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×ÈÑÅËÜÍÈÉ ÌÅÒÎÄ ÌÀÆÎÐÀÍÒÍÎÃÎ ÒÈÏÓ ÎÏÒÈÌIÇÀÖI�
ÍÅÃËÀÄÊÈÕ ËÎÃÀÐÈÔÌI×ÍÎ ÂÃÍÓÒÈÕ ÔÓÍÊÖIÉ
ÁÀÃÀÒÜÎÕ ÇÌIÍÍÈÕ

The numerical method of finding of the global extremum of logarithmic concave arbitrary multi-
variables functions is suggested. The method is based on the use of the apparatus of non-classical
Newtonian majorant and diagrams functions which are given discretely.

Ïðîïîíó¹òüñÿ ÷èñåëüíèé ìåòîä âiäøóêàííÿ àáñîëþòíîãî åêñòðåìóìó äîâiëüíî¨ ëîãàðèôìi÷íî
âãíóòî¨ ôóíêöi¨ áàãàòüîõ çìiííèõ, â îñíîâi ÿêîãî ëåæèòü âèêîðèñòàííÿ àïàðàòó íåêëàñè÷íèõ
ìàæîðàíò i äiàãðàì Íüþòîíà ôóíêöié, çàäàíèõ òàáëè÷íî.

1. Âñòóï. Ïðè ðîçâ'ÿçóâàííi ïðèêëàäíèõ çàäà÷ âèçíà÷åííÿ îïòèìàëüíèõ ðå-
æèìiâ ñêëàäíèõ ñèñòåì íåîáõiäíî ðîçâ'ÿçóâàòè çàäà÷i íà çíàõîäæåííÿ åêñòðå-
ìóìiâ íåãëàäêèõ i ðîçðèâíèõ ôóíêöié. Òàêi ñèòóàöi¨ çóñòði÷àþòüñÿ, íàïðèêëàä,
â òåîði¨ àïðîêñèìàöi¨, ïðè ðîçâ'ÿçóâàííi îêðåìèõ çàäà÷ äîñëiäæåííÿ îïåðàöié,
â çàñòîñóâàííi òåîði¨ êåðóâàííÿ ðóõîì äèíàìi÷íèõ ñèñòåì òîùî. Òîìó âåëèêèé
iíòåðåñ ñòàíîâèòü ðîçðîáêà ÷èñåëüíèõ ìåòîäiâ, çà äîïîìîãîþ ÿêèõ ìîæíà áó-
ëî á çíàõîäèòè àáñîëþòíèé åêñòðåìóì ÿê íåïåðåðâíî-äèôåðåíöiéîâíèõ, òàê i
äîâiëüíèõ íåãëàäêèõ i ðîçðèâíèõ ôóíêöié.

Íàìè âåäåòüñÿ ðîáîòà íàä ðîçðîáëåííÿì òàêèõ ìåòîäiâ. Â ¨õ îñíîâó ïîêëàäå-
íî âèêîðèñòàííÿ àïàðàòó íåêëàñè÷íèõ ìàæîðàíò i äiàãðàì Íüþòîíà ôóíêöié,
çàäàíèõ òàáëè÷íî [1].

Â [2, 3] ðîçãëÿíóòî âèêîðèñòàííÿ àïàðàòó íåêëàñè÷íèõ ìàæîðàíò i äiàãðàì
Íüþòîíà ôóíêöié îäíi¹¨ òà äâîõ äiéñíèõ çìiííèõ, çàäàíèõ òàáëè÷íî äëÿ îïòè-
ìiçàöi¨ íåãëàäêèõ ôóíêöié îäíi¹¨ òà äâîõ äiéñíèõ çìiííèõ.

Â ñòàòòi ðîçãëÿäà¹òüñÿ ïîáóäîâà àïàðàòó íåêëàñè÷íèõ ìàæîðàíò i äiàãðàì
Íüþòîíà ôóíêöié áàãàòüîõ äiéñíèõ çìiííèõ, çàäàíèõ òàáëè÷íî, òà àëãîðèòì íó-
ëüîâîãî ïîðÿäêó îïòèìiçàöi¨ íåãëàäêèõ ëîãàðèôìi÷íî âãíóòèõ ôóíêöié áàãàòüîõ
çìiííèõ.

2. Îñíîâíèé ðåçóëüòàò. Ðîçãëÿíåìî ôóíêöiþ f (x1, x2, . . . xn), âèçíà÷åíó
â îáëàñòi D = {ai ≤ xi ≤ bi, i = 1, 2, . . . , n}. Íå çìåíøóþ÷è çàãàëüíîñòi, ââà-
æàòèìåìî, ùî f (x1, x2, . . . xn) > 0 äëÿ âñiõ x = (x1, x2, . . . xn) ∈ D. Íåõàé
ôóíêöiÿ y = f (x) çàäàíà ñâî¨ìè çíà÷åííÿìè íà äèñêðåòíié ìíîæèíi òî÷îê
(a1 + k1h1, a2 + k2h2, . . . , an + knhn), äå ki = 0, 1, . . . ,mi, hi = (bi − ai) /mi, i =
=1, 2, . . . , n. Ïîçíà÷èìî ÷åðåç M äèñêðåòíó ìíîæèíó òî÷îê
f (a1 + k1h1, a2 + k2h2, . . . , an + knhn) = ak1k2...kn .

Ó ïðîñòîði çìiííèõ x1, x2, . . . , xn, y ïîáóäó¹ìî òî÷êè çîáðàæåííÿ
Pk1k2...kn (a1 + k1h1, a2 + k2h2, . . . , an + knhn,− ln ak1k2...kn) i ç êîæíî¨ òî÷êè Pk1k2...kn

ïðîâåäåìî ïiâïðÿìó â äîäàòíîìó íàïðÿìi îñi Oy. Ñóêóïíiñòü òî÷îê öèõ ïiâïðÿ-
ìèõ ïîçíà÷èìî ÷åðåç S, à ¨õíþ îïóêëó îáîëîíêó � ÷åðåç C (S). Äëÿ êîæíî¨
òî÷êè (x1, x2, . . . , xn) ∈ D âèçíà÷èìî Bx (x1, x2, . . . , xn, χx), äå χx = inf y

x∈C(S)

.

Ìíîæèíà òî÷îê Bx, x ∈ D, óòâîðþ¹ áàãàòîãðàííó ïîâåðõíþ δf , ÿêó íàçè-
âàòèìåìî íåêëàñè÷íîþ äiàãðàìîþ Íüþòîíà, âèçíà÷åíîþ â îáëàñòi D, ôóíêöi¨
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y = f (x), çàäàíî¨ òàáëè÷íî. Öÿ ïîâåðõíÿ ¹ íåïåðåðâíîþ, îïóêëîþ i ¨¨ ðiâíÿííÿ
ìà¹ âèãëÿä y = χ (x), äå χ (x) = χx, x ∈ D.

Ïîçíà÷èìî
Mf (x) = exp (−χ (x)) , x ∈ D.

Òîäi äëÿ áóäü-ÿêîãî x ∈ R âèêîíó¹òüñÿ íåðiâíiñòü − ln f (x) ≥ χ (x), àáî
f (x) ≤ exp (−χ (x)) = Mf (x). Ôóíêöiþ Mf (x), âèçíà÷åíó â îáëàñòi D, íàçèâà-
òèìåìî íåêëàñè÷íîþ ìàæîðàíòîþ Íüþòîíà ôóíêöi¨ y = f(x), çàäàíî¨ òàáëè÷íî.

Ïîçíà÷èìî ÷åðåç Tk1k2...,kn çíà÷åííÿ ìàæîðàíòè Íüþòîíà â òî÷öi
x = (a1 + k1h1, a2 + k2h2, . . . , an + knhn). Âåëè÷èíè

Rk1...,ki...kn (xi) =

(
Tk1,...,ki−1,ki−1,ki+1,...,kn

Tk1,...,ki−1,ki,ki+1,...,kn

) 1
hi

,

íàçèâàòèìåìî (k1 . . . , ki, . . . kn) ÷èñëîâèìè íàõèëàìè ìàæîðàíòèMf (x) â íàïðÿ-
ìi îñi Oxi, à âåëè÷èíè

Dk1...ki...kn (xi) =
Rk1,...,ki−1,ki+1,ki+1,kn (xi)

Rk1,...,ki−1,ki,ki+1,...,kn (xi)

íàçèâàòèìåìî (k1, . . . , ki, . . . , kn) âiäõèëåííÿìè â íàïðÿìi îñi Oxi.
Iç îïóêëîñòi äiàãðàìè δf âèïëèâàþòü òàêi âëàñòèâîñòi:

Rk1,...,ki−1,ki,ki+1,...kn (xi) ≤ Rk1,...ki−1,ki+1,ki+1,...kn (xi) ,

Dk1,...,ki,...,kn (xi) ≥ 1,

max
x∈R

f (x) = max
x∈D

Mf (x) .

Êðiì òîãî, ÿêùî
max
x∈R

f (x) = f (x̄1, x̄2, . . . , x̄n) ,

òî
max
x∈D

Mf (x) =Mf (x̄1, x̄2, . . . , x̄n) .

Öi âëàñòèâîñòi ëåæàòü â îñíîâi ÷èñåëüíîãî ìåòîäó íóëüîâîãî ïîðÿäêó âiä-
øóêàííÿ ç ïåâíîþ òî÷íiñòþ åêñòðåìóìó áóäü-ÿêî¨ ëîãàðèôìi÷íî âãíóòî¨ ôóí-
êöi¨ áàãàòüîõ çìiííèõ çà áóäü-ÿêîãî ïî÷àòêîâîãî íàáëèæåííÿ. Çàçíà÷èìî, ÿêùî
f(x1, x2, . . . , xn) - ëîãàðèôìi÷íî âãíóòà ôóíêöiÿ, òî Tk1k2...,kn = ak1k2...kn .

Ñóòü ìåòîäó ïîëÿãà¹ â íàñòóïíîìó. ßêùî â òî÷öi
(a1 + k1h1, a2 + k2h2, . . . , an + knhn) ∈M âèêîíóþòüñÿ óìîâè:

Rk1,...,ki−1,ki,ki+1,...kn (xi) ≤ 1,

Rk1,...ki−1,ki+1,ki+1,...kn (xi) > 1 (1)

äëÿ âñiõ i = 1, 2, . . . , n, òî öÿ òî÷êà ç òî÷íiñòþ h = max
1≤i≤n

hi ïðèéìà¹òüñÿ çà òî÷êó

ìàêñèìóìó ôóíêöi¨ f(x1, x2, . . . , xn).
ßêùî äëÿ ôiêñîâàíîãî i,(i = 1, 2, . . . , n) óìîâè (1) íå âèêîíóþòüñÿ, òî

Rk1,...,ki−1,ki,ki+1,...kn (xi) > 1,
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Rk1,...ki−1,ki+1,ki+1,...kn (xi) > 1, (2)

àáî
Rk1,...,ki−1,ki,ki+1,...kn (xi) < 1,

Rk1,...ki−1,ki+1,ki+1,...kn (xi) < 1. (3)

Àëãîðèòì ìåòîäó ïîëÿãà¹ â íàñòóïíîìó. Çà ïî÷àòêîâó òî÷êó áåðåìî áóäü-ÿêó
òî÷êó iç ìíîæèíè M . Äëÿ êîæíîãî iíäåêñà i (i = 1, 2, . . . , n) çíàõîäèìî òî÷êó
äëÿ ÿêî¨ âèêîíóþòüñÿ óìîâè (1). Ïðè öüîìó, ÿêùî äëÿ ôiêñîâàíîãî iíäåêñà i
óìîâè (1) âèêîíóþòüñÿ â òî÷öi Mi ∈ M , òî äëÿ çíàõîäæåííÿ òî÷êè, äëÿ ÿêî¨
áóäóòü âèêîíóâàòèñü óìîâè (1), äëÿ íàñòóïíîãî i, çà ïî÷àòêîâó òî÷êó áåðåìî
òî÷êó Mi.

Äëÿ âiäøóêàííÿ òî÷êè, äëÿ ÿêî¨ âèêîíóþòüñÿ óìîâè (1) ó âèïàäêó (2) çíà-
õîäèìî ìiíiìàëüíå çíà÷åííÿ iíäåêñà ν, äëÿ ÿêîãî

Rk1,...,ki−1,ki−ν,ki+1,...kn (xi) ≤ 1.

Äëÿ âiäøóêàííÿ òî÷êè, äëÿ ÿêî¨ âèêîíóþòüñÿ óìîâè (1) ó âèïàäêó (3) çíà-
õîäèìî ìiíiìàëüíå çíà÷åííÿ iíäåêñà ν, äëÿ ÿêîãî

Rk1,...,ki−1,ki+ν,ki+1,...kn (xi) > 1.

Ïðèêëàä 1. Ðîçãëÿíåìî çàäà÷ó âiäøóêàííÿ àáñîëþòíîãî ìiíiìóìó øòðà-
ôíî¨ ôóíêöi¨ �2 ïðè n = 3:

f(x1, x2, x3) = (x1 − 1)2 + (x2 − 1)2 + (x3 − 1)2 + 10−3
(
x21 + x22 + x23 − 0.25

)2
.

Äëÿ öüîãî øóêàòèìåìî àáñîëþòíèé ìàêñèìóì ôóíêöi¨

−f(x1, x2, x3) + 500,

îñêiëüêè −f(x1, x2, x3) + 500 > 0 â îáëàñòi

D = {−10 ≤ xi ≤ 10, i = 1, 2, 3} .

Ïîêëàäåìî hi = 0.1, i = 1, 2, 3. Çà ïî÷àòêîâå íàáëèæåííÿ âiçüìåìî òî÷êó
(−10;−10;−10) . Çàñòîñóâàâøè îïèñàíèé âèùå àëãîðèòì, îäåðæèìî òî÷êó
(0.7; 0.8; 1) , ÿêó ïðèéìà¹ìî ç òî÷íiñòþ h = 0, 1 çà òî÷êó ìàêñèìóìó ôóíêöi¨.
ßêùî öþ òî÷êó óòî÷íèòè â îáëàñòi

D = { 0.6 ≤ x1 ≤ 2.6; 0.7 ≤ x2 ≤ 2.7; 0.9 ≤ x3 ≤ 2.9} ,

òî îäåðæèìî òî÷êó (1; 0.99; 0.99) , ÿêó ïðèéìà¹ìî çà òî÷êó ìàêñèìóìó ç òî÷íi-
ñòþ h = 0.01. Óòî÷íèìî öþ òî÷êó â îáëàñòi

D = { 0.98 ≤ x1 ≤ 1. 18; 0.98 ≤ x2 ≤ 1.18; 0.98 ≤ x3 ≤ 1.18} .

Îäåðæèìî òî÷êó (0.995; 0.995; 0.995) , h = 0.001 çà òî÷êó ìàêñèìóìó. Ïiñëÿ
óòî÷íåííÿ öi¹¨ òî÷êè â îáëàñòi

D = { 0.99 ≤ x1 ≤ 0.995; 0.99 ≤ x2 ≤ 0.995; 0.99 ≤ x3 ≤ 0.995}

îäåðæèìî òî÷êó (0.99459; 0.99459; 0.99459) , ÿêó ç òî÷íiñòþ h = 0.00001 ïðè-
éìà¹ìî çà ìàêñèìàëüíó. Îòæå, àáñîëþòíèé ìiíiìóì øòðàôíî¨ ôóíêöi¨ �2 äî-
ñÿãà¹òüñÿ â òî÷öi (0.99459; 0.99459; 0.99459) i min f (x1, x2, x3) ≈ 0.007473308 ç
òî÷íiñòþ h = 0.00001.
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Ïðèêëàä 2. Ðîçãëÿíåìî çàäà÷ó âiäøóêàííÿ àáñîëþòíîãî ìiíiìóìó øòðà-
ôíî¨ ôóíêöi¨ �2 ïðè n = 4:

f(x1, x2, x3, x4) = (x1 − 1)2 + (x2 − 1)2 + (x3 − 1)2 + (x4 − 1)2 +

+10−3
(
x21 + x22 + x23 + x24 − 0.25

)2
.

Äëÿ öüîãî øóêàòèìåìî àáñîëþòíèé ìàêñèìóì ôóíêöi¨

−f(x1, x2, x3, x4) + 1000,

îñêiëüêè −f(x1, x2, x3, x4) + 1000 > 0 â îáëàñòi

D = {−10 ≤ xi ≤ 10, i = 1, 2, 3, 4} .

Ïîêëàäåìî hi = 0.1, i = 1, 2, 3, 4. Çà ïî÷àòêîâå íàáëèæåííÿ âiçüìåìî òî÷êó
(−10; −10; −10;−10) . Çàñòîñóâàâøè îïèñàíèé âèùå àëãîðèòì, îäåðæèìî òî-
÷êó (1; 1; 1; 1) , ÿêó ïðèéìà¹ìî ç òî÷íiñòþ h = 0.1 çà òî÷êó ìàêñèìóìó ôóíêöi¨.
Â ðåçóëüòàòi çàñòîñóâàííÿ âèùåîïèñàíîãî àëãîðèòìó îäåðæèìî íàñòóïíó ïîñëi-
äîâíiñòü òî÷îê: (0.99; 0.99; 0.99; 0.99) , (0.993; 0.995; 0.993; 0.993) ,
(0.9926; 0.9946; 0.9926; 0.9926) , (0.99266; 0.99461; 0.99266; 0.99266) .
Òî÷êó (0.99266; 0.99461; 0.99266; 0.99266) ïðèéìà¹ìî çà ìàêñèìàëüíó ç òî÷íi-
ñòþ h = 0.00001 i min f (x1, x2, x3, x4) ≈ 0.013846443.
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