaunmo kY Kpurepiii, Mo € BEKTOPHOIO 3rOPTKOI0 KPUTEPiiB 1,1 = 1,2,....,q y
cybopmunanii Rg (1,2, ...,¢) 3 BEKTOPHOIO TLTHOBOW (DYHKITIEO

F(2) = (1 (@) 1z (&) o 1 (1))

Baava 3HAXOKeHHs HEIIOKPAIILyBAHOTO PO3B’I3KY V 3a1aHiil cyOopaumHAaIIii cTpo-
roro paHzKyBaHHs € 3aja4elo Jekcukorpadiunoi onrumizanii [5]

max”F (z), v € X. (1)

Ha ocuosi 3aa4i (1) mobymyemo 3a1ady jgekcukorpadianol onrumizanii, y skiii
PO3TIAIAI0THCSA TLIBKH Ti HEIITKO 3a/IaHi M , /I AKUX Y ONTUMAJIbHOMY PO3B 13-
Ky 2* 1€l 3a/1a49l BUKOHYBATUMEThHCsI HEPIBHICTH (YMOBA JIOMYCTUMOCTI )

i (%) > ms, (2)

e 0<m; <1, 1=1,2,...,q — gedki 3aaH]l Hanepes KOHCTAHTH. [HIMIMME CJI0BAMHU,
AKIIO JIJIS JIEAKOTO f4y(Z) y ONTHMAJIBHOMY PO3B’A3Ky X

() < my,

10 () Mae OyTH BUKJ/IIOUEHO 3 PO3IJIsiLY, 1 PIllleHHs MOBUHHO NPUAMATUCH I'PYH-
TYIOUYHCH Ha [IISIX 3 MEHITHM 3HAYEHHSM DAHTY JJisl SIKAX BHKOHYETHCsI yMOBa (2).
[Timi, a1t IKUX BUKOHYETHCS YMOBA JIOMYCTHMOCTI (2) HA3UBAIOTH JIOMYCTUMEUMHA.
Bajauy jgekcukorpadianoi onruMizamnii (1) i3 101aTKOBIMI YMOBAME JIOMYCTUMOCTI
(2) Ha3MBAIOTH 3a/a49€I0 3 AJBTEPHATUBHUMEU KpuTepismu |5]

max"F (z), z € X, (3)
e

F(‘r) = (lu’jl (I) y Mo (‘T) 3 oeey Mgy, (l’)) ) k< q,
{jlaj?a 7]](5} C {1727 "'aQ}v.jl < j2 <.. < jk’a
wi () >my, i =1,2,.. k.

Posrngremo Buma ok, Ko y 3ajadi JeKCHKOrpadidHOl onTHMI3aIii 3 aabrep-
HATMBHUMHU KPUTEPIAME JJIsl JIOMyCTUMOCTI Kpurepito u; (x), 1 € {1,2,...,q}, kpim
BHKOHAHHST yMOBH (2), J0JATKOBO BUMAra€ThCsl, MO0 TaKa yMOBAa BUKOHYBAJIACh XO-
wa O Ju1s oHOrO 13 KpuTepiiB 1 (x),7 € G; C {1,2,...,¢q}. Bamaay 3HaxX0AZKeHHST
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ONTHMAJBHOIO PO3B’A3KY B 3aJe:KHOCTI Bijg Bubopy p(p > 1) momycrumux Kpurepiis
AKHAWBUIIOTO PAHTy

max’F (z), z € X, (3")
ae

F(I) = (p“jl (1]) y Higa (SL’) y - Mgy, (l‘)) ) k < q,
D ={51,72, -k} T{1,2,...,q}, 71 < j2 < oo < J,
pi, (%) = mi, Gy (D #0,i=1,2,....k.

Ha3BEMO 3ajad4ero JieKcuKorpadidaoi onmTtumizalii 3 ajJbTepHATUBHUMU 3aI€KHUMUI
KPUTEPIIMH.

[Toznaunmo X * MHOKHHY ONTHMATBHUX PO3B'A3KiB 3asa4i (37).

st po3p’sizanns 3ajaui (3’) y pobori po3ristnyTo MojudiKamio cxemu CKa-
ONTUMI3allil BAKOPUCTOBYIOUYN (PYHKITIOHAJ, IO IPEJICTABJISIE JIEKCUKOTpadidHuii 1o-
PAIOK BiJaadi IlepeBaru Ha MHOXKHUHI aJIbTepPHATHB.

MoaundikoBana cxema ckajgpu3ailii po3B’d3aHHd 33/a4i JEeKCUKOTpa-
diunol onTuMizanii 3 anbrepHaTUBHUMHE 3ajeKHUME mijgsamu (3’). OxanM i3
iX0/iB J10 PO3B’sa3anHs 3a/1a4i jekcukorpadidnol onrumizamii (1) € cxema craJisi-
pusanii [6]. Posrusiremo moaudikariito cxemu ckaasipusaliii, mo Moze 0yTH BUKOPH-
cTaHa JJisd pO3B’sa3aHHs 3a7a4i Jekcukorpadidaol onTumizarii 3 ajbTepHATHUBHUMUI
3a7eKHIMEA KPUTEPisaMU.

[Moxknagaemo X1 = X, D = ().

1-ii Kpok. 3HAXOMMO OLTUMAJIbHUN PO3B’A30K 3a/1a41 OJHOKPHUTEPIAJIbHOI ONTH-
Mizaril

#y = max i (). (4)

[Mosnaunmo X7 = {z € X|u1(x) = pi} MHONKMHY onTHMATHHUX PO3B’SI3KIB 3amadi
(4). fxmo p* < my, 1o nokmazaemo X, = X i mepexoaumo o Kpoky 2. fkimo x
py > mq i X{ MIiCTUTB TIIBKH OJHY albTepHATHBY, TO X* = X7. B inmomy Bunaixy
noknagaemo Xo = X;, D = {1} i mepexoammo 10 2-ro KpoKy.
2-i1 KpOK. 3HAXOUMO ONTUMAJIBHUI PO3B 30K 3a1a41 O/ITHOKPUTEPIATHLHOT ONTH-
Mizaril
[15 = MaxX fio(T). (5)

r€Xo

[Mosnaunmo X5 = {z € Xs|ua(z) = pi} MHOKMHY OnTHMATBHUX PO3B’SA3KIB 3amadi
(5). SIkmmo ph < mg abo Gy # 01 Go () D = 0, To noknamaemo X3 = Xy i mepexoammo
710 KpoKy 3. ZIKmmo K py > ma i abo Go =0 a6o Go # 0 i Go(\D # (i X mictuts
TUIbKK OJIHY ajibrepHaTuBy, T0 X * = XJ. B inmomy Bunajiky nokjiaamaemo Xz = X;,
D = D|J{2} i nepexoaumo 10 3-ro Kpoky.
q-it Kpok. 3HaXOIMMO ONTUMATBHIIT PO3B’T30K 331441 OTHOKPUTEPIaJIHHOI OITH-
Mmizaril
4 = max 1), 6)

reXy

[osnaunmo X = {z € X,|py(z) = u;} MHOZKHHY ONTHMAaJIbHUX PO3B’sI3KiB 3a/1a4i
(6). fxmo ) < my, abo Gy #0 i Gy D =0 o X* = X,. B inmomy Bumaiky —
X* =X

q
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Jocs>KHICTh OnTUMAaJBHUX PO3B’a3KiB 3amadi (3’). CrouaTky I0CTiIAMO
BHIIA/I0K, KON /I KOXKHOI i3 (DYHKIIINH HaIeKHOCTei

i (r) €4{0,1}, z € X, 1 €{1,2,...,q}. (7)
['paciuno Taki pyHKIT BUTISAIAIOTH TAK:

#:(x)

)
I~
|
RS S

i

Il ,“z'(x)

Puc. 4. «Besmunna x He noBUHHA OyTH MEHIIOIO 3a b»

Bynemo BBazkaTu, mo mapamerpu b;, ¢;, i = 1,2, ..., € MIOINCTOBUMH.
VY [3] Bkazsano cnoci6 3HaxoKeHHs JAomaTHUX KoedirieHtiB a;,1 = 1,2, ...,q,
; _ N\ = . .
takux, mo dbynkmionan L (z) = Y 7 | a;p; (z) npexcrasise nekcukorpadivmmii mo-
paJ0K Bigjadi nepesaru na muoxuni X. Ilpu npomy xoedinient &, > 0 Bubpano
JIOBLIBHUM YHHOM, a iHII J0JaTHI KOeIIi€eHTH BUOPAHO 3T1THO yMOBHU

q
a> Y @, i=q—1g-2..1 (8)
l=i+1
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OcobyiuBicTIO TAaKOTO (PYHKIIOHATY € Te, M0 PO3B’d30K 3a/1a4i
max L(x), z € X 9)

€ po3B’s3KoM 3aa4i Jekcukorpadiunol onrumizamnii (1) [3].

SIKIIMo po3B’430K OaraToKpHUTepiaabHOI 3a7a4i ONTHMI3AIN] MOXKe OyTH OTpHMa-
HUM 9K PO3B’I30K BIJIIOBIAHOT OJIHOKPUTEPIaIbHOI 3a/1a4i, 3 IiJIHOBOIO (DYHKIIIEO,
sKa € JIHITHOIO 3rOPTKOI0 KpUTEPIiB 11i€l HararokpuTepiajabHOl 3a/adi onTuMi3aliii,
TO BBayKaIOTh ( [5]), M0 mammit po3B’sI30K € JOCSIKHMM 33 3BA’KEHOIO CYMOIO Pi3HO-
BaYKJIMBUX KPHUTEPITB.

[ pyHTYOUICH HA JAHIX KOediIieHTaX PO3IISTHEMO 33,139y

P(x) = ajp(x) + agpe(z) + ... + agpy(r) — max (10)

e
r € X,
i (IE) > m;iYi, L= 1a27 -y 4,
o = GY;, = 17 27 -5 g,
2, >0, j=1,2...n,
g € {0,1}, i=1,2,...q,
ZjeGl yi >y, L€ DGy #0.

Teopema 1. Hexali g* = (x*,y*,a*) € R"MI9 ¢ onmumanrvrium po3e’askom
sadawi (10)-(11). Todi x* € poss’askom sadaui (3’) sHATOONHCENHA ONMUMANLHOZO
PO36°A3KY 3a0a4T ONMUMAALHOZ0 GUOOPY 3 ANLMEPHATNUSHUMU HEYIMKEUMY 3a0€-
HCHUMY ULAAMU.

(11)

Josedenns TEOpEeMH JIEFKO OTPUMATH BpaxoByloun BuOIp KoedilieHTiB
a;,1=1,2,...,q, 3a npaBusiom (8), ki 103BOJIAOTEH MOOYAyBaTH dyHKIioHAT L (),
IO IPeICTaB/Isg€e JeKCUKOrpadidyHmil MOpdaI0K Biajadi mepeBaru Ha MHOXKHHI aJlb-
TepHaTuB. KoxKeH 3 KoedilieHTIB (; BU3HAYAETHCSI HA OCHOBI (y; 1 3MIHHOI ¥;

o = Q;Y;, (12)

SKa MPU HEMOYKJIUBOCTI BUKOHAHHSI YMOBHU JIOILYCTUMOCTI f4; () > m; mepeTBoproe-
ThCsl B HYJIb 32 PaXyHOK OOMEeXKeHHSsI

wi () > m;y;.

A oTke, y HYJIb HEPETBOPIOETHCA 1 KOeMIIEHT v;, 0 TPU3BOAUTE 0 BUKJIIOYEHHS
3 po3rIsiy Biamosiguoi GyHKIGl p; (7). Axmo ) mMuoxkuna (G; HOMepiB KpuTepiiB
BUIIOIO PAHIY, Bij SKHX 3a/1€:KUTh JaHuil Kpurepiii ji; (T) HEIOPOXKHS, ajie YKOJeH
3 HAX He € JOIMYCTUMUM, TO JJId BCIX 13 HUX 3HAUYE€HHS BiIIOBITHUX 3MIHHUX

yj:()a ]GGZ

JEG;

Tomy, 3a paxyHOK OOMeKeHHSI

3MiHHA Y; Oyjie JOPIBHIOBATH HYJIIO, & OTKe, 32 PaxXyHOK obmezkentst (12), ogepkumo,
o koedimienT a; = 0, M0 TPU3BOAUTH JIO BUKJIIOYEHHSI 3 PO3IVISY BiAMOBIIHOI

dbyukuii py; (z).
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TakuM YUHOM, I'DYHTYIOUNCH HA TeopeMi 2 Ta HpaBuUIaX BHOOPY JOJATHHX KOe-
dirientiB (8) M MOXKEMO 3HAXOIUTH JTOCSKHI ONTHMAIbHI pOo3B’'s3Kku 3a1a4i (3”) 3
BEKTOPHOIO 11Ib0BOIO (DyHKIH€I0 misixoM po3s’s3anns 3aga4i (10)-(11) 3i ckassp-
HOIO I1JIbOBOIO (DYHKIII€IO.

Posriisinemo Ternep 3aja4y Jiekcukorpadiaaol onTumizaliii 3 HeUYITKUME aJbTep-
HATHBHUMH 3aJIeZKHUMHA [nboBEME dyHuKiisMu (3'), Bigmosusiucs Bix ymosu (7).
['pacdbiune mpecraBieHHs MiILOBUX (DYHKIIT HAOYIE BUTTISITY:

A J
-

1

Puc. 8. «Besmunna x He nmoBuHHA OyTH MEHIIOI0 3a b»

Bynemo BBaxkarm, 1o mapamerpu a;, b;,c;,d;, @ = 1,2,...,q € MJIOIUCTIOBUMH.
[Toznaunmo X** MHOKHHY ONTHMAJIBHUX PO3B’A3KiB TaKOl JeKCHKOrpadiTHOol 3a1a4i
olnTUMizalii 3 JOBLIbHUMU (DYHKIISIMU.

Hocaigumo npobaeMy BiJIIIIyKaHHSI JOCSKHAX ONTUMAJIbHUX PO3B si3KiB. Hexaii
Bq > 0 JIOBJIbHE JA0JaTHE YMCJIO0, & iHTIT MOCTYMOBO BU3HAYEHO 3

_ 1 L _
> — Li=q—1q—2..,1, 13
A a,z& i=q-1,q (13)

Y l=i+1
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e

o; = min i (T) — W i=1,2,....q. 14
i i (2) = i ()| q (14)

3 puxopucrannam koedinientis [, smaiizennx srigno 3 (13), mobymsyemo dyH-
KI[IOHAJI

q
Z(x)=> B (z)
i=1
i 33129y OTHOKpHUTEPIATBHOI ONTUMI3AI] 31 CKAJISIPHOIO IMLTHOBOIO (DYHKITIEHO
max Z (z),z € X. (15)

VY [3] mokazano, 1Mo MHOKHHA ONTUMAJBHAX PO3B’s3KiB 3a1a4i (15) € MHOKHHOIO
ONTUMATBHAX PO3B’A3KiB 3a1a4i (3) 6e3 10maTKOBOro mpHIyIeHus (7).

9K iy monepeHbOMyY BHIIQJIKY, TPYHTYIOUKHCH Ha Koedinienrax B, i = 1,2, ..., ¢,
3a/1auy 3HAXOJZKEHHS JIOCSZKHUX ONTUMAJBLHUX PO3B A3KiB JleKcukorpadiunoi onru-

Mi3allii 3 HeUiITKUMHA aJIFTePHATHBHUMY 3aJeKHUMU IIJISIMA MOYKHA, 3BECTH JI0 3a1a91

H(z) = Bip(z) + Bapa(x) + ... + Byptg(x) — max (16)
sie
r € X,
g (:C)_Z m;Yy;, 1= 17 27 - q,
i — MiYi, ':]-727"'7 )

r; >0, 5=12,...,n,
y; € {0,1}, i =1,2,...,¢q,
ZjeGl Yj Z Ui, l e DaGl 7£ @

BucuoBku. 3anponoHoBaHuii TiIXi/1 10 pO3B’d3aHHd 3a/a4i MIPUAHATTS PillleHb
i3 HEYITKO BU3HAYEHUMHU ILIAMHU, IKi CTPOTO YVIOPSIKOBAHO 3a BayKJIUBICTIO 3 JI0-
JIATKOBUMHU YMOBAMHM JIOIIYCTUMOCTI 3a 3aJ1€2KHOCT1 BiJI JIOIYCTUMOCTI IiJIeil BUIIO-
o PaHry 3BOJAUTHCH JI0 JieKCUKorpadiaHol 3a/1a4i onTumMisaliil 3 ajJbTepHATUBHUMUI
KputepissMu. Po3risguyTo Ta o0rpyHTOBAHO MOYKJ/IUBICTH PO3B’I3aHHS 3a/1a41 3 BUKO-
pucTanaaM MoAudIKaIll CXeMU CKaJIAPU3aIlil Ta 3Be/IeHHs JTaHOI 3a/1a4i, 9K 3a1a4i 3
BEKTOPHOIO IiTHOBOIO (DYHKIIIE0, /IO 3a/1a9il OJHOKPUTEPiaIbHOI ONTHMI3AIT 31 cKa-
JIIPHOIO TLTHOBOIO (PYHKIIIEIO, IO B CBOIO UEpry Ja€ MOXKJIUBICTH 3aCTOCYBATH I
i1 po3B’si3aHHs BiJIOMI METOJIH.
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