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ÏÐÎ ÑÏÅÖIÀËÜÍI ÊËÀÑÈ ÐÎÇÂ'ßÇÊIÂ ÇËI×ÅÍÍÎ�
ÁËÎ×ÍÎ-ÄIÀÃÎÍÀËÜÍÎ� ÄÈÔÅÐÅÍÖIÀËÜÍÎ� ÑÈÑÒÅÌÈ

For the countable quasilinear system of the differential equations with the block-diagonal matrix
of the coefficients of the linear part the conditions of the existence of the partiqular solution,
which are represented by a absolutely and uniformly convergent Fourier-series with slowly varying
coefficients and frequency, are obtained.

Äëÿ çëi÷åííî¨ êâàçiëiíiéíî¨ ñèñòåìè äèôåðåíöiàëüíèõ ðiâíÿíü ç áëî÷íî-äiàãîíàëüíîþ ìàòðè-
öåþ êîåôiöi¹íòiâ ëiíiéíî¨ ÷àñòèíè îòðèìàíî óìîâè iñíóâàííÿ ÷àñòèííîãî ðîçâ'ÿçêó, çîáðàæó-
âàíîãî ó âèãëÿäi àáñîëþòíî òà ðiâíîìiðíî çáiæíèõ ðÿäiâ Ôóð'¹ ç ïîâiëüíî çìiííèìè êîåôiöi-
¹íòàìè òà ÷àñòîòîþ.

Âñòóï. Çëi÷åííi ñèñòåìè äèôåðåíöiàëüíèõ ðiâíÿíü çàéìàþòü ïîìiòíå ìiñöå â
ñó÷àñíié òåîði¨ äèôåðåíöiàëüíèõ ðiâíÿíü, òà ¨ì ïðèñâÿ÷åíî ÷èñëåííi äîñëiäæå-
ííÿ [1, 2]. ßê âiäìi÷à¹òüñÿ â ìîíîãðàôi¨ [2], çëi÷åííi ñèñòåìè äèôåðåíöiàëüíèõ
ðiâíÿíü, íåçâàæàþ÷è íà òå, ùî âîíè ¹ ÷àñòèííèì âèïàäêîì äèôåðåíöiàëüíèõ
ðiâíÿíü ó áàíàõîâèõ ïðîñòîðàõ [3, 4] ìàþòü íèçêó ñïåöèôi÷íèõ âëàñòèâîñòåé,
ùî ïðèâîäèòü äî ðîçðîáêè òåîði¨ òàêèõ ðiâíÿíü. Ñòàòòþ ïðèñâÿ÷åíî ðîçïîâñþ-
äæåííþ íà âèïàäîê çëi÷åííèõ äèôåðåíöiàëüíèõ ñèñòåì ðåçóëüòàòiâ [5], ùîäî
iñíóâàííÿ ó öèõ ñèñòåì ÷àñòèííèõ ðîçâ'ÿçêiâ, çîáðàæóâàíèõ àáñîëþòíî òà ðiâ-
íîìiðíî çáiæíèìè ðÿäàìè Ôóð'¹ iç ïîâiëüíî çìiííèìè êîåôiöi¹íòàìè òà ÷àñòî-
òàìè â äåÿêèõ êðèòè÷íèõ âèïàäêàõ.

1. Îñíîâíi ïîçíà÷åííÿ òà îçíà÷åííÿ. Íåõàé

G(ε0) = {t, ε : t ∈ R, ε ∈ [0, ε0], ε0 ∈ R+}.

Îçíà÷åííÿ 1. Ñêàæåìî, ùî ôóíêöiÿ p(t, ε) íàëåæèòü äî êëàñó S(m; ε0)
(m ∈ N ∪ {0}), ÿêùî âèêîíàíî íàñòóïíi óìîâè
1) p : G(ε0) → C, 2) p(t, ε) ∈ Cm(G(ε0)) çà t;
3) dkp(t, ε)/dtk = εkp∗k(t, ε) (0 ≤ k ≤ m), ïðè÷îìó

∥p∥S(m,ε0)
def
=

m∑
k=0

sup
G(ε0)

|p∗k(t, ε)| < +∞.

Îçíà÷åííÿ 2. Ñêàæåìî, ùî ôóíêöiÿ f(t, ε, θ(t, ε)) íàëåæèòü äî êëàñó F (m; ε0; θ)
(m ∈ N ∪ {0}), ÿêùî öÿ ôóíêöiÿ çîáðàæóâàíà ó âèãëÿäi:

f(t, ε, θ(t, ε)) =
∞∑

n=−∞

fn(t, ε) exp (inθ(t, ε)),

ïðè÷îìó
1) fn(t, ε) ∈ S(m, ε0) (n ∈ Z);

2) ∥f∥F (m;ε0,θ)
def
=

∞∑
n=−∞

∥fn∥S(m;ε0) < +∞;

3) θ(t, ε) =
t∫
0

φ(τ, ε)dτ , φ ∈ R+, φ ∈ S(m, ε0), inf
G(ε0)

φ(t, ε) = φ0 > 0.
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Ìíîæèíà ôóíêöié êëàñó F (m; ε0; θ) óòâîðþ¹ ëiíiéíèé ïðîñòið, ÿêèé ïåðå-
òâîðþ¹òüñÿ íà ïîâíèé íîðìîâàíèé ïðîñòið ââåäåííÿì íîðìè ∥ · ∥F (m;ε0;θ). Ìà¹
ìiñöå ëàíöþæîê âêëþ÷åíü: F (0; ε0; θ) ⊃ F (1; ε0; θ) ⊃ . . . ⊃ F (m; ε0; θ).

Íåõàé çàäàíî äâi ôóíêöi¨ êëàñó F (m; ε0; θ):

u(t, ε, θ) =
∞∑

n=−∞

un(t, ε) exp (inθ(t, ε)), v(t, ε, θ) =
∞∑

n=−∞

vn(t, ε) exp (inθ(t, ε)).

Äîáóòîê öèõ ôóíêöié âèçíà÷èìî ôîðìóëîþ [6]:

(uv)(t, ε, θ) =
∞∑

n=−∞

(
∞∑

s=−∞

un−s(t, ε)vs(t, ε)

)
exp(inθ(t, ε)). (1)

Î÷åâèäíî, ùî uv ∈ F (m; ε0; θ).
Ñôîðìóëþ¹ìî äåÿêi âëàñòèâîñòi íîðìè ∥ · ∥F (m;ε0;θ). Íåõàé u, v ∈ F (m; ε0; θ),

k = const. Òîäi:
1) ∥ku∥F (m;ε0;θ) = |k| · ∥u∥F (m;ε0;θ);
2) ∥u+ v∥F (m;ε0;θ) ≤ ∥u∥F (m;ε0;θ) + ∥v∥F (m;ε0;θ);

3) ∥u∥F (m;ε0;θ) =
∑m

k=0

∥∥∥∥ 1
εk
∂ku
∂tk

∥∥∥∥
F (0;ε0;θ)

;

4) ∥uv∥F (m;ε0;θ) ≤ 2m∥u∥F (m;ε0;θ) · ∥v∥F (m;ε0;θ).
Äiéñíî, ïðè m = 0 çãiäíî ç ôîðìóëîþ (1) ìà¹ìî: ∥uv∥F (0;ε0;θ) ≤ ∥u∥F (0;ε0;θ) ·

∥v∥F (0;ε0;θ). Äàëi, íà ïiäñòàâi âëàñòèâîñòåé 1) � 3):

∥uv∥F (m;ε0;θ) =
m∑
k=0

∥∥∥∥ 1

εk
∂k(uv)

∂tk

∥∥∥∥
F (0;ε0;θ)

≤
m∑
k=0

1

εk

k∑
j=0

Cj
k

∥∥∥∥∂ju∂tj
∥∥∥∥
F (0;ε0;θ)

·
∥∥∥∥∂k−ju∂tk−j

∥∥∥∥
F (0;ε0;θ)

≤

≤ 2m

(
m∑
j=0

1

εj

∥∥∥∥∂ju∂tj
∥∥∥∥
F (0;ε0;θ)

)
·

(
m∑
j=0

1

εj

∥∥∥∥∂jv∂tj
∥∥∥∥
F (0;ε0;θ)

)
= 2m∥u∥F (m;ε0;θ) · ∥v∥F (m;ε0;θ).

Çîêðåìà, ÿêùî u ∈ F (m; ε0; θ), òî ∀ k ∈ N âèêîíàíî: uk ∈ F (m; ε0; θ), ïðè÷î-
ìó

∥uk∥F (m;ε0;θ) ≤ 2m(k−1)∥u∥kF (m;ε0;θ)
.

Íà ïiäñòàâi âëàñòèâîñòi 4) ìîæíà ñòâåðäæóâàòè, ùî ïðîñòið F (m; ε0; θ) óòâî-
ðþ¹ áàíàõîâó àëãåáðó [7].

Äëÿ áóäü-ÿêî¨ ôóíêöi¨ f(t, ε, θ) ∈ F (m; ε0; θ) ïîçíà÷èìî:

Γn[f ] =
1

2π

2π∫
0

f(t, ε, θ) exp(−inθ)dθ.

Îçíà÷åííÿ 3. Ñêàæåìî, ùî íåñêií÷åííîâèìiðíèé âåêòîð x(t, ε) = col(x1(t, ε), x2(t, ε), . . .)
íàëåæèòü äî êëàñó S1(m; ε0), ÿêùî xj ∈ S(m; ε0) (j = 1, 2, . . .), ïðè÷îìó

∥x∥S1(m;ε0)
def
=sup

j
∥xj∥S(m;ε0) < +∞.
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Îçíà÷åííÿ 4. Ñêàæåìî, ùî íåñêií÷åííà ìàòðèöÿ A(t, ε) = (ajk(t, ε))j,k=1,2,...

íàëåæèòü äî êëàñó S2(m; ε0), ÿêùî ajk ∈ S(m; ε0), ïðè÷îìó

∥A∥S2(m;ε0)
def
=sup

j

∞∑
k=1

∥ajk∥S(m;ε0) < +∞.

Îçíà÷åííÿ 5. Ñêàæåìî, ùî íåñêií÷åííîâèìiðíèé âåêòîð x(t, ε, θ) =
= col(x1(t, ε, θ), x2(t, ε, θ), . . .) íàëåæèòü äî êëàñó F1(m; ε0, θ), ÿêùî xj ∈ F (m; ε0; θ)

(j = 1, 2, . . .), ïðè÷îìó ∥x∥F1(m;ε0,θ)
def
=sup

j
∥xj∥F (m;ε0,θ) < +∞.

Îçíà÷åííÿ 6. Ñêàæåìî, ùî íåñêií÷åííà ìàòðèöÿ A(t, ε, θ) = (ajk(t, ε, θ)j,k=1,2,...

íàëåæèòü äî êëàñó F2(m; ε0, θ), ÿêùî ajk ∈ F (m; ε0, θ), ïðè÷îìó

∥A∥F2(m;ε0,θ)
def
=sup

j

∞∑
k=1

∥ajk∥F (m;ε0,θ) < +∞.

Î÷åâèäíî, ùî ÿêùî A ∈ F2(m; ε0; θ), x ∈ F1(m; ε0; θ), òî Ax ∈ F1(m; ε0; θ),
ïðè öüîìó ∥Ax∥F1(m;ε0;θ) ≤ 2m∥A∥F2(m;ε0;θ) · ∥x∥F1(m;ε0;θ).

Óìîâà ∥A∥F2(m;ε0;θ) < 1 çàáåçïå÷ó¹ iñíóâàííÿ ìàòðèöi (E + A)−1 = E +
+
∑∞

k=1 (−1)kAk, äå E = diag(1, 1, ...).
Ïîçíà÷èìî (A)jk åëåìåíò ajk íåñêií÷åííî¨ ìàòðèöi A = (ajk)j,k=1,2,....
2. Ïîñòàíîâêà çàäà÷i. Ðîçãëÿäà¹òüñÿ çëi÷åííà ñèñòåìà äèôåðåíöiàëüíèõ

ðiâíÿíü:
dx

dt
= A(t, ε)x+ f(t, ε, θ) + µX(t, ε, θ, x), (2)

äå t, ε ∈ G(ε0), x = col(x1, x2, . . .) ∈ D ⊂ l1 (l1 � ïðîñòið îáìåæåíèõ ÷èñëîâèõ
ïîñëiäîâíîñòåé), f = col(f1, f2, . . .) ∈ F1(m; ε0; θ), A = diag[A1, A2, . . .], Aj =
Aj(t, ε) = (aj,αβ)α,β=1,2 (j = 1, 2, . . .), aj,αβ ∈ S(m; ε0) (j = 1, 2, . . . ; α, β = 1, 2),
ïðè÷îìó âëàñíi çíà÷åííÿ ìàòðèöi Aj(t, ε) ìàþòü âèãëÿä ±iωj(t, ε), ωj ∈ R+ (j =
1, 2, . . .); íåñêií÷åííîâèìiðíà âåêòîð-ôóíêöiÿ X = col(X1, X2, . . .) ∈ F1(m; ε0; θ)
âiäíîñíî t, ε, θ òà íåïåðåðâíà çà x ∈ D; ïàðàìåòð µ ∈ (0, µ0) ⊂ R+.

Ìåòîþ ñòàòòi ¹ âñòàíîâëåííÿ óìîâ, çà ÿêèõ ñèñòåìà (2) ìà¹ ÷àñòèííèé ðîçâ'ÿ-
çîê x(t, ε, θ, µ) ∈ F1(m1; ε1; θ) (0 ≤ m1 ≤ m; 0 < ε1 ≤ ε0).

3. Äîïîìiæíi ðåçóëüòàòè. Ñèñòåìà (2) ðîçãëÿäà¹òüñÿ çà íàñòóïíèìè ïðè-
ïóùåííÿìè.
10. inf

G(ε0)
|aj,12(t, ε)| = a0 > 0 (j = 1, 2, . . .).

20. sup
j

sup
G(ε0)

ωj(t, ε) = ω < +∞.

30. ∀ n ∈ Z: |n| ≤ (2ω + 1)φ−1
0 âèêîíó¹òüñÿ

inf
G(ε0)

|kωj(t, ε)− nφ(t, ε)| ≥ γ > 0 (k = 1, 2; j = 1, 2, . . .). (3)

Çàóâàæåííÿ 1. Äëÿ çíà÷åíü n òàêèõ, ùî |n| > (2ω+1)φ−1
0 íåðiâíiñòü (3)

âèêîí¹òüñÿ àâòîìàòè÷íî ç êîíñòàíòîþ γ = 1.

40. Ôóíêöi¨ Xj (j = 1, 2, . . .) ìàþòü â D íåïåðåðâíi ÷àñòèííi ïîõiäíi çà x1, x2, ...
äî ïîðÿäêó 2q + 1 (q ∈ N) âêëþ÷íî, i, ÿêùî x1, x2, ... ∈ F (m; ε0; θ), òî âñi öi
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÷àñòèííi ïîõiäíi òàêîæ íàëåæàòü äî êëàñó F (m; ε0; θ), ïðè÷îìó

sup
j

∥∥∥∥∂2q+1Xj(x1, x2, ...)

∂xq1k1∂x
q2
k2
· · · ∂xqsks

∥∥∥∥
F (m;ε0;θ)

< +∞

(q1 + q2 + ...+ qs = 2q + 1; k1, k2, ..., ks ∈ N).

Ëåìà 1. Íåõàé çëi÷åííà ñèñòåìà äèôåðåíöiàëüíèõ ðiâíÿíü

dx

dt
=

(
Λ(t, ε) +

q∑
l=1

Bl(t, ε, θ)µ
l

)
x, (4)

äå x = col(x1, x2, ...), Λ(t, ε) = diag(λ1(t, ε), λ2(t, ε), ...), λj ∈ S(m; ε0), Bl(t, ε, θ) ∈
F2(m; ε0; θ) (l = 1, q), µ ∈ (0, µ0) ⊂ R+, çàäîâîëüíÿ¹ óìîâó: ∀ n ∈ Z, j ̸= k:

inf
G(ε0)

|λj(t, ε)− λk(t, ε)− inφ(t, ε)| ≥ γ1 > 0,

äå φ(t, ε) � ôóíêöiÿ, ùî ôiãóðó¹ â îçíà÷åííi êëàñó F (m; ε0; θ). Òîäi iñíó¹ µ1 ∈
(0, µ0) òàêå, ùî ∀ µ ∈ (0, µ1) iñíó¹ íåâèðîäæåíå ïåðåòâîðåííÿ

x =

(
E +

q∑
l=1

Φl(t, ε, θ)µ
l

)
y, (5)

äå Φl ∈ F2(m; ε0; θ) (l = 1, q), ùî çâîäèòü ñèñòåìó (4) äî âèãëÿäó

dy

dt
=

(
Λ(t, ε) +

q∑
l=1

Ul(t, ε)µ
l + ε

q∑
l=1

Vl(t, ε, θ)µ
l + µq+1W (t, ε, θ, µ)

)
y, (6)

äå Ul(t, ε) � íåñêií÷åííi äiàãîíàëüíi ìàòðèöi, åëåìåíòè ÿêèõ íàëåæàòü äî êëà-
ñó S(m; ε0), Vl,W ∈ F2(m− 1; ε0; θ) (l = 1, q).

Äîâåäåííÿ. Âèçíà÷èìî ìàòðèöi Φ1, . . . ,Φq ç íàñòóïíèõ ðiâíÿíü:

dΦ1

dt
= Λ(t, ε)Φ1 − Φ1Λ(t, ε) +B1(t, ε, θ)− U1(t, ε)− εV1(t, ε, θ), (7)

dΦs

dt
= Λ(t, ε)Φs − ΦsΛ(t, ε) +Bs(t, ε, θ) +

s−1∑
ν=1

Bν(t, ε, θ)Φs−ν−

−
s−1∑
ν=1

ΦνUs−ν(t, ε)− ε

s−1∑
ν=1

ΦνVs−ν(t, ε, θ)− Us(t, ε)− εVs(t, ε, θ), s = 2, q. (8)

Ïðè öüîìó ìàòðèöÿ W âèçíà÷èòüñÿ ç ðiâíÿííÿ:(
E +

q∑
l=1

Φlµ
l

)
W =

q−1∑
s=0

[ ∑
σ+δ=s+q+1

(BσΦδ − ΦσUδ)

]
µs−ε

q−1∑
s=0

( ∑
σ+δ=s+q+1

ΦσVδ

)
µs.

(9)
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Âèõîäÿ÷è ç ðiâíÿíü (7), (8), ïîêëàäåìî:

(Φl)jj =
∞∑

n=−∞
(n̸=0)

Γn((Tl)jj)

inφ
exp(inθ), (Φl)jk = −

∞∑
n=−∞

Γn((Tl)jk)

λj − λk − inφ
exp(inθ) (j ̸= k),

Ul = diag[Γ0((Tl)11),Γ0((Tl)22), . . .],

(Vl)jj = −

(
l−1∑
s=1

ΦsVl−s

)
jj

− 1

ε

∞∑
n=−∞
(n̸=0)

d

dt

(
Γn((Tl)jj)

inφ

)
exp(inθ),

(Vl)jk = −

(
l−1∑
s=1

ΦsVl−s

)
jk

+
1

ε

∞∑
n=−∞

d

dt

(
Γn((Tl)jk)

λj − λk − inφ

)
exp(inθ) (j ̸= k),

äå

T1 = B1, Tl = Bl +
l−1∑
s=1

(Bl−sΦs − ΦsUl−s) (l = 2, q).

Î÷åâèäíî, ùî Φl(t, ε, θ) ∈ F2(m; ε0; θ), Vl(t, ε, θ) ∈ F2(m− 1; ε0; θ) (l = 1, q).
Óìîâà

q∑
l=1

∥Φl∥F2(m;ε0;θ)µ
l < 1,

ÿêó, î÷åâèäíî, âèêîíàíî äëÿ äîñòàòíüî ìàëèõ çíà÷åííÿõ ïàðàìåòðó µ, çàáåçïå-
÷ó¹ îäíîçíà÷íó ðîçâ'ÿçíiñòü ðiâíÿííÿ (9), ïðè öüîìó W ∈ F (m− 1; ε0; θ).

Ëåìó 1 äîâåäåíî.

Ëåìà 2. Íåõàé ñèñòåìà (2) çàäîâîëüíÿ¹ óìîâè 10 � 40. Òîäi iñíó¹ µ2 ∈ (0, µ0)
òàêå, ùî ∀ µ ∈ (0, µ2) iñíó¹ ïåðåòâîðåííÿ âèãëÿäó

x = ξ(t, ε, θ, µ) + Ψ(t, ε, θ, µ)y, (10)

äå ξ(t, ε, θ, µ) ∈ F1(m; ε0; θ), Ψ(t, ε, θ, µ) ∈ F2(m; ε0; θ), ùî çâîäèòü ñèñòåìó (2)
äî âèãëÿäó:

dy

dt
=

(
Λ̃(t, ε) +

q∑
l=1

Kl(t, ε)µ
l

)
y + εh(t, ε, θ, µ) + µ2qr(t, ε, θ, µ)+

+εC(t, ε, θ, µ)y + µq+1P (t, ε, θ, µ)y + µY (t, ε, θ, y, µ), (11)

äå Λ̃(t, ε) = diag [Λ1(t, ε),Λ2(t, ε), . . .], Λj(t, ε) = diag(−iωj(t, ε), iωj(t, ε)) (j =
1, 2, . . .), Kl(t, ε) = diag(kl,1(t, ε), kl,2(t, ε), . . .) ∈ S2(m; ε0), h, r ∈ F1(m − 1; ε0; θ),
C,P ∈ F2(m − 1; ε0; θ). Âåêòîð-ôóíêöiÿ Y íàëåæèòü äî êëàñó F1(m; ε0; θ) âiä-
íîñíî (t, ε, θ) i ìiñòèòü äîäàíêè íå íèæ÷å 2-ãî ïîðÿäêó âiäíîñíî êîìïîíåíò
âåêòîðà y.

Äîâåäåííÿ. Ïîðÿä ç ñèñòåìîþ (2) ðîçãëÿíåìî äîïîìiæíó ñèñòåìó:

φ(t, ε)
dξ

dt
= A(t, ε)ξ + f(t, ε, θ) + µX(t, ε, θ, ξ), (12)
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äå t, φ ðîçãëÿäàþòüñÿ ÿê ñòàëi. Êîåôiöi¹íòè öi¹¨ ñèñòåìè ¹ 2π-ïåðiîäè÷íèìè ôóí-
êöiÿìè çìiííî¨ θ. Çãiäíî ç ìåòîäîì ìàëîãî ïàðàìåòðó Ïóàíêàðå [8] çàïèøåìî
íàáëèæåíèé 2π-ïåðiîäè÷íèé çà θ ðîçâ'ÿçîê ñèñòåìè (12):

ξ(t, ε, θ, µ) =

2q−1∑
k=0

ξ(k)(t, ε, θ)µk, (13)

äå êîåôiöi¹íòè ξ(k) âèçíà÷àþòüñÿ ç íàñòóïíîãî ëàíöþæêà âåêòîðíèõ ðiâíÿíü:

φ(t, ε)
dξ(0)

dt
= A(t, ε)ξ(0) + f(t, ε, θ), (14)

φ(t, ε)
dξ(1)

dt
= A(t, ε)ξ(1) +X(t, ε, θ, ξ(0)), (15)

φ(t, ε)
dξ(2)

dt
= A(t, ε)ξ(2) +

∂X(t, ε, θ, ξ(0))

∂x
ξ(1), (16)

φ(t, ε)
dξ(s)

dt
=A(t, ε)ξ(s)+

∂X(t, ε, θ, ξ(0))

∂x
ξ(s−1)+F̃ (t, ε, θ, ξ(0), . . . , ξ(s−2)), s=3, 2q−1,

(17)
äå

∂X(t, ε, θ, x)

∂x
=

(
∂Xα(t, ε, θ, x)

∂xβ

)
α,β=1,2,...

.

Êîìïîíåíòè âåêòîð-ôóíêöi¨ F̃ (t, ε, θ, ξ(0), . . . , ξ(s−2)) ¹ ìíîãî÷ëåíàìè âiäíîñíî
êîìïîíåíò âåêòîðiâ ξ(0), . . . , ξ(s−2), ïðè÷îìó êîåôiöi¹íòè öèõ ìíîãî÷ëåíiâ ¹ ôóí-
êöiÿìè ç êëàñó F (m; ε0; θ).

Ðîçãëÿíåìî âèçíà÷íèê∆j,n(t, ε) = det(Aj(t, ε)−inφ(t, ε)E2), äå E2 = diag(1, 1).
Ëåãêî äîâåñòè ñïðàâåäëèâiñòü ðiâíîñòi:

∆j,n(t, ε) = (ωj(t, ε)− nφ(t, ε))(ωj(t, ε) + nφ(t, ε)).

Çâiäñè âíàñëiäîê óìîâè 30: inf
G(ε0)

|∆j,n(t, ε)| ≥ γ2 > 0 ∀ n ∈ Z.

Ðîçãëÿíåìî ïîðîäæóþ÷å âåêòîðíå ðiâíÿííÿ (14). Âíàñëiäîê ñòðóêòóðè íå-
ñêií÷åííî¨ ìàòðèöi A(t, ε) i óìîâè 30 öå ðiâíÿííÿ ìà¹ ¹äèíèé 2π-ïåðiîäè÷íèé çà
θ ðîçâ'ÿçîê ξ(0)(t, ε, θ), i öåé ðîçâ'ÿçîê, î÷åâèäíî, íàëåæèòü äî êëàñó F1(m; ε0; θ).
Ïiäñòàâëÿþ÷è öåé ðîçâ'ÿçîê â ïðàâó ÷àñòèíó ðiâíÿííÿ (15) âíàñëiäîê óìîâ 30,
40, îòðèìà¹ìî, ùî é öå ðiâíÿííÿ ìà¹ ¹äèíèé 2π-ïåðiîäè÷íèé çà θ ðîçâ'ÿçîê
ξ(1)(t, ε, θ), i öåé ðîçâ'ÿçîê òàêîæ íàëåæèòü äî êëàñó F1(m; ε0; θ). Àíàëîãi÷íèì
÷èíîì ç ðiâíÿíü (16), (17) âèçíà÷èìî âñi êîåôiöi¹íòè ξ(2), . . . , ξ(2q−1) â âèðà-
çi (13), à, îòæå, âåêòîð-ôóíêöiþ ξ(t, ε, θ, µ), ÿêà òàêîæ íàëåæàòèìå äî êëàñó
F1(m; ε0; θ).

Çäiéñíèìî â ñèñòåìi (2) ïiäñòàíîâêó:

x = ξ(t, ε, θ, µ) + z, (18)

äå z � íîâà íåâiäîìà âåêòîð-ôóíêöiÿ, äëÿ ÿêî¨ îäåðæèìî âåêòîðíå ðiâíÿííÿ:

dz

dt
= A(t, ε)z + εg(t, ε, θ, µ) + µ2qc(t, ε, θ, µ) +

(
q∑
l=1

Dl(t, ε, θ)µ
l

)
z+
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+µq+1Q(t, ε, θ, µ)z + µZ(t, ε, θ, z, µ), (19)

äå g ∈ F1(m − 1; ε0; θ), c ∈ F1(m; ε0; θ), Dl, Q ∈ F2(m; ε0; θ), âåêòîð-ôóíêöiÿ Z
íàëåæèòü äî êëàñó F1(m; ε0; θ) âiäíîñíî (t, ε, θ) i ìiñòèòü äîäàíêè íå íèæ÷å 2-ãî
ïîðÿäêó âiäíîñíî êîìïîíåíò âåêòîðà z.

Â ñèñòåìi (19) ó ñâîþ ÷åðãó çäiéñíèìî ïiäñòàíîâêó

z = H(t, ε)z̃, (20)

äå H(t, ε) = diag[H1(t, ε), H2(t, ε), . . .],

Hj(t, ε) =

(
aj,12(t, ε) aj,12(t, ε)

−iωj(t, ε)− aj,11(t, ε) iωj(t, ε)− aj,11(t, ε)

)
(j = 1, 2, . . .).

Â ñèëó óìîâ 10 � 30 ëåìè ïåðåòâîðåííÿ (20) áóäå íåâèðîäæåíèì. Äëÿ âåêòîðà z̃
äiñòàíåìî âåêòîðíå ðiâíÿííÿ:

dz̃

dt
= Λ̃(t, ε)z̃ + εÃ(t, ε)z̃ + εg̃(t, ε, θ, µ) + µ2q c̃(t, ε, θ, µ)+

+

(
q∑
l=1

D̃l(t, ε, θ)µ
l

)
z̃ + µq+1Q̃(t, ε, θ, µ) + µZ̃(t, ε, θ, z̃, µ), (21)

äå Ã ∈ S2(m − 1; ε0), g̃ ∈ F1(m − 1; ε0; θ), c̃ ∈ F1(m; ε; θ), D̃l, Q̃ ∈ F2(m; ε0; θ),
âåêòîð-ôóíêöiÿ Z̃ íàëåæèòü äî êëàñó F1(m; ε0; θ) âiäíîñíî (t, ε, θ) i ìiñòèòü äî-
äàíêè íå íèæ÷å 2-ãî ïîðÿäêó âiäíîñíî êîìïîíåíò âåêòîðà z̃.

Òåïåð íà ïiäñòàâi ëåìè 1 çà äîïîìîãîþ ïåðåòâîðåííÿ âèãëÿäó z̃ = Ψ(t, ε, θ, µ)y,
äå Ψ ∈ F2(m; ε0; θ), ñèñòåìó (21) ïðèâîäèìî äî âèãëÿäó (11).

Ëåìó 2 äîâåäåíî.
4. Îñíîâíi ðåçóëüòàòè.

Òåîðåìà 1. Íåõàé ñèñòåìà (11) çàäîâîëüíÿ¹ óìîâó: iñíó¹ q0 ∈ N òàêå,
ùî |Rekq0,j(t, ε)| ≥ γ0 > 0, ïðè÷îìó äëÿ áóäü-ÿêîãî l = 1, q0 − 1 (ÿêùî q0 > 1)
âèêîíàíî: Rekl,j(t, ε) ≡ 0 (j = 1, 2, . . . ). Òîäi iñíóþòü µ3 ∈ (0, µ0), ε1(µ) ∈ (0, ε0)
òàêi, ùî äëÿ áóäü-ÿêîãî µ ∈ (0, µ3), ε ∈ (0, ε1(µ)) ñèñòåìà (11) ìà¹ ÷àñòèííèé
ðîçâ'ÿçîê y(t, ε, θ, µ) ∈ F1(m− 1; ε1(µ)).

Äîâåäåííÿ. Çäiéñíèìî â ñèñòåìi (11) ïiäñòàíîâêó:

y =
ε+ µ2q

µq0
ỹ, (22)

äå ỹ � íîâèé íåâiäîìèé âåêòîð. Äiñòàíåìî:

dỹ

dt
=

(
Λ̃(t, ε) +

q∑
l=1

Kl(t, ε)µ
l

)
ỹ +

εµq0

ε+ µ2q
h(t, ε, θ, µ) +

µ2q+q0

ε+ µ2q
r(t, ε, θ, µ)+

+εC(t, ε, θ, µ)ỹ + µq+1P (t, ε, θ, µ)ỹ +
ε+ µ2q

µq0−1
Ỹ (t, ε, θ, ỹ, µ). (23)
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Ðîçãëÿíåìî âiäïîâiäíó ëiíiéíó íåîäíîðiäíó i äiàãîíàëüíó ñèñòåìó:

dỹ(0)

dt
=

(
Λ̃(t, ε) +

q∑
l=1

Kl(t, ε)µ
l

)
ỹ(0) +

εµq0

ε+ µ2q
h(t, ε, θ, µ) +

µ2q+q0

ε+ µ2q
r(t, ε, θ, µ).

(24)
Ó ðîáîòi [9] áóëî ïîêàçàíî, ùî óìîâè òåîðåìè çàáåçïå÷óþòü iñíóâàííÿ ó

ñèñòåìè (24) ÷àñòèííîãî ðîçâ'ÿçêó ỹ(0)(t, ε, θ, µ) ∈ F1(m−1; ε0; θ), ïðè÷îìó iñíó¹
M ∈ (0,+∞) òàêå, ùî:

∥ỹ(0)∥F1(m−1;ε0;θ) ≤
M

γ0µq0

(
εµq0

ε+ µ2q
∥h∥F1(m−1;ε0;θ) +

µ2q+q0

ε+ µ2q
∥r∥F1(m−1;ε0;θ)

)
<

<
M

γ0

(
∥h∥F1(m−1;ε0;θ) + ∥r∥F1(m−1;ε0;θ)

)
.

Ðîçâ'ÿçîê ç êëàñó F1(m−1; ε1(µ); θ) ñèñòåìè (23) øóêàòèìåìî ìåòîäîì ïîñëi-
äîâíèõ íàáëèæåíü, îáèðàþ÷è â ðîëi ïî÷àòêîâîãî íàáëèæåííÿ ỹ(0), à ïîäàëüøi
íàáëèæåííÿ âèçíà÷àþ÷è ÿê ðîçâ'ÿçêè ç êëàñó F1(m−1; ε0; θ) çëi÷åííèõ ëiíiéíèõ
íåîäíîðiäíèõ i äiàãîíàëüíèõ ñèñòåì:

dỹ(s+1)

dt
=

(
Λ̃(t, ε) +

q∑
l=1

Kl(t, ε)µ
l

)
ỹ(s+1)+

εµq0

ε+ µ2q
h(t, ε, θ, µ)+

µ2q+q0

ε+ µ2q
r(t, ε, θ, µ)+

+εC(t, ε, θ, µ)ỹ(s) + µq+1P (t, ε, θ, µ)ỹ(s) +
ε+ µ2q

µq0−1
Ỹ (t, ε, θ, ỹ(s), µ), s = 0, 1, 2, . . .

(25)
Íåõàé Ω =

{
ỹ ∈ F1(m− 1; ε0; θ) : ∥ỹ − ỹ(0)∥F1(m−1;ε0;θ) ≤ d

}
.

Âíàñëiäîê óìîâè 40 iñíó¹ L(d) ∈ (0,+∞) òàêå, ùî ∀ ỹ, z̃ ∈ Ω âèêîíàíî:

∥Ỹ (t, ε, θ, ỹ, µ)− Ỹ (t, ε, θ, z̃, µ)∥F1(m−1;ε0;θ) ≤ L(d)∥ỹ − z̃∥F1(m−1;ε0;θ).

Âèêîðèñòîâóþ÷è çâè÷àéíó ìåòîäèêó ïðèíöèïó ñòèñêóþ÷èõ âiäîáðàæåíü [7],
íåñêëàäíî ïîêàçàòè, ùî iñíóþòü µ3 ∈ (0, µ0), N1 ∈ (0,+∞) òàêi, ùî ∀ µ ∈
(0, µ0), ∀ ε ∈ (0, ε1(µ)), äå ε1(µ) = N1µ

2q0−1, ïðîöåñ (25) çáiãà¹òüñÿ äî ðîçâ'ÿçêó
ỹ(t, ε, θ, µ) ∈ F1(m− 1; ε1(µ); θ) ñèñòåìè (23).

Òåîðåìó 1 äîâåäåíî.
Áåçïîñåðåäíüî ç ëåìè 2 i òåîðåìè 1 âèïëèâà¹ íàñòóïíèé ðåçóëüòàò.

Òåîðåìà 2. Íåõàé ñèñòåìà (2) òàêà, øî âèêîíàíî óìîâè 10 � 40, i ñèñòåìà
(11), ùî îòðèìó¹òüñÿ ç ñèñòåìè (2) çà äîïîìîãîþ ïåðåòâîðåííÿ (10), çàäî-
âîëüíÿ¹ óìîâè òåîðåìè 1.

Òîäi iñíóþòü µ4 ∈ (0, µ0), ε2(µ) ∈ (0, ε0) òàêi, ùî ∀ µ ∈ (0, µ4), ε ∈ (0, ε2(µ))
ñèñòåìà (2) ìà¹ ÷àñòèííèé ðîçâ'ÿçîê ç êëàñó F1(m− 1; ε1(µ); θ).
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