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ÌIÍIÌÀËÜÍI ÍÅÇÂIÄÍI ÐÎÇÂ'ßÇÍI ÏIÄÃÐÓÏÈ ÃÐÓÏÈ
GL(2, R2)

Ïàì'ÿòi Ï. Ì. Ãóäèâêà ïðèñâÿ÷ó¹òüñÿ

All nonabelian minimal irreducible solvable subgroups of the group GL(2, R2) (R2 is the ring of
integers of the finite extension F2 of the field Q rational 2-adic numbers) are described up to
conjugation.

Îïèñóþòüñÿ ç òî÷íiñòþ äî ñïðÿæåíîñòi âñi íåàáåëåâi ìiíiìàëüíi íåçâiäíi ðîçâ'ÿçíi ïiäãðóïè
ãðóïè GL(2, R2) (R2 � êiëüöå öiëèõ âåëè÷èí ñêií÷åííîãî ðîçøèðåííÿ F2 ïîëÿ ðàöiîíàëüíèõ
2-àäè÷íèõ ÷èñåë Q2).

Ìiíiìàëüíi íåçâiäíi ðîçâ'ÿçíi ïiäãðóïè ãðóïè GL(q,K), äå q � ïðîñòå ÷èñëî,
à K � ïîëå, îïèñàíi ç òî÷íiñòþ äî ñïðÿæåíîñòi â [1]. Â [2] òàêi ïiäãðóïè îïè-
ñàíi ç òî÷íiñòþ äî ñïðÿæåíîñòi ïðè q = 3 i K = Rp � êiëüöå öiëèõ âåëè÷èí
ñêií÷åííîãî ðîçøèðåííÿ ïîëÿ ðàöiîíàëüíèõ p-àäè÷íèõ ÷èñåë Qp. Â [3] êëàñèôi-
êîâàíi íåñïðÿæåíi ìiíiìàëüíi íåçâiäíi àáåëåâi ïiäãðóïè ãðóïè GL(2, R2), à â [4]
ôîðìóëþþòüñÿ ðåçóëüòàòè êëàñèôiêàöi¨ íåñïðÿæåíèõ íåàáåëåâèõ ìiíiìàëüíèõ
íåçâiäíèõ ðîçâ'ÿçíèõ ïiäãðóï ãðóïè GL(2, Rp). Ó äàíié ðîáîòi íàâîäèòüñÿ ç ïîâ-
íèìè äîâåäåííÿìè i óòî÷íåííÿìè òàêà êëàñèôiêàöiÿ ïðè p = 2.

ÍåõàéR2 � êiëüöå öiëèõ âåëè÷èí ñêií÷åííîãî ðîçøèðåííÿ F2 ïîëÿ ðàöiîíàëü-
íèõ ÷èñåë â Q2.

Ïîðÿä ç îçíà÷åííÿì ãðóï H1,l,j, Gl,k ñòàòòi [1] âñþäó äàëi áóäóòü âèêîðèñòî-
âóâàòèñÿ íàñòóïíi ïîçíà÷åííÿ:

• (Fp : Qp) = ef , äå e � iíäåêñ ðîçãàëóæåííÿ, à f � ñòåïiíü iíåðöi¨ ïîëÿ Fp
âiäíîñíî ïîëÿ Qp;

• Pq � ñèëîâñüêà q-ïiäãðóïà ìóëüòèïëiêàòèâíî¨ ãðóïè F ∗
p ïîëÿ Fp;

• Π � ìíîæèíà âñiõ òàêèõ ïðîñòèõ ÷èñåë q ̸= 2, äëÿ ÿêèõ Pq ̸= ⟨1⟩;

• Π′ � ìíîæèíà âñiõ òàêèõ ïðîñòèõ ÷èñåë r > 2, ùî (Fp(θ) : F2) = 2, äå θ �
ïåðâiñíèé êîðiíü ñòåïåíÿ r iç 1,

D4, K4 � ãðóïè äiåäðà i êâàòåðíiîíiâ ïîðÿäêó 8 âiäïîâiäíî.
Íåõàé íàäàëi p = 2. ßêùî |P2| = 2n i (F2 : Q2) = e·f , òî e = 2n−1·m. Iç âiäîìèõ

ôàêòiâ òåîði¨ çîáðàæåííÿ ñêií÷åííèõ ãðóï ëåãêî îäåðæàòè, ùî ç òî÷íiñòþ äî
içîìîðôiçìó íåöèêëi÷íi ìiíiìàëüíi íåçâiäíi ðîçâ'ÿçíi ïiäãðóïè ãðóïè GL(2, R2)
âè÷åðïóþòüñÿ ãðóïàìè:

1) H1,q,j = G1,q ïðè |P2| = 2;
2) Gl,q, D4, K4 ïðè |P2| = 22 (l = 1, 2, . . .);
3) Gl,q, D4, H4 ïðè |P2| = 2n (n ≥ 3; l = 1, . . . , n; k = 3, . . . , n), äå q ïðîáiãà¹

ìíîæèíó Π, à F2 íå ¹ öiëêîì ðîçãàëóæåíå ðîçøèðåííÿ ïîëÿ Q2; ãðóïàìè D4, K4

ïðè |P2| = 22 i D4, K4, Hk ïðè |P2| = 2n(n ≥ 3; k = 3, . . . , n), ÿêùî F2 � öiëêîì
ðîçãàëóæåíå ðîçøèðåííÿ ïîëÿ Q2
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Íåõàé F2 íå ¹ öiëêîì ðîçãàëóæåíèì ðîçøèðåííÿì ïîëÿ Q2. Òîäi Π ̸= ⊘ i
íåõàé θq � åëåìåíò ïîðÿäêó q ∈ Π â êiëüöi R2. Îïèøåìî âñi íååêâiâàëåíòíi
R2-çîáðàæåííÿ ñòåïåíÿ 2 ãðóï Hk, D4, K4 i Gl,q.

Íåõàé

G ∼= Hk = ⟨a, b|a2k = b2 = 1, b−1ab = a1+2k−1⟩(k = 3, . . . , n),

äå |P2| = 2n (n ≥ 3). Ïîçíà÷èìî r = 1+ 2k−1. Iç [4] âèïëèâà¹, ùî F2-çîáðàæåííÿ
ñòåïåíÿ 2 ãðóïè G ç òî÷íiñòþ äî åêâiâàëåíòíîñòi âè÷åðïóþòüñÿ çîáðàæåííÿìè

Γj : a→
(
ξj 0
0 ξjr

)
, b→

(
0 1
1 0

)
(1 ≤ j < 2k),

äå ξ � åëåìåíò ïîðÿäêó 2s (s ≤ k) â ïîëi F2. Çâiäñè ëåãêî âèïëèâà¹, ùî Γj
íåçâiäíå i òî÷íå íàä R2 òîäi i òiëüêè òîäi, êîëè ξ � åëåìåíò ïîðÿäêó 2k â ïîëi F2

i j = 1, 3, . . . , 2k−1− 1. Ïîçíà÷àþ÷è ε = ξj, îäåðæèìî, ùî Γj ìîæíà ïðåäñòàâèòè
ó âèãëÿäi:

Γj : a→
(
ε 0
0 −ε

)
, b→

(
0 1
1 0

)
,

äå ε ïðîáiãà¹ ïåðâiñíi êîðåíi ñòåïåíÿ 2k iç 1 â ïîëi F2.
Íåõàé π = εr − ε. Òîäi

π = ε(εr−1 − 1) = ε
(
ξ2

k−1 − 1
)
= θte (θ ∈ R∗

2).

Î÷åâèäíî, äîâiëüíå òî÷íå R2-çîáðàæåííÿ ãðóïè G. F2-åêâiâàëåíòíå çîáðàæåííÿ
Γ ìà¹ âèãëÿä

∆ : a→
(
ε x
0 −ε

)
, b→

(
α β
γ δ

)
, (α, β, γ, δ ∈ R2),

äå x = 0 àáî x = te−s (s = 1, . . . , e). ßêùî x = 0, òî ∆ ∼ Γ. Íåõàé x = te−s.
Òîäi iç ñïiââiäíîøåííÿ AB = BAr îäåðæèìî δ = −α i γ = απts−e. Iç ðiâíîñòi
B2 = E âèïëèâà¹, ùî β = (1−α2)te−s

απ
. Î÷åâèäíî, β ∈ R2 òîäi i òiëüêè òîäi, êîëè

α2 ≡ 1(mod ts). Òàêèì ÷èíîì, ∆s = ∆ ïðèéìà¹ âèãëÿä:

∆s(αs) : a→
(
ε te−s

0 −ε

)
= As, b→

(
αs

(1−α2
s)t

e−s

αsπ
αsπ
te−s −αs

)
= Bs,

äå α2
s ≡ 1(mod ts) (1 ≤ s ≤ e).
Ëåììà 1. Çîáðàæåííÿ ∆s(αs) i ∆s′(ᾱs′) R2-åêâiâàëåíòíi òîäi i òiëüêè òîäi,

êîëè s = s′ i αs ≡ αs(mod t
s).

Äîâåäåííÿ. Íåîáõiäíiñòü. Íåõàé c−1∆s(αS)(g) = ∆s′(αs′)(g) äëÿ âñiõ g ∈ G,
äå C ∈ GL(2, R2). Ëåãêî áà÷èòè, ùî òîäi

C =

(
c1

(αs−αs)te−s

αsπ

0 αsα
−1
s c4

)
,

çâiäêè αs ≡ αs(mod t
s). Âiäìiòèìî, ùî ∆s(αs) i ∆s′(ᾱs′) íååêâiâàëåíòíi íàä R2

ïðè s ̸= s′, îñêiëüêè âîíè íååêâiâàëåíòíi íà ïiäãðóïi H = ⟨a⟩.
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Íåîáõiäíiñòü äîâåäåíà. Äîñòàòíiñòü îäåðæèìî, ÿêùî ïðîâåñòè ìiðêóâàííÿ â
çâîðîòíîìó ïîðÿäêó. Ëåìà äîâåäåíà.

Òâåðäæåííÿ 1. Íåõàé R2 ìiñòèòü ïåðâiñíèé êîðiíü ξ ñòåïåíÿ 2n iç 1
(n ≥ 3). Íåçâiäíi òî÷íi R2-çîáðàæåííÿ ñòåïåíÿ 2 ãðóïè

Hk = ⟨a, b|a2k = b2 = 1, b−1ab = a1+2k−1⟩ (k = 3, . . . , n)

ç òî÷íiñòþ äî åêâiâàëåíòíîñòi âè÷åðïóþòüñÿ çîáðàæåííÿìè:

∆0 : a→
(
εj 0
0 −εj

)
, b→

(
0 1
1 0

)
;

∆1 : a→
(
εj te−1

0 −εj
)
, b→

(
1 0
πte−1 −1

)
;

∆s(αs) : a→
(
εj te−s

0 −εj
)
, b→

(
αs

(1−α2
s)t

e−s

αsπ
αsπ
te−s −αs

)
(1 ≤ s ≤ e),

äå ε � äåÿêèé åëåìåíò ïîðÿäêó 2k â êiëüöi R2, π = −2ε, e = 2n−1 · m;
j = 1, 3, . . . , 2k−1 − 1, à åëåìåíòè αs çàäàþòüñÿ ôîðìóëîþ

αs = 1 + λht
h + · · ·+ λs−1t

s−1, (1)

äå h = s
2
, ÿêùî s ïàðíå i h = s+1

2
, ÿêùî s íåïàðíå, à λh, . . . , λs−1 ïðîáiãàþòü

ïðåäñòàâíèêè ëiâèõ ñóìiæíèõ êëàñiâ êiëüöÿ R2 çà iäåàëîì tR2 (t � ïðîñòèé
åëåìåíò êiëüöÿ R2).

Äîâåäåííÿ . Î÷åâèäíî, äîâiëüíèé êîðiíü ε1 ñòåïåíÿ 2k iç 1 ìîæíà ïðåäñòà-
âèòè ó âèãëÿäi ε1 = εj äëÿ äåÿêîãî j (1 ≤ j ≤ 2k). Íåõàé αs ∈ R2 ìà¹ âèãëÿä

αs = λ0 + λ1t+ · · ·+ λs−1t
s−1, (2)

äå λj (j = 0, . . . , s− 1) ñóòü ïðåäñòàâíèêè ëiâèõ ñóìiæíèõ êëàñiâ R2 çà iäåàëîì
tR2. ßêùî αs = αs + λst

s (λj ∈ R2), òî αs ≡ αs(mod t
s). Òàêèì ÷èíîì, ç îãëÿäó

íà ëåìó 1, ìîæíà ââàæàòè, ùî αs ìà¹ âèãëÿä (2). Ç êîíãðóåíöi¨ α2
s ≡ 1(mod ts)

îäåðæèìî (λ0+λ1t+· · ·+λs−1t
s−1)2−1 ≡ 0(modts). Çâiäñè â ñèëó ðiâíîñòi 2 = θ1t

e

ìà¹ìî (λ20−1)+λ21t
2
1+ . . .+λ

2
s−1t

2(s−1) ≡ 0(modts). Ç îñòàííüî¨ êîíãðóåíöi¨ i òîãî,
ùî λj ∈ R2

tR2
âèïëèâà¹, ùî λ0 = 1 i λ1 = λ2 = · · · = λh−1 = 0, äå h = s

2
ïðè

ïàðíîìó s i h = s+1
2

ïðè íåïàðíîìó s. Î÷åâèäíî, ùî ïðè s = 1, α1 = 1. Íåõàé
òåïåð ∆s(αs) ∼ R2∆s(α

′
s). Òîäi ç ëåìè 1 âèïëèâà¹ ðiâíiñòü

αs − α′
s = (λh − λ′h)t

h + . . .+ (λs−1 − λ′s−1)t
2(s−1) ≡ 0(mod ts).

Çâiäñè i iç âëàñòèâîñòåé åëåìåíòiâ λj, λ′j äëÿ âñiõ j = h, . . . , s− 1. Òàêèì ÷èíîì
αs = a′s. Òâåðäæåííÿ äîâåäåíî.

Íåõàé D4 = ⟨a, b⟩ � ãðóïà äiåäðà, à K4 = ⟨a, b⟩ � ãðóïà êâàòåðíiîíiâ ïîðÿäêó
8. Àíàëîãi÷íî òâåðäæåííþ 1 äîâîäèòüñÿ íàñòóïíå òâåðäæåííÿ.

Òâåðäæåííÿ 2. Íåõàé êiëüöå R2 ìiñòèòü åëåìåíò ïîðÿäêà 2n. Íåçâiäíi
òî÷íi R2-çîáðàæåííÿ ñòåïåíÿ 2 ãðóïè D4 ç òî÷íiñòþ äî åêâiâàëåíòíîñòi âè-
÷åðïóþòüñÿ çîáðàæåííÿìè:

∆0 : a→
(
i 0
0 −i

)
, b→

(
0 1
1 0

)
;
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∆1 : a→
(
i te−1

0 −i

)
, b→

(
1 0
−2it1−e −1

)
;

∆s(αs) : a→
(
i te−s

0 −i

)
, b→

(
αs

(α2
s−1)te−s

2αsi

−2αsi
te−s −αs

)
,

äå t � ïðîñòèé åëåìåíò êiëüöÿ R2, e = 2n−1 · m, åëåìåíòè αs çàäàþòüñÿ
ôîðìóëîþ

αs = 1 + λht
h + · · ·+ λs−1t

s−1, (3)

λj (j = h, h + 1, . . . , s − 1) ïðîáiãàþòü ïðåäñòàâíèêiâ ëiâèõ ñóìiæíèõ êëàñiâ
êiëüöÿ R2 çà iäåàëîì tR2, h = s

2
ïðè ïàðíîìó s i h = s+1

2
, ÿêùî s íåïàðíå.

Òâåðäæåííÿ 3.Íåçâiäíi òî÷íi R2-çîáðàæåííÿ ãðóïèK4 ïðè i ∈ P2 (i
2 = −1)

ç òî÷íiñòþ äî åêâiâàëåíòíîñòø âè÷åðïóþòüñÿ çîáðàæåííÿìè:

∆0 : a→
(
i 0
0 −i

)
, b→

(
0 −1
1 0

)
;

∆1 : a→
(
i te−1

0 −i

)
, b→

(
1 −α−1

1 ite−1

− 2i
te−1 −1

)
;

∆s(αs) : a→
(
i te−s

0 −i

)
, b→

(
αs

(1+α2
s)t

e−s

2αsi

−2αsi
te−s −αs

)
(1 < s ≤ e),

äå ïðè |P2| = 2n (n ≥ 2) e = 2n−1 ·m, à åëåìåíòè αs çàäàþòüñÿ ôîðìóëîþ (3).
ÍåõàéG ∼= Gl,q = ⟨a, b|aq = b2

l
= 1, b−1ab = a−1⟩, äå q ̸= 2 ïðîáiãà¹ ìíîæèíó Π

(l = 1, . . . , n). Î÷åâèäíî, äîâiëüíå òî÷íå R2-çîáðàæåííÿ ãðóïè H = ⟨a⟩ ¹ öiëêîì
çâiäíèì. Íåõàé Γ � òî÷íå R2-çîáðàæåííÿ ãðóïè H = ⟨a⟩. Òîäi Γ ïðåäñòàâèìî ó
âèãëÿäi:

Γ : a→
(
θjq 0
0 θ−jq

)
= Aj,

äå θq � äåÿêèé åëåìåíò ïîðÿäêó q â R2

(
j = 1, . . . , q−1

2

)
. Ëåãêî áà÷èòè, ùî òîäi

äîâiëüíå òî÷íå R2-çîáðàæåííÿ ∆ ãðóïè G ìîæíà ïðåäñòàâèòè ó âèãëÿäi:

∆ : a→ Aj, b→
(

0 ξ
1 0

)
= B(ξ), (4)

äå ξ ïåðâiñíèé êîðiíü ñòåïåíÿ 2k−1 iç l â ïîëi F2, j = 1, . . . , q−1
2

i l = 1, . . . , n.
Íåõàé ∆′ = ∆′(ξ′) � äåÿêå äðóãå R2-çîáðàæåííÿ ñòåïåíÿ 2 ãðóïè G âèãëÿäó

(4). Íåâàæêî ïîêàçàòè, ùî ∆ ∼ ∆′ íàä êiëüöåì R2 òîäi i òiëüêè òîäi, êîëè ξ = ξ′.
Îñêiëüêè ∆ íåçâiäíå, òî ìè äîâåëè íàñòóïíå òâåðäæåííÿ.

Òâåðäæåííÿ 4.Íåçâiäíå òî÷íå R2-çîáðàæåííÿ ñòåïåíÿ 2 ãðóïè Gl,q = ⟨a, b⟩
ç òî÷íiñòþ äî åêâiâàëåíòíîñòi âè÷åðïóþòüñÿ çîáðàæåííÿìè

∆j(ξ) : a→
(
θjq 0
0 θ−jq

)
, b→

(
0 ξ
1 0

)
,

äå θq � äåÿêèé åëåìåíò ïîðÿäêó q â êiëüöi R2, j = 1, . . . , q−1
2
, à ξ ïðîáiãà¹ âñi

ïåðâiñíi êîðåíi ñòåïåíÿ 2l−1 iç l â êiëüöå R2.
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Çáåðiãàþ÷è ïîçíà÷åííÿ òâåðäæåíü 1�4 ââåäåìî íàñòóïíi ñåði¨ ãðóïèGL(2, R2):

V
(0)
1 =

⟨( 1 0
0 −i

)
,
( 0 1

1 0

)⟩
;

V
(αs)
1 =

⟨(
i te−s

0 −i

)
,

(
αs

(α2
s−1)te−s

2αsi

−2αsi
te−s −αs

)⟩ (
1 ≤ s ≤ e

2

)
;

V

(
β
(r)
j

)
1 =

⟨(
i te−r

0 −i

)
,

 β
(r)
j

[(
β
(r)
j

)2
−1

]
te−r

2β
(r)
j i

−2β
(r)
j i

te−r −β(r)
j

⟩ (e
2
≤ r ≤ e

)
;

V
(0)
2 =

⟨(
1 0
0 −i

)
,

(
0 −1
1 0

)⟩
;

V
(αs)
2 =

⟨(
i te−s

0 −i

)
,

(
αs

(1+α2
s)t

e−s

2αsi

−2αsi
te−s −αs

)⟩ (
1 ≤ s ≤ e

2

)
;

V

(
β
(r)
j

)
2 =

⟨(
i te−r

0 −i

)
,

 β
(r)
j

[
1+

(
β
(r)
j

)2
]
te−r

2β
(r)
j i

−2β
(r)
j i

te−r −β(r)
j

⟩ (e
2
< r ≤ e

)
,

äå åëåìåíòè αs, β
(r)
j (j = 1, . . . , nr) çàäàþòüñÿ ôîðìóëîþ (3) i β(r)

j ̸= β
(r)
k (mod tr)

ïðè k ̸= j
(
k, j = 1, . . . , nr;

e
2
< r ≤ e

)
;

V
(0)
k =

⟨(
εk 0
0− εk

)
,

(
0 1
1 0

)⟩
;

V
(s)
k =

⟨(
εk te−s

0 −εk

)
,

(
αs

(1−α2
s)t

e−s

αsΠ
αsΠ
te−s −αs

)⟩
,

äå åëåìåíòè αs çàäàþòüñÿ ôîðìóëîþ (3), εk � åëåìåíò ïîðÿäêó 2k â êiëüöi R2

(Π = −2εk; 3 ≤ k ≤ n; 1 ≤ s ≤ e);

W
(q)
l =

⟨(
θq 0
0 θ−1

q

)
,

(
0 ξl
1 0

)⟩
,

äå θq � åëåìåíò ïîðÿäêó q â êiëüöi R2, q � ïðîáiãà¹ ìíîæèíó Π i ξl � äåÿêèé
åëåìåíò ïîðÿäêó 2l−1 â êiëüöi R2 (1 ≤ l ≤ n).

Â öèõ ïîçíà÷åííÿõ ìà¹ ìiñöå íàñòóïíà òåîðåìà.
Òåîðåìà 1.Íåàáåëåâi ìiíiìàëüíi íåçâiäíi ðîçâ'ÿçíi ïiäãðóïè ãðóïè GL(2, R2)

ç òî÷íiñòþ äî ñïðÿæåíîñòi âè÷åðïóþòüñÿ ãðóïàìè:
1) W (q)

1 ïðè |P2| = 2 (q ∈ Π);

2) W (q)
1 , V (0)

1 , V (αs)
1 , V

(
β
(r)
j

)
1 , V (0)

2 , V (αs)
2 , V

(
β
(r)
j

)
2 ïðè |P2| = 22 (q ∈ Π);

3) W (q)
1 , V (0)

1 , V (αs)
1 , V

(
β
(r)
j

)
1 , V (0)

2 , V (αs)
2 , V

(
β
(r)
j

)
2 , Vk, V

(αs)
k ïðè |P2| = 2n (n ≥ 3;

k = 3, . . . , n; 1 ≤ s ≤ e
2
; e

2
< r ≤ s), äå q ïðîáiãà¹ ìíîæèíó Π (l = 1, . . . , n).
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Äîâåäåííÿ . Íåõàé G � ìiíiìàëüíà íåçâiäíà ðîçâ'ÿçíà íåàáåëåâà ïiäãðóïà
ãðóïè GL(2, R2). Îñêiëüêè |P2| ≥ 2, òî ìîæëèâi òàêi âèïàäêè:

1) G ∼= Gl,q (l = 1, 2, . . . , n).
Ç òâåðäæåííÿ 4 âèïëèâà¹, ùî G ìîæíà ïðåäñòàâèòè ó âèãëÿäi

G =

⟨(
θiq 0
0 θ−jq

)
,

(
0 ξ
1 0

)⟩
,

äå θq � ôiêñîâàíèé åëåìåíò ïîðÿäêó q ∈ Π, j = 1, . . . , q−1
2
, à ξ ïðîáiãà¹ âñi

åëåìåíòè ïîðÿäêó 2l−1 â ïîëi F2.
2) Íåõàé D4 � ãðóïà äiåäðà ïîðÿäêó 8. Ââåäåìî â ðîçãëÿä ãðóïè

T
(γs)
1 =

⟨(
i te−s

0 −i

)
,

(
γs

(γ2s−1)te−s

2γsi

− 2γsi
te−s −γs

)⟩
(1 ≤ s ≤ e),

äå åëåìåíòè γs çàäàþòüñÿ ôîðìóëîþ (3). Ëåãêî áà÷èòè, ùî V (0)
1 íå ñïðÿæåíà

ç ãðóïîþ T
(γs)
1 . Íåâàæêî òàêîæ ïåðåâiðèòè, ùî T (γs)

1 íå ñïðÿæåíèé ç T (γs′ )
1 ïðè

s ̸= s′. Ïðèïóñòèìî, ùî C−1T
(αs)
1 C = T

(βs)
1 , äå

T
(αs)
1 = ⟨As, Bs⟩, T (βs)

1 = ⟨As, B′
s⟩, αs = α ̸= βs = β(mod ts) i C ∈ GL(2, R2).

Òîäi ìîæëèâi âèïàäêè:
a) C−1AsC = As, C

−1BsC = AksB
′
s (k = 0, 1, 2, 3, . . .).

Iç ñïiââiäíîøåííÿ AsC = CAs âèïëèâà¹, ùî ìàòðèöÿ C ìà¹ âèãëÿä

C =

(
x (x−y)te−s

2i

0 y

)
(x, y ∈ R2), (5)

äå x ≡ y(mod ts) i x, y ∈ R∗
2. Ëåãêî ïåðåâiðèòè, ùî âèïàäîê k = 0, 2 íåìîæëèâèé.

Ïðèïóñòèìî, ùî BsC = CAsB
′
s. Ç ôîðìóëè (5) i îñòàííüî¨ ðiâíîñòi îäåðæèìî

íàñòóïíó ñèñòåìó ðiâíÿíü:
αxite−s = (x− y)β − βxte−s,

αxi = −βy,
α2(x−y)+(α2−1)yte−s

αi
= β2(y−x)+(β2+1)yte−s

β
,

α(y − x)− αyte−s = −βyite−s.

(6)

Çíàõîäÿ÷è ç äðóãîãî ðiâíÿííÿ ñèñòåìè (6) y = −β−1αxi i, ïiäñòàâëÿþ÷è éîãî â
ðåøòó ðiâíÿíü öi¹¨ ñèñòåìè, îäåðæèìî ðiâíiñòü αxi(te−s − 1) = −βx(te−s − 1),
çâiäêè αxi = −βx àáî te−s = 1. Ó ïåðøîìó âèïàäêó β = −αi i x = y, à â
äðóãîìó s = e i, ÿê ëåãêî áà÷èòè, β ≡ αi(mod ts), äå β ̸= α(mod ts), s > e

s
. ßêùî

BsC = −CAsB′
s, òî y = β−1αxi, à çâiäñè, ÿê i â ïîïåðåäíüîìó âèïàäêó, β = αi,

àáî te−s = 1, çâiäêè β ≡ αi(mod ts), äå s > e
2
.

á) C−1AsC = −As, C−1BsC = AksB
′
s (k = 0, 1, 2, 3).

Àíàëîãi÷íî ïîïåðåäíüîìó äîâîäèòüñÿ, ùî T (αs)
1 ñïðÿæåíà ç T (βs)

1 òîäi i òiëüêè
òîäi, êîëè βs ≡ αsi(mod t

s) i s > e
2
(k = 1, 3).
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3) ÍåõàéK4 � ãðóïà êâàòåðíiîíiâ ïîðÿäêó 8. Äîòðèìóþ÷èñü ïîçíà÷åíü òâåð-
äæåííÿ 3, ââåäåìî ãðóïè

T
(γs)
2 =

⟨(
i te−s

0 −i

)
,

(
γs

(1+γ2s )t
e−s

2γsi

− 2γsi
te−s −γs

)⟩
(1 ≤ s ≤ e),

äå åëåìåíòè γs çàäàþòüñÿ ôîðìóëîþ (3). Çãiäíî òâåðäæåííÿ 2 G ñïðÿæåíà â
GL(2, R2) ç ãðóïîþ V

(0)
2 àáî ç îäíîþ iç ãðóï T

(γs)
2 . Î÷åâèäíî, ùî T (γs)

2 i T (γs′ )
2

íå ñïðÿæåíi ïðè s ̸= s′. Ïðèïóñòèìî, ùî äëÿ äåÿêî¨ ìàòðèöi C ∈ GL(2, R2),
C−1T

(αs)
2 C = T

(βs)
2 , äå

T
(αs)
2 = T

(α)
2 = ⟨As, Bs⟩, T (βs)

2 = T
(β)
2 = ⟨As, B′

s⟩, α ̸= β(mod ts).

Àíàëîãi÷íî 2), β ≡ αi(mod ts), äå s > e
2
. Ç iíøîãî áîêó, ÿêùî β ≡ αi(mod ts) i

s > e
2
, òî ïîêëàâøè

C =

(
1 (β−1i+α)te−s

2αi

− 2i
te−s −1

)
,

îäåðæèìî C−1AsC = −As, C−1BsC = AsB
′
s, òîáòî T

(α)
2 i T (β)

2 ñïðÿæåíi. Íåâàæêî
ïîáà÷èòè, ùî ïðè s ≤ e

2
àáî β ̸= αi(mod ts) ïðè s > e

2
, T (α)

2 i T (β)
2 íå ñïðÿæåíi.

4) Íåõàé G ∼= Hk = ⟨a, b|a2k = b2 = 1, b−1ab = a1+2k−1⟩ (k = 3, . . . , n). Çãiäíî
ç òâåðäæåííÿì 1 G ñïðÿæåíà ç îäíîþ ç ãðóï:

T
(0)
k =

⟨(
εjk 0

0− εjk

)
,

(
0 1
1 0

)⟩
;

T
(αs)
2 =

⟨(
εjk te−s

0 −εjk

)
,

(
αs

(1−α2
s)t

e−s

αsΠ
αsΠ
te−s −αs

)⟩
= ⟨As, Bs⟩,

äå åëåìåíòè αs çàäàþòüñÿ ôîðìóëîþ (3), s = 1, . . . , e, j = 1, . . . , 2k−1 (k = 3, . . . , n).
Ëåãêî áà÷èòè, ùî ÿêùî ïðè j > 1 ïîêëàñòè C = diag[εj−1

k , 1], òî

C−1AjsC =

(
εk te−s

0 −εk

)
,

òîáòî â T (0)
k i Tαs)

k äîñòàòíüî ðîçãëÿäàòè âèïàäîê j = 1 i ââàæàòè, ùî V (0)
k = T

(0)
k

i V (αs)
k = T

(αs)
k .

Ïðèïóñòèìî, ùî ãðóïà V (αs)
k = V

(α)
k = ⟨As, Bs⟩ ñïðÿæåíà â GL(2, R2) ç ãðó-

ïîþ V
(βs)
k = V

(β)
k = ⟨As, B′

s⟩, äå α ̸= β(mod ts). Ç áóäîâè ãðóïè Hk âèïëèâà¹, ùî
ìîæëèâi âèïàäêè:

à) C−1AsC = ∓As, C−1BsC = ∓B′
s.

ßêùî C−1AsC = As i C−1BsC = ∓B′
s, òî çîáðàæåííÿ Γ : a→ As, b→ ∓B′

s áó-
ëî á òî÷íèì R2-çîáðàæåííÿì ãðóïè Hk, R2-åêâiâàëåíòíèì çîáðàæåííþ ∆s(αs),
ùî íåìîæëèâî, îñêiëüêè αs ̸= βs(mod t

s). Òîäi C−1AsC = As i C−1BsC = ∓B′
s.

Ç ïåðøîãî ñïiââiäíîøåííÿ âèïëèâà¹, ùî C ìà¹ âèãëÿä

C =

(
x y
αΠx
te−s −x

)
(x, y ∈ R2). (7)
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Ç ðiâíÿííÿ BsC = CB′
s ëåãêî îòðèìàòè

y =
[α(1− α) + (1− β)]te−s

βΠ
,

çâiäêè (1−α)α+(1−β) ≡ 0(mod ts). Îñêiëüêè α2 ≡ 1(mod ts), òî β ≡ α(mod ts),
ùî íåìîæëèâî. Ç òèõ æå ìiðêóâàíü íåìîæëèâèé i âèïàäîê BsC = CB′

s. Ëåãêî
ïåðåâiðèòè, ùî ìàòðèöi As i Ajs íå ñïðÿæåíi íàä R2, ÿêùî ε

j
k ̸= ∓εk.

Íåõàé εjk = −εk. Òîäi j = 1 + 2k−1 � ðîçãëÿíóòèé âèùå âèïàäîê. Òîìó çà-
ëèøèëîñü ðîçãëÿíóòè ìîæëèâiñòü C−1AsC = AjsB

′
s (j ̸= 0). Â öüîìó âèïàäêó

ìàòðèöÿ C ìà¹ âèãëÿä

C =

(
x c1z

z c2te−s

εjβΠ

)
(x, z ∈ R2), (8)

äå c2 = εk + ε
(j−1)
k )βεk + π) i c1 � äåÿêèé åëåìåíò êiëüöÿ R2. Ïðèïóñòèìî, ùî

C−1BsC = B′
s, äå C ìà¹ âèãëÿä (8). Òîäi

x =
(α + β + εjc2)zt

e−s

αΠ
,

i îñêiëüêè z ∈ R∗
2, òî α+ β + εjc2 ≡ α+ β ≡ 0(mod ts), çâiäêè α = β(mod ts), ùî

íåìîæëèâî. Äî òàêî¨ æ êîíãðóåíöi¨ çâîäèòüñÿ âèïàäîê C−1BsC = −B′
s.

Òàêèì ÷èíîì ãðóïè V
(αs)
k i V (βs)

k íå ñïðÿæåíi ïðè âñiõ s = 1, . . . , e, ÿêùî
αs ̸= βs(mod t

s). Iíøà ÷àñòèíà äîâåäåííÿ î÷åâèäíà. Òåîðåìà äîâåäåíà.
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